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N HAT Mr. MACLAURIN Bad, many 
80 T & years ago, intended to publiſh a Trea- 
N iſe on this ſubject, appears from a 
letter, dated April 19, 1729, to his honoured 
friend MARTIN FoLKkEs, E,. now Preſi- 
dent of the Royal Society *. And we find, in 
one of his manuſcripts, the plan of fuch a 
Work, agreeing, almoſt in every Ws. with 
the contents of this Volume. | 
Had the celebrated Author lived to pub iſh 
his own Work, his name would,. alone, have 
been fuſficient to recommend it to the notice of 
the Publick + but that Taſt having, by his 
lamented premature death, devolved to the gen- 
tlemen whom he left entruſted with his Papers, 
the Reader may reaſonably expect ſome account 
of the materials of which it confiſts, and of 
the care that has been taken in collecting and 
Aiſpoſi ng them, ſo as beſt to anſwer the Au- 
thor's intention, and fill up the Plan he had 
defigned. 


© Phil, Tranſ. he 
Az. — 


| os To the REA DER. 


He feems, in compoſi ing this Treatiſe, to hve 
had theſe three Objects in view. 


1. Zo give the general Princi ples and Rules 
of the Scients, in the ſhorteſt, and, at the ſame 
time, the moſt clear and comprehenſive manner 
that was. poſfible. Agreeable to this, though 
every Rule is properly exemplified, yet he does 
not launch out into what we may call, a Tauto- 
logy of examples. He rejects ſome applica- 
tions of Algebra, that are commonly to be met 
with in other writers; becauſe the number of 
ſuch applications is endleſs : and, however uſe- 
ful they may be in Practice, they cannot, by 
the rules of good method, have place in an 
elementary Treatiſe. He has likewiſe omitted 
the Algebraical ſolution of particular Geo- 
metrical problems, as requiring the knowledge 
of the Elements of Geometry ; from which 
thoſe of Algebra ought ta be kept, as they 
really are, entirely diſtin ; reſerving to him- 
felf to treat of the mutual relation of the two 
Sciences in his Third Part, and, more gene- 
rally ſtill, in the Appendix. He might think 
too, that Such an application was the leſs ne- 
ceſſary, tt Sir Is AAc NRWTON's excellent 
Collection of Examples is in every body's hands, 
and that there are few Mathematical writers, 

Who 
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who do not furniſh numbers of the fame 
rnd. 


2. Sir Isaac NewToN's Rules, in his 
Arithmetica Univerſalis, concerning the Re- 
Solutions of the higher equations, and the Afec- 
tions f their roots, being, for the moſt part; 
delivered without any demonſtration, Mr. 
MAcCLAURIN had defigned, that his Trea= -. 
tiſe ſhould ſerve as a Commentary on that 
Work. For we here find all thoſe difficult 
paſſages i in Sir Is AAC's Book, which have fo 
long perplexed the Students of Algebra, clearly 
explained and demonſtrated. How much ſuch 
a Commentary was wanted, we may learn 
from the words of a late eminent Author *. 
“The ableſt Mathematicians of the laſt age 
« {ſays he) did not diſdain to write Notes on 
* the Geometry of DES CAR TES; and fure- 
* ly Sir Is AAc NewToN's Atithmetick no 
* leis deferves that honour. To excite ſome 
* one of the many ſkilful Hands that out 
* times afford to undertake this Work, and 
*© to ſhew the neceflity of it, I give this 
& Specimen, in an explicetion of two paſ- 


. i Graveſande, in Prefat. ad Specimen Comment. in 
Arith. Univer, | 
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*« fages of the Arithmetica Univerſalis; 
„ which, however, are not the moſt diffi- 
% cult in that Book.“ 

bat this learned Profeſſor fo earneſtly 
wijhed for, we at laſt: ſee executed ; not ſepa- 
rately, nor in the looſe diſagreeable form which 
ſuch Commentaries generally take, but in a 
manner equally natural and convenient; every 
Demonſtration being aptly inſerted into the 
Boa of the Work, as a neceſſary and inſepa- 
rable Member; an Advantage which, with 
fome others, obvieus enough to an attentive 
Reader, will, it is boped, diſtinguiſb this Per- 
formance from every other, of the kind, that 
Das vitherto appeared. 


3. After having fully explamed the Nature 
ef Equations, and the Methods of finding their 
Roots, either infinite expreſhans, when, it can 
be dane, or in infinite converging ſeries; it 
remained only ts canſider the Relation of Equa- 
tions involving two variable quantities, and 
of Geometrical Lines to each other; the Doc- 
tine of the Loci; and the Conſtruction of 
Equations. Theje make the Subject of the 
T hird Part. e 

Vs. The finding of Diiſerns and the evolution of 
Binomial Surdi. See 5 59 —72. Part II. $ 127, Part J. 
a 4 Upor 
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Upon this Plan Mr. MACLAURIN con- 
poſed a ſyſtem of Algebra, ſoon after his being 
choſen Profeſſor of Mathematicks in the Uni- 
verfity of Edinburgh; which he, thenceforth, 
made uſe of in his ordinary Courſe of Lectures, 
and was occafronally improving to the Perfec- 
tion he intended it ſhould have, before he com- 
mitted it to the Preſs. And the beſt Copies of 
- tis Manuſcript having been tranſmitted to the 
Publiſher, it was eaſy, by comparing them, to 
eftabliſh a correct and genuine Text. There 
were, befides, ſeveral detached Papers, ſome of 
which avere quite finiſhed, aud wanted only to 
be inſerted in their proper places. In a few 
others, the Demonſtrations were fo conciſely ex- 
preſſed, and couched in Algebraical charac- 
ters, that it was neceſſary to write them out at 
more length, to make them of a piece with the 
reſt. And this is the only liberty the Publiſher 
has allowed himſelf to take; excepting a few 
inconſiderable additions, that ſeemed neceſſary to 
render the Book more complete within itſelf, 
and to ſave the trouble of conſulting others 
_ who have written on the ſame Subject. 

The Rules concerning the Impoſſible roots 
of Equations, our Author had very fully conſi- 
dered, as appears from his Manuſcript papers: 
but as be had no where reduced any thing on 
that Subject to a better N han what 16as 


long 
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long ago publiſhed in the Philoſophical Tran ſz | 
actions, Ne 394, and 408. we thought it beſt 
to take the ſubſtance of Chap. 11. Part H. from 
thence; eſpecially as the latter of theſe Papers 
 ſurniſhes à demonſtration of the original Rule, 


which pres ſuppoſes only what the Reader has 
been taught in a preceding Chapter. 


The Paper that is ſubjoined, on the Sums of 
the Powers of the Roots of an Equation, zs 
taken from a Letter of the Author (8 Jul. 
1743) to the Right Honourable the Earl 
STANHOPE ; communicated to the Publiſher, 

with ſome things added by bis Lordſhip, which 
were wanting to finiſh the Demonſtration. 

Of theſe Materials, carefully collected and 
put in order, the following Elementary Trea- 
tile zs compoſed ; which we have choſen rather 
to give in a Volume that is within the reach 
of every Student, than in one more pompous, 
| aobich might be leſs generally uſeful, And we 
hope, from the pains it has coſt us, its blemiſhes 
are not manys nor ſuch as a candid rage 
Reader may not forgive. | 

Te Latin Appendix is 4 proper Sequel, and 
a high Improvement, of what had been demon- 
firated in Part III. concerning the Relation of . 
Curve lines and Equations; a Subject which 


A tranſlation of which is now given to this edition, by 
the Rev. Mr, Lawſon. 


our 
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our Author had been early and intimately ac- 

quainted with; witneſs his Geometria Orga- 
nica, printed in 1719, when be was not Full 
twenty-one years-of age, and which, though ſo 
juvenile a work, gained him, at once, that 
diſtinguiſhed Rank among Mathematicians, 
which he thenceforth held with great luſtre. 
Yet he frankly owns, he was led to many of the 
Propoſitions in this Appendix, from a Theorem 
of Mr. CoTEs, communicated to him, with- 
out any demonſtration, by the Reverend and 
Learned Dr. SmiTn, Maſter of Trinity- 
College, Cambridge. How he has profited 
of that Hint, the Learned will judge: 
Thus much we can venture to ſay, that he 
himſelf” ſet ſome value upon this Performance; 
having, we are told, employed ſome of the lateſt 
hours he could give to ſuch Studies, in reviſing 
it for the Preſs; to bequeath it as his laſt Le- 
gacy to the Sciences and to the Publick. 

The gentlemen to whom Mr. MACLAURIN 
left the care of his Papers, are MARTIN 
Fol kESs, Eſq. Prefident of the Royal Socie- 
ty; ANDREW MITCHEL, E/q. and the Re- 
verend Mr. HILL, Chaplain to his Grace the 
Archbiſhop of Canterbury; with whom Be 
had lived in a moſt intimate friendſhip. And 
* their direction this Treatiſe is publiſhed. |, 
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CHAP. I. 


Definitions and Illuſtrations. 
§ 1. XX LGEBRA is a general method 
$ A of computation by certain ſigns 


N and ſymbols which have been 
| contrived for this purpoſe, and 
found convenient. It is called an UNMVERSAI 
ARITHMETICK, and proceeds by operations and 
rules fimilar to thoſe in common arithmetick, 
founded upon the ſame principles. This, how- 
ever, is no argument againſt its uſefulneſs or 
evidence; ſince arithmet ck 1 is not to be the leſs 
valued 


3363 es 
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valued that it is common, and is allowed to be 
one of the moſt clear and evident of the ſci- 
ences. But as a number of ſymbols are admit- 
ed into this ſcience, being neceſſary for giving it 
that extent and generality which is its greateſt 


excellence; the import of thoſe ſymbols is to be 


clearly ſtated, that no obſcurity or error may 


ariſe from the frequent uſe and complication of 
them. 


$2. In GroMETxr, lines are repreſented 
by a line, triangles by a triangle, and other 
figures by a figure of the ſame kind; but, in 
ALGEBRA, quantities are repreſented by the fame 
letters of the alphabet; and v-rious ſigns have 
been imagined for repreſenting their affections, 
relations, "and dependencies. In Geometry the 


Tepreſcatations are more natural, in Algebra 


more arbitrary: the former are like the firſt 


attempts towards the expreſſion of objects, 


which was by drawing their reſemblances; the 
latter correſpond more to the preſent ule of 
languages and writing. Thus the evidence of 
Geometry is ſometimes more fimple and ob- 
vious; but the uſe of Algebra more extenſive, 
and often more ready: eſpecially ſince the ma- 
thematical ſciences have acquired ſo vaſt an 
extent. and have been applied to ſo many en- 
quiries. 2 

$ 3. In thoſe ſciences, it is not barely magni- 
tude that is the oby 8 of contemplation : bur 


there 
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there are many affections and properties of 
quantities, and operations to be performed upon 
them, that are neceſſarily to be conſidered. In 
eſtimating the ratio or proportion of quanti- 
ties, magnitude only is conſidered (Elem. 5. 
Def. 3.) But the nature and properties of fi- 
gures depend on the poſition of the lines that 
bound them, as well as on their magnitude. In 
: treating of motion, the direction of motion as 
well as its velocity; and the direction of powers 
that generate or deſtroy motion, as well as 
their forces, muſt be regarded. In Oprics, 
the poſition, brightneſs, and diſtinctneſs of 
images, are of no leſs importance than their 
bigneſs; and the like is to be ſaid of other 
ſciences, It is neceſſary therefore that other ſym- 
bols be admitted into Algebra beſide the letters 


and numbers which repreſent che magnitude of 
quantities. F 


$ 4. The relation of equality is expreſſed by 
the ſign =; thus to expreſs that the quantity 
repreſented by à is equal to that which is repre- 
ſented by þ, we write a = b. But if we would 
expreſs that à is greater than h, we write ac 2; 
and if we would expreſs algebraically that à is 
leſs than 2, we write a 5. 

$ 5. QuaNnTITY is what is made up of parts, 
or is capable of being greater or leſs. It is in- 
creaſed by Addition, and diminiſhed by Subtrac- 
tion; which are therefore the two primary ope- 
B rations 
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rations that relate to quantity. Hence it is, that 
any quantity may be ſuppoſed to enter into al- 
gebraic computations two different ways which 
have contrary effects; either as an increment or as 
a decrement; that is, as a quantity to be added 
or as a quantity to be ſubtracted, The ſign + 
(plus) is the mark of Addition, and the ſign — 
(minus) of Subiraction. Thus the quantity be- 
ing repreſented by a, +4 imports that à is to be 
added, or repreſents an increment; but — @ 
| imports that a is to be ſubtracted, and repreſents 
a decrement, When ſeveral ſuch quantities are 
Joined, the ſigns ſerve to ſhew which are to be 
added, and which are to be ſubtracted. Thus 
+8 +6 denotes the quantity that ariſes when 3 
and þ are both conſidered as increments, and 
therefore expreſſes the ſum of à and 5. But 
＋4 - denotes the quantity that ri when 
from the quantity a the quantity bis ſubtracted; 
and expreſſes the exceſs of à above 5. When 
a is greater than , then 4 — b is itſelf an in- 
crement; when a=6b, then a - = o; and 
when a is leſs than 5, then a— is itſelf a de- 

crement. 
$ 6. As addition and ſubtraction are oppo- 
ſite, or an increment is oppoſite to a decre- 
ment, there is an analogous oppoſition between 
the affections of quantities that are conſidered 
in the mathematical ſciences. As between ex- 
ceſs and defect; between the value of effects 
or 
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or money due to a man, and money due by 
him; a line drawn towards the right, and a line 
drawn to the left; gravity and levity; eleva- 


tion above the horizon, and depreſſion below 
it. When two quantities equal in reſpect of 


magnitude, but of thoſe oppoſite kinds, are 


Joined together, and conceived to take place in 
the ſame ſubject, they deſttoy each other's ef- 
fect, and their amount is nothing. Thus 1001. 
due to a man and tool. due by him balance 
each other, and in eſtimating his ſtock may be 
both neglected. Power is ſuſtained by an equal 
power acting on the ſame body with a con- 
trary direction, and neither have effect. When 


two unequal quantities of thoſe oppoſite quali- 


ties are joined in the ſame ſubject, the greater 
prevails by their differenge. , And when a great- 
er quantity is taken from a leſſer of the ſame 
kind, the remainder becomes of the oppoſite 


kind. Thus if we add the lines AB and BD rto- 


gether, their 


MI — 
but if we are 1 1 1.88 . 
o ſubtract © A B -D 


BD from AB, 

then BC=BD is to be taken the contrary way 
towards A, and the remainder is AC; which, 
when BD, or BC exceeds AB, becomes a line 
on the other ſide of A. When two Powers or 
forces arc to be added together, their ſum acts 


B a upon 
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upon the body: but when we are to ſubtract 
one of them from the other, we conceive that 
which is to be ſubtracted to be a power with an 
oppoſite direction; and if it be greater than the 
other, it will prevail by the difference. This 
change of quality however only takes place 
where the quantity is of ſuch, a nature as to ad- 
mit of ſuch a contrariety or oppoſition. We 
know nothing analogous to it in quantity ab- 
ſtractly conſidered; and cannot ſubtract a greater 
quantity of matter from a leſſer, or a greater 
quantity of light from a leſſer. And the appli- 
cation of this doctrine to any art or ſcience is to 
be derived from the known principles of the 
ſeience. 
$ 7. A quantity that is to be added is like- 
wiſe called a pœſive quantity; and a quantity 
to be ſubtracted is ſaid to be negative : they are 
equally real, but oppoſite to each other, ſo as 
to take away each other's effect, in any opera- 
rion, when they are equal as to quantity. Thus 
3-3 So, and a—-a=o0o. But though ＋ 2 
and —a are equal as to quantity, we do not 
ſuppoſe in Algebra that Ta g＋œꝰœπÜ/ a; becauſe 
to infer equality in this ſcience, they muſt not 
only be equal as to quantity, but of the ſame 
quality, that in every operation the one may 
have the ſame effect as the other. A decrement 
may be equal to an increment, but it has in all 
operations a contrary effect; a motion dowu- 
; wards 


7 : 
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wards may be equal to a motion upwards, and 
the depreſſion of a ſtar below the horizon may 
be equal to rhe elevation of a ſtar above it; 


but thoſe poſitions are oppoſite, and the diſtance 


of the ſtars is greater than if one of them was 
at the horizon ſo as to have no elevation above 
it, or depreſſion below it. It is on account of 


this contrariety that a negative quantity is ſaid to 
be leſs than nothing, becauſe it is oppoſite to 
the poſitive, and diminiſhes it when joined to it. 


whereas the addition of o has no effect. But 
a negative is to be conſidered no leſs as a real 
quantity than the poſitive. Quantities that have 
no ſign prefixed to them are underſtood to be 
poſitive. | 

F 8. The number prefixed to a letter is call- 


ed the numeral coefficient, and ſhews how often 


the quantity repreſented, by the letter is to be 
taken, Thus 24 imports that the quantity re- 


preſented by a is to be taken twice; 3a that it 


is to be taken thrice; and ſo on. When no 
number is prefixed, unit is underſtood to be the 


coefficient. Thus 1 is the coefficient of @ or 


of h. 


Quantities are ſaid to be lite or ſimilar, that 


are repreſented by the ſame letter or letters 


equally repeated. Thus + 3a and = 5a are like; 


but a and 3, or @ and aa are unlike. 

A quantity is ſaid to conſiſt of as many 
terms as there are parts joined by the ſigns + 
B 3 = a 


| 
4 
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or; thus 243 conſiſts of two terms, 00 is 
called a binomial; a (Tc conſiſts of three 
terms, and is called a Zrinomial. Theſe are 
called compound quantities: a ſimple quantity, 
conſiſts of one term only, as + a, or + ab, or 
+ abc. 

The other ſymbols and definitions neceſſary 


in Algebra ſhall be explained in their proper 
places, | 


CHAP. II. 


Of App1TioN. 


$ 9. ASE I. To add quantities that are 


like and have like ſigns. 


Rule. Add together the coefficients, to their ſum 


prefix the common ſign, and ſubjoin the common 
letter or letters. 


EXAMPLES. 


To + 5a 1 to a+ b 
Add +44 add —2b add 3a+56b 


Sum 49a Sum —86 Sum 4a +66 


10 


Chap. 2. ALGEBRA, 9 


Add 34 — 8x. 


Sum 84 23 12K 


Caſe IT. To add quantities that are like "ae 
have unlike ſigns, 


Rule. * the 72 coefficient from the 


greater, prefix the fign of the greater to the 
remainder, and ſubjoin the common letter or let- 


vers. 
EXAMPLES, 

To —44 + gb—6c 

Add +7a — 36+ 8c 

: | — 

Sum +34 F 2b + 2c 
To a+6x— 35 +8 24—2b 
Add —ga—4* +4Y—3 —2a-+ 26 
Sum — 4 4 2x— 515 TY 


This rule is eaſily deduced from the nature 
of poſitive and negative quantities. 

If there are more than two quantities to be 
added together, firſt add the poſitive together 
into one ſum, and then the negative (by Caſe 1.) 
Then add theſe two ſums together (by Caſe II.) 


5 4 


E X. 
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EXAMPLE. 
+ 82 


— 74 
+108 
— 128 
— 


Sum of the poſitive .. +188 
Sum of the negative... 19 


Sum of all 6.0 2. 4:8. == a 


Caſe III. To add quantities that are unlike. 


Rule; Set them all down one after another, with 
their ſigns and coefficients prefixed. 


EXAMPLES. 


To 722 I +234 
Add +36 7. 1. 
Sum 24 4 30 | 5 34 =4x | 


To 4a+4b+3c 
Add —q4x—qy+3z © 


—ę 


Sum 44 ＋L4A＋＋ C- 4 - +32 


CHAP. 
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CHAP, III. 
Of SUBTRACTION. 


$ 10. 


quantity to be ſubiracted into their 


| contrary Signs, and then add it ſo changed to the 


quantity from which it was to be ſubirated (by 
1 rules of the laſt chapter:) the ſum ariſing. by 
this addition is the remainder. For, to ſubtract 
any quantity, either poſitive or negative, is the 


pe as to add the, oppoſite kind. 


EXAMPLES. 


From +58. 84—, 7b 
Subtract gs ' 34+ 45 


Remaind. 54 — 3a, or 28 | 5a—116 


From 24—3X+ 5y— 6 
Subtract \ - Gagne 9 4 


Remaind. — 44—7x 0 —10 


It is evident, that to ſubtract or take away a 


decrement is the ſame as adding an equal in- 
crement. If we take away —b from a—6b, 
there remains 4; and if we add +6 to 4-3, 
the ſum is likewiſe a. In general, the ſubtrac- 
tion of a negative quantity is equivalent to add- 
Ing 1ts s poſitive value. 


; ' CHAP. 


11 


Eneral rule. Change the ſigns of the. 


12 


ATREATISE of Part I. 


IV. 


CHAP. 


Of MULTIPLICATION. 


811. 


N Multiplication the General rule for 


the ſign is, That when the figns of 


the fattors are like (i. e. both +, or both, 
the ſign of the produ#t is 4+ ;, but when the figns 


16 —. 


Caſe I. 


Caſe II. 


Caſe III. 


of the factors are * the fign g the produt? 


When any poſitive quantity, ＋ 2, is 
multiplied by any poſitive number, 
+", the meaning is, That ＋ is to 
be taken as many times as there are 


units in 2; and the produet is evi- 
dently na. 


When —a is multiplied by 3, then 
—a is to be taken as often as there are 


units in u, and the product muſt be 
— 14. 


Multiplication by a pofitive number im- 
plies a repeated addition : but multi- 
plication by a negative implies a re- 
peated ſubtraction. And when +84 is 
to be multiplied by — , the mean- 
ing is, That +84 is to be ſubtracted as 
often as there are units in : there- 
fore 
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fore the product is * being 
— Ng. . 


Caſe IV. When —a is to be multiplied by -, 
then a is to be ſubtracted as often as 

there are unites in z; but (by 8 10.) to 

ſubtract —a is equivalent to adding 

+8, conſequently the product is + ua. 


The IId and IVth caſes may be illuſtrated i in 
the following manner. 
By the definitions, +a—a=0; therefore, 


if we multiply + 4 à by u, the product muſt 
vaniſh or be o, becauſe the factor 4 -a is o. 


The firſt term of the product is + 14 (by 
Caſe I.) Therefore the ſecond term of the pro- 
duct muſt be -, which deſtroys +14; ſo 
Keys the whole product muſt be + 1a i 

Therefore — 4 N ** ＋u gives 
1a. 

In like manner, if we multiply + a—4a by 
-n, the firſt term of the product being — na, 
the latter term of the product muſt be + na, 
becauſe the two together muſt deſtroy each other, 
or their amount be o, ſince one of the factors 
(viz a—8) is o. Therefore —a multiplied by 
— 3 muſt give . 

In this general doctrine the multiplicator is 
always conſidered as a number. A quantity of 
any kind may be multiplied by a number: but 


a pound 


- 
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2 pound is not to be multiplied by a pound, 
or a debt by a debt, or a line by a line. We 
mall afterwards conſider the analogy there is 


detwixt rectangles i in Geometry and a produet 


of two factors. 
S 12. If the quantities to be multiplied are 


| fimple quantities, find the ſign of the. product by 


the laſt rule; after it plate the produf? of the co- 
efficients, and. then ſet down all the letters vw 
- one another as in one word. 


EXAMPLES. 


© Mult. +8 .. | 6x 
By +56 ; + 46 
| 


§ x3. To multiply compound quantities, yqu 
muſt multiply every part of the multiplicand by 
all tbe parts of the mulliplier taken one after an- 
other, and then colleft all the products into one 
fur : that ſum ſhall be the produbt required. 
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r 1 
Mult. 4 5 115 ae gb | 
or AEF. | 44; 6 g | 
prod. aan ab | [8aa—T24b f | 

; { 5 ab +bb + 10ab— 1 56 
Sum aa++2ab+66 | 8aa— 2ab=15bb 


Mult. 24a—4b | ** —ax | 
By 2a+4b | x +a 
| 424 84 * [ xXx —nore | 
Prod. + 8ab— 16bb i He + aux — aax 
—_—_ 2 Cad , | N * i n 
Sum 4324. 0 16353 


| © XXX« , O —4ax 


Mult, aa+ab +4b 
By ab 


aaa +aab+abl Re 
s. —aab—abbbbb 


Sum aaa. 0. 0 -bbb 


$ 14. Products that ariſe from the multipli- 
cation of two, three, or more quantities, as 
abc, are ſaid to be of two, three, or more di- 
menſions ; and thoſe quantities are called factors 
or roots. : 
2 If 


* 
- 
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If all the factors are equal, then theſe pro- 
ducts are called powers; as aa or aaa are pow- 
ers of a. Powers are expreſſed ſometimes by 
placing above the root to the right-hand a figure 


expreſſing the number of factors that produce 
them. Thus, 


a =* (1ſt ] Power of the ca 
aa 2 zd] root, à and a 
aaa > 54 3d > is ſhortly 43 
agaa | | 4th | expreſſed | 4 
aaaan) 73 ith) thus, i 


$ 15. Theſe figures which expreſs the num- 
ber of factors that produce powers are called 
their indices or exponents; thus 2 is the index of 
a*. And powers of the ſame root are multiplied 
by adding their exponents. Thus a* x = , 
4 C a = 4, a Ka 2 4. 

$ 16. Sometimes it is uſeful not 1 
multiply compound quantities, but to ſet them 
down with the ſign of multiplication (x) be- 
tween them, drawing a line over each of the 


compound factors. Thus a+bx a—b ex- 
preſſed the product of @ + þ multiplied by 


g — b, 
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CHAP. V. 
Of Divrs1on. 


§ 17. HE ſame rule for the ſigns is to 

88 be obſerved in Diviſion as in Multi- 
plication; that is, F the ſigns of the dividend. 
and diviſar are like, the ſign of the quotient maſt 
be +; if they are unlike, the fign of the quo- 
tient muſt be —, This will be eaſily 3 
from the rule in Multiplication, if you conſider 
that the quotient muſt be ſuch a quantity as 
multiplied by the diviſor ſhall give the divi- 
dend. ' 


$ 18. The General rule in Diviſion i is, 70 * 
the dividend above a ſmall line, and the diviſor 
under it, expunging any letters that may be found 
in all the quantities of the dividend and diviſar, 


and dividing the coefficients of all the terms by : 


any common meaſure. Thus when you divide 
loab + 15ac by 20ad, expunging à out of all 
the terms, and dividing all the coefficients by 5» 


2b 
the quotient is 4 and 


26) ab+8h (2. 


* — 2 


wed 3oax — 54% (N 


3 * 
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44s) 8ab + bar (SEE, 
And abc) Babe (L. 


— 


* 3 19. Peers of the FRET root ae divided by 

Jubtrafing their exponents as they are multiplied 

by adding them, Thus if you divide a by &, 

the quotient is 2 or &*. And 4* divided by 

* gives 3 or 5; and Pg divided by a*b* 
gives 40 for the quotient. 


§ 20. If the quantity to be Aide is com- 
pound, then you muſt range its parts according to 
the dimenſions of ſame one of its letters, as in the 
following example. In the dividend a* +24b+#*, 
they are ranged according to the dimenſions of 
#, the quantity 4 hive a is of two dimen- 
fions being placed firſt, 24+ where it is of one 
dimenſion next, and 5˙, where à is not at all, 
being placed laſt, The diviſor a + G, muſt be ranged 
according to the dimenſions of the ſame letters; then 
you are to divide the firſt term of the dividend by 
- the firſt term of the diviſor, and to ſet down the 
quotient, which, in this example, is a; then mul- 
tiply this quotient by the whole diviſor, and ſub- 
tratt the produtt from the dividend, and the re- 


mainder ſhall give 4 new dividend, which in this 
example i is ab h.. 


a 
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a ＋ 04. ＋ + 2* (a 4 


a" + ab 
DD) SIT = ab 1 888 8 * 
— don — | 
=” 0 kk — 


Divide the firſt term of this neto dividend by the 
firft term of the diviſor and ſet down the quotient 
(which in this example is b) with its proper fign. 
Then multiply the-whole diviſor by this part of the 
quotient, and ſubtract the product from the new 
dividend; and if there is no remainder, the diviſion 
is finiſhed : If there is a remainder, you are to 
proceed after the ſame manner tilt no remainder 


is left; or vill ir appear that * will be always 
ſome remainder. 


„ Hen — 


Some Examples will uſtrateSthis 0 operation. 


a vw .  woo@® 2 — —— + 4 


S 


EXAMPLE I. 


r 3 


> &+9) Gf — 55 (a — 5 


; 8 — Id 8 a” + ab 
3 — ab — þ* 
— ab — þ* 
—- 
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K X AM 11 L E n. 
4—b) 444 3aab + UF + os bbb(aa — 2ab + bb | 


aaa— aab 3:45:46 


— 244 +.3abb — bbb 
* — 2aab + 2233! — 
1 * 2 a —_—_— * 777 Kere * 
BY EOS 1% I iz A 
Sn | A I eee GE nr HS L 


*. £ - 


4 —b) aaa—bbb e 


* aa - bß˖⸗ 
— — 


5 44 — 755 
* 4b abb 


«AE 4 — 25⁵ 
be abb — 2 


8 — O O 


\ 
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Er LE 1. 5 


3a — 6064444 — 96 (24244 ＋ 444 + 89 1 16 


6444s — 12448. 1 


— 


* — — — 
12424 96 
212246 2444 
- 3 — * 
* 2444 — 96 
2444 — 48 4 
* 48. — 56 
484 — 96 
latex 14 AA walks — — 
a 1 1 


„5 * 2 * —— —ꝛ 


* * 
—— — « — a 1 
I N N 6 . * 


7 | 7 14 ; wg ": wa 
23 * 


C21. It often happens that the operation 
may be continued without: end, and then you 
have an infinite Series for the quotient; and by 


comparing the firſt three or four terms you may | 


find what law the terms ober ve: by which means, 
without any more divifien, vort may continue the 
quotient as far as you pleaſe. Thus, in dividing 
1 by 1 — @, you find the quotient to be x + @ 
+ aa + aaa + a4 + Sc. which Series can 


be continued as fai as you pleaſe by adding the 
powers of 4. 


J 


__ 4 


3 The 


A Tzxrarisn of Part I. 


The operation is thus : 
I — 40 1 (1 + 4 ＋ 4a + 44 4 Sc. 


* $ % 
* 2 *. £4 C * x % * . *- * PTY 
* of * 4 „„ 0 — EIS # we * -% 
1 : * * 


＋4— aa . 


—  — cr -” Ia” 2 =— 


＋ 22 
+ a4a—4.44 


A 
be ABS + aa 
33 + aaa — a4a4aa 


+ aaaa Ec. 


Another Example, 
5 2 & & 


4 
2 Or. 


8 


8 5 0 ' ae: 
— 4X,+ KU pn bf 
A ͥͤ — Xx 


22 > 
— - — * „ . 
k 
a BE DE 10 
- — * 
A 8 8 E * * 
WW. „ * * 1 
p '2.x*., 2 x* 
bs — GD Gu i 
a a 
2 x* 
— — 
2 


In 
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In this laſt example the ſigns are alternately 
+ and —, the coefficient is conſtantly 2, after 
the firſt two terms, and the letters are the pow- 
ers of x and a; ſo that the quotient may be 


continued as far as 908 pleaſe without any more 
diviſion. 


But in Diviſion, after you come to a remain- 
der of one term, as 24x in the laſt example, 
it is commonly ſet down with the diviſor under 
it, after the other terms, and theſe together 


give the quotient. Thus, the quotient in the 
laſt example is found to be @ — x + — And 


bb + ab divided by b — @ gives for the quotient 


200 


+= 


Note, The ſign + placed between any two 
quantities, expreſſes the quotient of the form former 
divided by the latter. Thus a +b = 2 — is 
the . of a + 5 divided by a — x. 


© CHAP. 


* 
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2 


| 1 
0 * . 4 F 1 9 
7 = TI. #3 £4 # 1% by AY 4 : + x 4a. . « 4 * — 4 
l * % 4 | 1 p 
* 3 p NY n 1 a % SS Ss. . , 4 1 "WEE . 
f FracrtroNs. 
4 | 1 
= " & S 1 * 1 4 — * „ « 2 2 
? l * 2 ; Ie 2111 770 > (E29 ; 


FCC 
Ei nenen e! _— #£ 
* quotient of any quantity @ divided by | 
$ is expreſſed by placing a above a ſmall line an 
à under it, thus, . ITzeſe quotienis are alſo 
called Froftjons; and the dividend or quantity 
placed above the line js called the Numyrator 
bf the fraction, and the diviſor or quantity 
Placed under the line is called the Denominator. 
Thus = expreſſes the quotient of 2 divided by 23 
and 2 5 the aumerator and 3 the denominator of 
the fraction. e 
$ 23. Jf the numerater of a fraftion is equal 
to the denominator, then the fradtion is equal to 
witty.” Thus & and & are equal ta unit. I the 
Pe 2077 5 558 Mu 
qumerator t5-greater than the genqmingtar, ther 
the fr abi is eter then 1 7 In both theſe 
caſes, the fraction is calle improper. But if 
the numerator is leſs than the denominator, then 
the fraction is leſs than unit, and is called proper. 


Thus 2 is an improper fraction; but a and 
- 


— are proper fractions. A mixt quantity is that 
whereof 
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whereof one part is an integer and the other 


a* 


a fraflion, As 35 and 53> and 4 + 7 


PROBLEM 1. 


$ 24. Jo reduce a MIXT quantity to an IMPRO- 
PER FRACTION. | 


Rule. Multiply the part that i is an integer by the 
denominator ef the fraftional part; and ta the 


produt add the numerator, under their Jum 


place the former denominator. 


Thus 2+ reduced to an improper fraftion, | 


4* ar 


"on Aan 7 ; and a 4 + 


— . 


PROBLEM H. 


§ 25. To reduce an IMPROPER fradtion * a 
MIXT a 


Rule. Divih 1h6 wür, of the fraclen by 
the denominator, and the quotient ſhall give the 
integral part; the remainder ſet over the deno- 
minator yan be the ee, part. 


2 1249 Ka as + 241 


a + * 
x? das 2. 
eee 


N 


— 


* 
o 


C 4 | PR O- 


25 4 Tara 1 18 E af 4 . I. 
TR p FRF g 


E PROBLEM Ile 


8 2 6. 'T o reduce fractions of 4 Ferent 6 


* to the fractions of equal value” that ſhall bave 
; the ame dr. 


* k 


Rule. Multiply each numerator, addr taken, 
into all the denominators but its_ own, and the 


| _ -produts ſhall give the new numerators. Then 
., _ multiply all 15 denominators into one another, 
and the produit ſhall ny the common 9 


tor. 0 | 
Thus che fractions , 5 2. 4 7 are : reſpectivelj 
2 3 = bbd cb 

: equal to theſe fractions Jed Fed” Tra? which 


have the ſame denominator bcd. And the 0 750 


4.4 4, >: are reſpectively equal to theſe 8. 


\ — 45 2. : | . N 11 


PROBLEM IV. 
8 27. To ADD and SUBTRA er Fra#ions. 
R ole. Reduce them to a common denominator, 
and add or ſubtra® the numerators, the ſum 
or difference ſet over the common denomina tor, 
# i the fun or remainder required, - 


Thus 


. F , | a 2 


W b 5 * 


— — — . 
2 — 4 4 IS. fo c 7 HS EN bs 
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c 4 ade + bee + 4. 


4 e =” * 
a c  ad—be 2 . 19 — 17 
bd 3” 04; * 3 RR 03. 82 
3 2 9—8 I 
= I > ——=,——= 
TY" 3/7 7g] 12 F 123? 
16— 1 83 
5 3 20 * 
n x 3 — 2X _ Xx - 
hb RR dv ING 


PROBLEM v. 
S 28. To.MULTIPLY Frattions. | 


8 ule. Multiply their numerators one into another 
10 obtain the numerator f the product; and 
their denominators multiplied into one another 
Hall give the denominator of the product. 


a | * 1 8 : 
-— Than 3 ins. we; ed? nn 


A Cit e Oe} 
a+b a—b „ % — 


—— 


OY . 
* — 


If a mixt t quanticy: is to be multiplied, firſt 


reduce i it to the form of a fraction (by Prob. I.) 


And if an integer is to he multiplied by a frac- 


tion, you may reduce it to the form of a ne- 
tion by placing wy} under It. 


4 


EXAMPLES. 


» / 


a8  4AijTrEATISE/of Fart 


43 
* 


18 an \ bx a4 | ba 422 : 4 
** 5 * ä 4 * 

** abs 444% 

— . — a 


9 
ax 21 8 


© PROBLEM VI. 


5 29. To DIVIDE Fra#iqns. 


Rule. Multiply the numerator of the dividend by 
the denominator of the diviſor, their product 
ſhall give the numerator of the quotient, Then 
multiply the denominator of the dividend by the 


numerator of the diviſor, and their produtt _ 
give the denominator. 


ru. PH 994 ( 
eee l a* cad. anita RAY 5 
> 223 L e 


8 30. Theſe laſt four Rules are eafily demon- 
ftrated from the definition of a fraction. 


It is obvious that the fraftions + 7. | 1. 7 7. 
z re reſpectively equal to; 5725 77 756 ſince if 
vou divide adf by +df, the quotient will be the 
ſiame as of @ divided by 5; and cbf divided by 
d, gives the ſame. quotient as c divided by 4; 
and ed divided by f3d the ſame quotient as e 
divided by V. | 
2. . Fractions reduced to the ſame denomina- 
tion are added by adding theix numerators and 


ſu b- 
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ſubſeribing the common denaminator. I ſay 
7 +7 = = SS. For n en . and 


5 Dun, and it vin be vi, 4 = nb, and 
ah nh Fools and „fn e, that 
is, + *. Alter the fame manner, 


RY n= 4 — C 
r 


3. I fay - - x A n x 1) Th Fe 


dn c; and bins = ac, and ma = 77 that 


ac 


1, J * TIE 
4. I ſay - divided by 7. or =, gives 271 


far m 4, and mba ads ad 4 od 
nbd = cb; therefore 2026 06 5 that is, 


3 
— 2 — — 


* 
P R Q B . E M v 8 
$ 31. To find ihe greateſt cammon Meaſure of | 
two numbers; that is, the greateſt number that 
can divide them both without a remainder, 
Rule. Firſt divide the greater number by the 
leſſer, and if there is no remainder the leſſer 
number is the greateſt common diviſor required, 


if 


30 . ATzxtaATISE of Part I. 
I thert is a remainder, divide your laſt diviſor 
« by it; and thug proceed continually dividing the 
laſt diviſor by its remainder, till there is no re- 


mainder left, and then the" laſt diviſor is the 
greateſi common Meaſure required. 


Thus the greateſt common meaſure of 45 and 


63 is 9; and the greateſt common meaſure of 
256 and 48 is 16. 2 


45) 63 (1 438) 256 (5 
45 33 
18) 45 (2 16) 48 (3 
36 L 43838 
9) 18 (2 2 
18 
0 


8 32. Much after the ſame manner the greateſt 
common meaſure of algebraic quantities is diſ- 
covered; only the remainders that ariſe in the 
operation are to be divided by their ſimple divifors, 

and the quantities are always to be ranged accord- 
ing to the  dimenſi tons of the ſame letter. 


Thus to find the greateſt common Ae 
of a Js and a — 246 + b*, 
| hg —20b+Þ (1 
NS b* 
— 245 1 26 Recon 
which 


J 
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which divided by — 25 is reduced = | 


SO. —Þ (8+b 
— 


SD | — 0 RY 25 ys 
\. g or. 
Therefore 4 -b is the greateſt common mea- 
fury required, | IS 


& 43 


| The ground of this heralds is, That any 
quantity that meaſures the diviſor and the re- 
mainder (if there is any) muſt alſo meaſure the 
dividend; becauſe the dividend is equal to the 
ſum of the diviſor multiplied into the quotient, 
and of the remainder added together“. Thus 
in the laſt example, a — 3 meaſures the diviſor 
4 — , and the remainder. — 242 + 2# ; it 
muſt therefore likewiſc meaſure. their ſum a — 
24h +}. You muſt obſerve in this operation 
to make that the dividend which has the higheſt 


powers of the letter, ann to 2 we 


POE are wanted. 


PROBLEM I 


abs gs To. reduce oy: Fraftion to its loweſt 
terms. FT 


b 47 
Ky 


b Rule. Find the. greateft e common ; meaſure 2 the | 
oF numerator and denominator ; divide them by that 


, common meaſure and place the quotients in their 
FOR and you ſhall bave a frattion equivalent 


g See Chap. XIV. 
40 


fs 
= 
* i h — 
„ 2 las —— — R — : WP 
> _ — a i 4 . ® "i _ , 2 
—_ * hy We: 8 4 * — 9 —» C gt 8 
| = yp 
— 
* 


1 — 


. vr - A 1 1 
- 6 ee * — 
by ny.» 
* . - 
— — —— 


1 ů — 


* 2 * 
4 N 1 
VEE 


* — 2 


N * of | — 8 NG ns G — 4 
_ þ 4 ju oh * . . - * — 


4 


to the Hoe Ne = " the teaft 


terms.” 1 


— 


ob 10 = F 5724 — 57206 — 
38k: 20 51h en 87% - acne +47 


2 


114 — 115 th a® — 2ab + 7 x, a, — 6 LF, 
„ —Ba,, _&*—ba a&*—b _a* + 
55 ESTES a+ 6 * ELL org el 


T1 


Wben unit is the preateſt common meafute 
; of the numbers and quantities, then. the ration 


is already in its loweſt verm. Thus 35 van 
a lower. „ 


' X & v 
* * x *+ þ x . 
- 291 Pl " * 184 » : "*" 


Abd numbers whofe reitet beben meas 
785 fare is unit, are faid to be alin to one anorher. 


ld * I 


8 34. If it is toquired to reduce B givers frao- 
tion to a fraction equal to it that ſhall have a 
given denominator, you muſt mnipiy the un- 
merator by the given denominator, and divide the 
product ' by the former Aeneon, the quotient - 
Jes over the. giuen dunominater ir tht frattion re- 


| quired. Thus > being given, and it being re- 


f 


ber 
quired t to reduce 1 It to an Rangel [IL-T whoſe HY 
nomiator. ſhall. ; fin the quotient of ac 


divided by 5, abd it "hat be the numerator of 
the fraction required, - TE 


FE ra. . 
Mc , 
 *% 

1 


7 ; : T 


11 a e fraction is to be reduced to a 
decimal (that is, u fraction whoſe denominator 
is 10, or any of its powers) anner as many 

pert: as you "pleaſe to the numerator, . and then 
vide it by the denominator, the quotient ſhall 
— a decimal equal to the A ere fragies Pro- 


N, 


ebe 2 7 5 66660 Gs 385 |. 


55 os be 2 


7 29. 57 142 Sc. 


44185 1 


* , ; Lax. 14 
4 . * » * pan * »- of * 1 . 
» 4b . 


* 
: 


* Is 1 


ww 1 Thele: frafions- -are added * ſob- 
8 like whole numbers; only carte muſt 
de taken to ſet fmilur places above und another, 
as units above units, and tenths above tenths, 
Ge. They are multiplied and divided as inte- 
ger numbers; only there muſt be as many decimal 
places in the produld as in both. the multiplicans 
and multiplier ; and in the quotient as many as 
there art in tht dividend more thai in tbe diviſor. 
And in diviſion the quotient may be continued 
to any degree of exactneſs you pleaſe, by add- 
ing eyphers to rhe dividend. The ground of 
theſe operations is eaſily undetſtood from the ge 


neral rules for adding, AnUIPIYIDgs and. divid- 
ing fractions. 


** — . 
Fs , x * 8 1 "_ " f 18 : t — 1 1 
* = + 43 „ 4195 1 * 21 F . 510 8 N 1 


34 4a. a e 
| o hebel od or bi noiBett nn u A | 
11GAuact IEVT & HA P. Fi VII. 91 101129; , 
43% NN (21309 ew +5 Yes 10 «G1 21 

of che IN Vorvrt oN of 


ny N » SL 1 S% 1 JS: 3 
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$ 36. SHE BEN pc — the con: | 
tinval multiplication of the fame 
quantity were called (in Chap. IV.) the. Power, 
of that quantity. FPhus 2 4% ut, 4, &c. are 
the powers of a; and 35, a*#*, 558, , &c. 
are the powers of 4b. in the dame Chapter, 
the rule for the multiplication of powers of the 
ſame quantity is to Add the: exponerits und 
make their ſum the grunen of the product. 
Thus a. X 4 2 4; and 2 c bnaltg? gf 
In Chap. V. you han. the rule for dividing 
powers of the ſame quantity; Which is «Fo 
ſubtract the exponents and make the diffetetice 


the pom of the quotient," Ws BL NR 
a® © A wn 4 9 * 11882 4 a UA 

2 6 7 2 — — 2 55 | 
Thus = at; FO 6 8 — * and FIX DD 
1 — 45. J 1008 5G Reinen of baa 
y OY 17 . f * : TO OJ 


Wy 45 „ Sales a leſſer 5 "greater, 
* exponent! of the ent muſty by this Rule, 


we. Thus A — . 2 42 But 


we" Ty 2: 441k 
= and hence — is expreſſed: alſo by 
a * with a negative Exponent. 


- * 4 * * * — It 
%. 4 1 5 
„ „ „ wt 
* 


SY” + — 4 ' h | s *. | % 

Chiap- 7., ALGEBRA: 35 
_ 1 a 5 2 — | 
It is alfo obvious that = = 4 e. 
1 2 — | — 
. a : 0 bs | | - > » Lox 5 
bur g =, and cherefore 4 2 . After 
ek N 

— — 
a — 


1 — 2 


we ſame manner —= * = 4 33 


2 — 2 2 2 
. . e % # 


27 4 . 
„Ke. may be expreſſed thus, a, a, 2 


'» 
rat 2 * „ &c. Thoſe are calſed the 
negative powers of à which have negative ex- 
ponents; _ they are at * ſame time poſitive 


7 of - — Ore 


ſo that the quantities a, 1, . _ . 


* 3 8. Negative powers (as well as poſitive) are 
multiplied by addi ng, and divided by ſubtrafiing 
their exponents. Thus the product of 2 (or 


20 multiplied by N. (or 27) 18 4 70 omg” 
(or I); alſo. N a = (or 


=); and a"'X a =: 1 1. And, in gene- * 


ral, any Poſitive power of a multiplied by a negative 
power of 4 ef an equal exponent gives UNIT for 
the product; for the poſitive and negative deſtroy. 
each other, and the product gives a*, which is 
engl to unit. 


$ | D | ” Like- 


N 155 | 36 uh 4 TIZATIEX of Part I. 


| f | 2 * ps”; I 
| 5 Likewiſe = . s and 


= = 877 2 Dal. t allo, © = = 21 = 
| - therefore 75 1 2 And, i in general, 


" os ee lack in in ** depominator of ;a 
fraction may be "tranſpoſed to the numerator; 
if the go. of i its exponent | be e Thus 


"1 "3 13 8892 — 


EY | 1 
= | n 2 þ | 19 ITY. 5 20 REI ; 43 = 


5 8 39. The quantity a” " expreſſes any. power 
of a in general; 3 the exponent (m) being unde: 


termined and a”" expreſſes . we a negative 


power of à of an equal exponent: and N 
"= "==" IM — a" expreſſes 
any other Poder of 2; 47 K 4 = 24 is the 


product of the powers 4 and 2 and Je is 
their quotient. 97 eons. | 


| $20. To raiſe any imple quantity to iel te 
| . ._ - cond, third, or fourth power, is to add its ex- 
mp » Ponent twice, thrice; or four times to itſelf; 
| therefore the ſecond power of any quantity is 
1 had by doubling 1 its exponent, and the third by 
G trebling its exponent; and, in general, abe 
power expreſſed by m of any quantity is bad by 
mulliplying the exponent by in, as is obvious from 
the multiplication of powers. Thus the fecond 


| rower or ſquare of 4 is 2 * ] lis third 
power 


Chap/7. "ALGBBRA> 37 


| power or cube is a3 ** = a3; and the th power 
of ais 4 * = 4. Alſo, the ſquare of a* is 


2 X4= t; the wk of a* 1 is a X 4 = a"; and 
the th power of 4“ is 4 * The ſquare of 
abe is * 65 the cube is 17 9 the wer 8 


— 


A 14 — 


- . j 4 4 & #4 1979171 
; - F F * * 4 " _» N 0 CERT AL. 


$ 41+ The raiſing of quantities to any power 
is clint: Involution; and any " fimple quantity is 
involved by multiplying the exponent by that of the 
power required, as in the preceding Examples. 

The coefficient muſt alſo be raijed to the ſame 
power by continual multiplication of itſelf. by 
itſelf, as often as unit is contained in the expo- 
nent of the power required. Thus the cube of 
3ab is 3 X 3 X 3 X 0b 27. 

As to the Signs, When the quantity to be in- 
volved is poſitive, it is obvious that all its powers 
muſt ge poſitive. And when the quantity to be 
involved is negative, yet all its powers whoſe ex- 
ponents are even numbers muſt be Pofitive, f or any 
number of multiplications of a negative, if the 
number is even, gives a poſitive; ſince — x — 
= +, therefore = Xx — X-— X - + X + 
=—+3; nn 
TX + X+=+ 

The power then only can be <opative when 
its exponent is an odd number, though the 
quantity to be involved be negative. The pow- 
ers of — a are — 4, +&, — 4, 4, — , 

D 2 E 


57 


* 


- 


are politivez but thoſe whoſe exponents are 


1, 3, 5, Fe. are negative. 


any binomial a + b are found by continual mul- 


MP of it = itſelt as 2 


A, T REA 


Thoſe whoſe ex 
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difficult o 


* 


wy 3 © 5 
= D x - Fs 
89 22 2 
= 3; 

: of 
EF 

a N 
28 

12253 F 
38838 8 
hk 8 8 
< 8 S8 
E * 

2 

.= 

2 

* 

Fi 

& 

Yr 


\ 


” + - we* 


1s a more 


** 


-a + þ = Root. 


* 445 A ; 
a* + ab : : 
+ rt 
4. 240 + * the Square or 29 Power. 
Xatb A. 
+ 20 + 7 | 
3. oa; 8? + 246% +6 mg * 


a3 + Ja*b + 3005 71 : Cube « or $4 Ebert. 
* a + .b_ 
— +2" © + 34*b* + — | 
ab + 34'& + 4.3 + * 


4 + ba*b* + * + * = Biquadrate or 4th Power. 


r 54*%6* +. er Ne 8 
+ a+ 4% + 64˙ + 4ab*+ b 
4 ＋ 5 T 10 + 1040 + * ger + 65 = 5th Power. 
xa+þ N | 
4 ＋ 5257 7 10 F 1647 5. Tat 
+ ab + 5 a*b* + 404%b? + 104 b* + 5ab* + 


9 43: 


1 


4 TD + 154*6* 4 + 2007 + Tr + 6205 + _ 6th Power, oe": 


* 


vs EPF . 


. . 
ee ä 


— 
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$ 43. If the powers of a — þare"required, 
they will be found the ſame! as the preceding, 
onry the terms in which the exponent of 6 is 
an odd number will be found negative; © be- 
cavik an odd number of multiplications of ''a 
negative produces a negative.” Thus the cube 
of a — þ will be found to be @ —30b + 
34.— : where the 2d and 4th, terms are ne- 
gative, the exponent of 5 being an odd number 
in theſe terms. In general, * The terms of 


any power | of 4 — - b are poſitive and negative 
by turns.“ 


544. It is to be e Thats <in the firſt 
term of any power of a = 3, the quantity 4 
has the exponent of the power required, that 
in the following terms, the exponent of à de- 
creaſe gradually by the ſame difference (viz. 
unit) and that in the laſt terms it is never 
found. The powers of 5 are in the contrary 
order; it is not found in the firſt term, but its 
exponent in the ſecond term is unit, in the 
third term its exponent is 2; and thus its ex- 
ponent increaſes, till in the laſt term it becomes 
equal to the exponent of the power required,” 
As the exponents of a thus decreaſe, and at 

the ſame time thoſe of + increaſe, « the ſum 
of their exponents is always the ſame, and is 
equal to the exponent of the power required. 8 
Thus in the 6th power of a + 6, viz. 4 + 
6bd'b+ 154% +200Þ +154'b) + 6ab +8, 
D 3 he 


49. 4: Vn ATISE: =P - Part 1, 


the: .exponents” of a decreaſe in this order, 
6, 8, 4, 3%, 1, o; and thoſe of h increaſe 
in the contrary or order, o, 1, 2, 3» 4 8, 6. 
And the bum ol * W en term 18 
ey gal: aner 0 | 


$45: To find 1 -coefficient of any term, 
the coefficiehr: of the precedent term being 
'known';” you'are to Aivide the coefficient of 
"the preceding term by the ex ponent of & in the 
given terry, nd to ed ly 1 "quotient by the 


_ "Exponeht of 2 in the 8 tert, increaſed: by 


unit. Thus to find the coefficients of the 
terms of ther th 3 of's + b, ag find = 
8 22 we 222 | 
2602 4% 5d TY 7, te, abs, 46 ;/ 
and you know dhe coefficient of the gt term is 

unit; therefore, according to the rule, the coeffi- 


RT eee 


2 


14 a +, 4 


"that of the 3d derm will be X4+1 I 3 5155 


Wien ane 

-thatof che4theerm einbe , X3+1225 x 4203 
"and thoſe of the following will be 1 55 6, I, 
_ agreeable to the preceding Table, 

8.46. ln general, if a + b is to be raiſed to 
any power m, the terms, without their coefh- 
. cients, will be, a", * , 55, 4 1, 4 155 

4&4 , Sc. continued till the Aer of , 
bepomes equal to | 
„ ED The | 


capi 7. ALOE BRA. 


The coefficietits of the reſpective rerms, ac. 
cording & the laft rule, will be crc 


111 „ e i 1 
I, , n e * 


— —2 — 
3 „* N Y * 
Ec. continued until you, hay e one coefficient 


more than there ate units in n. 


I: follows therefore by theſe laſt rules, that 


4 ＋ 2 42 e + mx EL x ant 
m1 m—2 eng 


3 


* = = * 4 5 G. "which i is te 


general 7 Bene for raiſing a quantity conſiſting 
N terms to any power m. 
9 47. If a quantity conſiſting of three, or 


more terms is to he involyed;; % may di- 


ſtinguiſm it into: two parts, conſidering it as a 


41. 


— 


binomial, and raiſe it to any power by the pre- 


ceding rules; ad then by the ſame rules you. 


may ſubſtitute inſtead of che power of n 
compound parts their values.” 


1: Thus 2 De e 27 D 
126X ai Free o+ 6) +1 27 + 


21 65. ng 33 108 at 
"And TFT ER N + 30x TP 
23 SO TEE} 4 wr 20) + 347 ＋ 55 
F346 + babe + 4 Þ+ 396 + 3b6* + . 
1 994 


N 


In 


42 n 


Iz theſe. examples, a 4 3 + c is — 
28 compoſed of the compound part @ + # and 
the ſimple part c;, and then, the powers of 
'@ + are formed: — the e ag and 
ſubſtituted * 2 ＋ a+b and N * b* 2 


— V — 


of Arens 1. 


* La 
Pint 


5 Ps reverſe of Inyolution, or the 

reſolving of powers into their roots 
- js called Evolution. "The roots of aue quan- 
kities are eaſily extracted by. dividing their. exps- 
gent by 1he pumber that denomjnater the root re. 
guired. Thus the ſquare root of a* is 4* * a*; 
"= the ſquare root of h. is . The 


root 55 js 65 *. _ = 453 and the cube 

90 Vo 22 18 WY The ground of this 
le is is obvious. from the rule for Involution. 
The pa wers-of any root are found by multi- 
Berg its exponent by the index that denomi- 
mates the power. and therefore, when any power 
is given, the root muſt be found by dividiag 
© the exponent of the given pow by the number | 
;;that. K ere the * * ke i ge- 


qvired, | SIA 


; - i ; 4 , 
614 5 8 y 


$ 49, . appears from what was ſaid of Invo- 
jution, that « any Power 4hat has a poſitive ſign 
may have either a poſitive or negative root, if the 
root is denominated by any even number.” Thus 
the ſquare root of + a* may be + 4 or — a, 


becauſe +'a + 4 or — 4 ene + 4 for 
the produ t. 


But if a power have a negative. e gb, 95 my 


root of it denominated by an even number can be 

ie ned, ” (ince there is no quantity that multi- 

- plied i into itſelf an even. number of times can 

give a negative product. Thus the ſquare root 

of — 4 cannot be aſſigned, and is what we call 
an „ impoſſible or imaginary quantity.” 


But if the root to be extracted is denomi- 7 


dated by an odd number, then. ſhall. the. fign f 
bel root be the fame es the ſign of the, given num- 
ber whoſe root is required. Thus the cube root 
of — &* is — 4, and the 8 00 root of 8*Þ ig 
— 4 hs | 
Y S If d numder that denbmlantes the 
t. required. is A diviſor of the Exponent of 
the e given power, then ſhall the root be only a 


6 Der power of the ſame quantity. » As the 
cube root of 2 is , the number. 3 that de- 


nominates the cube root being a diyiſor of 12. 


A 


But if the number that denominates what 


| PE. root is required is not a diviſor of the 
exponent of the given power, “ then the oe 
1 £50008 arch a * far its . | 
491% „5 | E Th 1 vs 


x 
. 


— — 23 ů — 
——— * 4 — 


— 2 rn nn — r — > L Lo. 5 
——— «4 2 OP 
o ? =_ - 


»»- < 
— — 


: 


„ 
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hos the bare raot of & is 1 a; "he, cube toot 


4 50 is 4, and the ſqvare 1 fs. cha 10 4. 
_ 21:1:\Theſe-powess that have. fractional exponents 
are called. Jwferfeft powersor:furds ;”” and. are 
otherwiſe» exprefied by placing the given power 
within the radical ſign YYY, and placing above 
* radical ſign the number: that Henpeaiqaces | 
"wha at kind. bf rbot " Is required "Thus a= * Nen 


| i 


ny = = 2 ind = _ c In numbers the 


2605 2180 N 241 


ſquare root of 2 is expreſſed by. * 25 and d the 


cube root of 4 by . 4 Co 
i. Theſe imperfete bene or Fords are 
U. "multiplied and divided, às other powers, by 


" adding 54 fubltaRing „be "exponents." Ne 
ry of = af pH a7, 4 4 — Fey 
l . 


EY nn * 
. * — 2 2 "Ws 
„N , 7er TI 
2 a 
19 
They are  involoed likewiſe” 10 e afitr 


he ſame. manner as perfect wers. Thus the . 
avere of 4 d * = Gs the cube of c is 


Ng THF 2 | 
of Tm The ſquare;roor of a? ip a? £7 $47, 
| the cube toot of 4 is N But we ſhall have 
Occafion to treat more fully af Surds hereafter. / 

"$ 52. The ſquare root of any compound 
3 as 4˙ + 246 + . is diſcovered after 
: this 


Chaps. "ALGEBRA. as 


this: manner. Firſt, tate care 10 diſpoſe the 
terms actording to the dimenſions; of. the alphabet, 
As in divi/ion ; then. fing tbe ſquare root of the firſt 
term da, wbich gives @ fer the firſt member of the 
root... Men ſubtraB- its . ſquare. from: the propoſed 
quantity, and divide the firſt: term of tbe remainder 
(206, 65); by the dauble f that member, viz. 24, 
and the quotient b is the ſecond member of the 
root. Add this ſecond member io the double of 
Fhe Halt, and multiply. Ibeir Jum (28 d-. 5) by >the 
ſecond member b, and ſubtratt the product (a ab 
+ b*) from the foreſaid remainder (246 + &) 
and if nothing remains, "then the ſquare root” Ts 
obtained,” and in this example i it is found to be 


ANG —BV— ——— ꝛůĩ —— ao oe 


4 ＋ 5. | 1 CL 8 
The manner of operation is des. 
25 2ab+ 8 þ* (a + 1 
4 


20 + pens +: 
* b. 20b + U. hh 


0 ; O os = 

3 N 28 

But if there bad sten 4 remainder; you muſt 

have divided it by the double of the ſum of the 

two parts already found, and the quotient would 
4 ave given the third member of ibe raot. 

Thus if the quantity propoſed had been a* + 

nba 246 N + 2bc + ©, after proceeding 

M Vo” you would: have found the remainder 

- 280 


( 


46 ATxrariin of 


| a2 242 ©, which divided by 24 ＋ 20 gives 
c to be anne ed to a+4 as the zd member of the 
rodt. Then adding c to 24 + 20 and multiply- 
ing their ſum 24 + 254 c by c, ſubtract the pro- 
duct 2ac+ 2bc+ from the foreſaid remainder; 
and ſince nothing now remains, you ele 
that +: 5 85 c. is the A root 1 


1 


Pert 


VIZ 4 I'S% * 


Js * N The operation is ns | -4.%% 2 
tt cord hh ah og Re 


© a SE! IT A 


eie: nec Bal bebe 
* % +. 


2025 Peſaer e | V+ 
280 Avex. Of HEL. 


: 4 4 0 0 
Q s * 
% = 4 


' 


Cad Example, 


«„ — ax ＋ Jas. (x—4a 
„ ——— 


. 


2K — 42 1% 
* 14 8 


6» 


* 


wo \ 
The ſquare: root of 11 amber i is found out 
after the ſame manner. If it is a number under 
100, its neareſt ſquare root is found by the fol- 


+ lowing Table; by which allo: its cube root is 
Me | NT OR . found 
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found if it be under 1000, na its SIP; if 
sander 10099k > . O 
TheK TIT | 
—— 27 7 P&4 a | 
. 
8127] 64/1250 
ed Cd ut 


But if it is a number above 100, then its 
ſquare root will conſiſt of two or more figures, : 
which mult be round by different operations "7 | 


the following 


R U 8 E. If 9 
8 5 3. Place a point above the abe; that © is 
in the Place of units, paſs the place of tens, and 
place again a point over that of bundrids, and go 
on towards the left hand, placing à point over every 

24 figurt; and by theſe points the number will be 
diſtinguiſhed into as many parts as there are figures 
in the root. Then find the ſquare root of the firſt 
part, and it will give'the firſt figure of the root; 


ſubtra# its ſquare from that part, and annex the 


ſecond part of the given number to the remainder. 
Then divide this new number (neglefling its laſt fi- 


gure) by the double of the firſt figure of the root, 


annex the quotient to that double, and multiply the 


number thence ariſing by the ſaid quotient, and if 


the product is bj; 5 than your ' dividend, or equal to 
it, that quotient for be- the ſecond figure of the 
root. But if the produft is greater than the di- 


/ 


vidend, you muſt tate a leſs number for the ſecond 
| | | Ne 


8 


2 
— 


), 
= 
$1 
. 
1 
© 
3 
1 
: 
, 
; 
# 
7 
1 
114 
/ | 
. x 
3 
i 
< A 


=> 2 — — — — 
„„ . — — —— 


us. 5 4 Tin u desire 3 enen | 
_— iy ade len than that quotienr, Much -aftet 
the ſame manner may the other figures: bf the 


Te nd the ſquare. root of 99856. | 
int it thus 598 56. then 1 find the .iq ſüate 


. root of 9 to be 3, which therefore is N rſt 


Azure of the root; I ſubtra& 9. the lquare 0 3s 
fro m 9 and to the remainder I annex the 24 


181 


a 38, and divide Cneglecting the laſt figu 
8) by the double of 3, or 6, and I place 8d 5 
quotient after 6; and then multiply 61 by x, 
and ſubtract the product 61 from 98. Then to 
the remainder (37) I annex the laſt part of the 
propoſed number (56) and dividing 3736 (ue- 
glecting the laſt figure 6) by the double of 31, 
that is by 62, I place the. quotient after, -and 
multiplying. 626 by the quotient 6, I find the 
product to be 3756, Which ſubtracted from the 
dividend. and leaving no eee the rag 
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287 14 * A 17 
| 3&3 27394756 (5234. 
4 82 vs 200.91 4 11 4 
202) TE onde 
* 204 >.< 


8 54. 10 general, to extract any root out of 


according to the trmenſions of its 
tract tbe ſaid root 


etters, and ex- 


Then raiſe this root to a dimenſion lower by unit 
than the number that denominates the root re- 
quired, and multiply the power that driſes by chat 


the ſecond member of the root required.” 

Thus to extract the root of the zth power out 
of 4 + 5a + 104˙＋ 10˙ + gab* + 3, 
—" find that the robt of the 5th power out of 45 
gives a, which I raiſe to the 4th power, and 
multiplying by 5, the product is 541; then di- 
viding the ſecond term of the given quantity 34. 
. 5%, I find b to be ö ſecond member ; 


and 


. 
- 
—_- —— — F 
— — * — — — — — . 


—— — 


any given quantit „* H rſt range that quantity 


owt 0 the firſt term, and that © 
ſhall be the f 2 member of tbe root required. 


number itſelf ; divide the, ſecond term of the given 
quantity by the product, and the quotient ſhall give 


255 
2 


— —— 
— 


— — — 


—— — — 
„ 


% 
— — 
ä ——- — 


EE ̃⁵ ⁵— DS or et, SIS 
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and raiſing 2 ＋ b to the Sth power and ſubtradt- 
ing it, there being no remainder, Fconclude that 


42 + is the foot required. If the root has three 
members, the third is found after the ſame 
manner from the firſt two conſidered as one 


member, as the ſecond member was found from 
- the firſt; Which may be eaſily underſtood from 


what was ſaid of extracting the ſquare. foot. 
$ 55. In extracting roots it will often happen 
that the exact root cannot be found in finite 


terms; thus the ſquare 2 of a* + x* is found 
to be 


x* | 

20 A - e 7 
N The operation is =, | 
A "a : 
A . ART e 
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After the lade manner, the . root ol 
wi be found to be N 


* g 12 . „ 
lo Ore 


== * 


$ 2 of The 3 Theorem which we gare 


for the Involution of binomials will ſerve alſo. 


for their Evolution 4” becauſe to extract any 
root of a given quantity is the ſame, thing. as 


to raile that quantity to a power whole ex- 


ponent is a fraction that has unity for its 
numerator, and the number that expreſſes 
what kind of root is to be extracted for its 


denominator. A Thus, to extract the ſquare _ a 


root of a. + b, is to raiſe 4 + b dea pet 


whoſe exponent is : Now ſince a +3. =4* +... 


n c erg e mx * 2 

„4 3s &c. RE: | 

Ws os L you will find $44 
FR AKH D LA 1X4” * 


— OP e. = of + — — 2 > 
1 24 8a 


16a 
find that 


fore. 


9 57. The roots of Fat” af, are to be ex- 


tracted as thoſe of algebraic quantities. Place 
4 point over the units, and then Place points over 
E every 


\ 


=; Ge. And alter this manner you will 
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riols at there , are figures in "the root required. 


drate, or 5th power in the firſt period, and the root 


* 
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required. Subtract the greateſt cube, biquadrate, 


_ which ſhall give your aividend. 


= I 
any 


* 6, 


d the ſecond figure, of tbe root till bat 1 


every third, fourth or fifth feure . — the 
left band, atcording as it is the" root of the cube, 
ofthe 4th or 5th power that is required ; and i, 
tere be any. detinials. annexed _ to the "number, 
point them after the ſame manner, proceeding from 
Ihe place of units towards the right band. * this 
means the number will be Keidel Mito fo many pe- 


Then en guire which"is the" greateſt cube, biqua- 
of that power 4vill give the firſt ure F the root 


or * 5th power from the firſt period, and 0 the re- 
mainder annex the firſt figure of your ſecond period, | 


Raiſe the firſt figure already found 170 a power _ 
leſs by unit than the power whoſe root is ſoug bt, 
that is, to the 24, 43d, or 4th power, according 
as it is the cube root, the root of the ath,, or the 
root of the 5th power. that is required, and mul- 
tiply that power by the index of the cube, 4th, or 
51h power, and divide the dividend by this produtt, 
fo ſhall the quotient | be the ſecond eure f the root 
required. 

Raiſe the part FREY found of the root, to 
the power © whoſe root is required, and. if that 
power be found leſs than the two firſt periods of 
the given number, the ſecond figure of the root is 
right. But if it be found greater, you muſt di- 


_ VU? 2973 be 
1 g 5 4s T : 


* 


\ 


12 y wo 


. 
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be found equal to or le 5 than thoſe periods of the 


given number. Surat il, and to the remainder 


annex the next period; and proceed till you have 

one through the whole' given number, finding the 
24 figure by means of. the two firfl, as you found, . 
5 ſecond by the firſt ;- and afterwaz ds Finding the 
ath figure (if there” be a. 4th "wget after the 


ſame manner from the three firſt. Mu 


Thus to find the cube root of 1 3824; point 
it 138243 find the. greateſt cube in 13, viz. 8, 


whoſe cube root 2 is the firſt figure of the root 2 
required. Subtract 8 from 13, and to the re- 


mainder g annex 8 che firſt Hgure of the ſecond 
period; divide 58- by triple the ſquare of 2 


viz. 12, and the quotient is 4, which is the ſe- 


cond figure of the root required, ſince the cube 


of 24 gives 138 24. the number propoſed. After. 
the ſame manner the cube root of 13312033 


is found to de 237. 5 


„ * 


OPERATION. 


13824 (24, 
Subtr. 8 N X 2 


e ä 
ubtract 1392 Dy X2 {x 24 
1 4 , 4 EF 


r 
380 S 443 "T34+ $ 


” 50 . . 
160 a = . * FP - . 


E 2 i". 


——— — 


K—ͤV—ù —_——— — 


PSS . 
* , * - — 


— 


— 


pe - - m——— 
— 
Aa — — 
wx" — o — — — 
* y | = 
_ — * 


FI 
4g 
1 
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113312053 (237 

| 8=2X2X2 
wn. 420) 33 WW 6 
Subtract 12167=23X 23 X 23 


3X23X23=1587) 11450 HIM = 
Subtract 23 83 2379 237 X 237 


, | Remain, O . > | 1 \ 


In ee of roots, after you have gone 
through the number propoſed, if there is a 
'remainder,, you may continue the operation by 
adding periods of cyphers to that remainder, 
and find the true root in decimals to any degree | 
of ge. 5 . 
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; 58. 7 HEN quantities of the ſame kind 
| are compared, it may be con- 
ſidered either how much the one is greater than 
the other, and what is their difference; or, it 
may be conſidered how many times the one is 
contained in the other; or, more generally, 

what 
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"what is their quetient. The. firſt relation of 
quantities is expreſſed by their Arithmetical ra- 
tio; the ſecond by their Geametrical ratio. That . 
term whoſe ratio is enquired into is called the 
| antecedent, and that with which it is compared 
is called the conſequent. 

When of four quantities the difference 
betwigt the firſt and ſecond is equal to the dif- 
ference betwixt the third and fourth, thoſe quan- 
tities are call Arithmetical proportionals; as the 
numbers 3, 7, 12, 16. And the quantities, 
a, 4 ＋ b, e, e . But quantities form a ſeries 
in arithmetical proportion, when they *-increaſe 
or decreaſe by the ſams conſtant difference.“ As 
thele, a, a +6, a + 2b, a + 3b, a + 45, &c. 
x,x—b, x — 26, &c. or the numbers, 1, 2, 3. 
4, 5, Ec. and 10, 7. 45 ly, — 2, — 5, — 8, 
Se. | 

$ 60. In four quantities arithmetically propor- 
' tional, .** the ſum of the extremes is equal to the 
Jum of the mean terms.” Thus a, a + b, e, e + b, 
are arithmetical proportionals, and the ſum of 
the extremes (a + e + b) is equal to the ſum of 
. the mean terms (a + 5 + e). Hence, to find the 
fourth quantity arithmetically proportional to 
any three given quantities; * Add the ſecond 
and third, and from their ſum ſubtract the firſt 
term, the remainder ſhall give the fourth arith- 
metical eee required. a 


E 3 #03 


ag 5 4 T of Part I. 


$61. In a 15 of b tel proportional 
&« h Juni of be fri and Taft "term is equal to 
Abe um of any 1wo terns equally diftant from the 
extremes? If the firſt terms are a, 4 + 5, 
2a +28,” &c. and che laſt rerm*x, the laſt term 
but one will be x = 5, the laſt but two & — 25 
the laſt but three x 30, Kc. So that the firſt 
half of the terms, having thoſe that are equal! 
diſtant ſtom the laſt term fer under them, wil 
an ro ee, 


171+ JF Un 
8 4, 4 4 5, 4 . 20, 3 a+ 4b, dee. 
E x 20, x — 3b, * 240, : 


at2d+x,0+50+50 +5, 


And it is plain that if each term be added to 
the term above it, the ſum will be a + x equal 
to the ſum of the firſt term à and the laſt term 
*. From which it is plain, that „e ſum of 
all the terms of an arithmetical progreſſion is equal 
to the ſum of the frft and 2 taken half as often 
as there are terms,” that 1 is, the ſum of an arith- 
metical progreſſion | is equal to the ſum of the 
firſt and Jaſt terms multiplied by half the num- 
ber of terms. Thus in the preceding ſeries, if 
n be the number of terms, the ſum of al the 


| Ly: 


* 4 


3 


＋4ꝑꝓ— 
bers vil be f 4. 


8 62. The common Uiffirence of the terms 
being b, and 6 not being found in the firſt 
term, it is plain at ns its cbefficient 1 in any 
. S term 


# © 


4 


— 
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term - will bh equal. to the number of terms that 
precede that term.” Therefore in the laſt term 


x you muſt have * 1 x 5, ſo that x muſt be 
equal to a +in — 1 b. And the ſum of all 


the tertns being 7 3 a ms. x x ry it will, alſo be equal 


| | 7 . 
is rede 


9 2. TOE. ane 


1 
1 
7 
[ 
| 
4 
1 


x u. Thos for 


2 
example, the ſeries 1+ 2+ 3 % 4 + S: &c. | 
continued to à hundred, mult be equal to 
SF. 100 + AGES 100 > 5050. | 1 
$64. if a. ſeries Have (o) nothing for i its Grit 
term, then <* its um ſhall be CUE lo balf the 
product of the laſt lern multiplied by the number 


"of terms.” For then, a being _ o, the 2 
rd 9&5 


of the terms, which is in general 4 A x * — 


* 


will in * caſe be - _ From which. it is evi- 


dent, that «the-ſum of any number of arith- 
metical proportionals beginning from nothing; 
is equal to half the ſum of as _ terms _ 
to the greateſt term. + | 

Thus o+i+2+3+44546+ 7 + $498 
—.— ASASLE 2 2 8 15. 

8 : DW 2 

964. If of I quantities the quotient of 
the firſt and ſecond. be equal to the quotient of 
the third and. Fourth, then thoſe quantities are 
ſaid to be in Geometrical proportion.” Such are 


E 4 the 


_ A Taxzarien of Part . 


the numbers 2, 6, 4. 123 and the quantities 
, ar, b, Ir; n are erpreſſed e n 


W tp, | W. ENT © 
— f Ty, 2 375 | : 14. "my 1 
F Brith: br.” 


And _ read them by ſaying; As 2 is to 6, ſo 
is 4 to 123 or as 4 iö 0 Ar, fo is b to br. 
In four quantities geometrically proportional, 
<< the product of the Tiger is equal 10 the product 
of -the middle terns.” Thus 4 * br S ar x b. 

And, if it is required t6 find a fourth proportio- 
nal to any three. given quantities, * multiply the 
fecond by the third, and divide the- product by the 
firſt, the quotient ſhall give the fourth propor- 
tional required.” Thus, to find a fourth pro- 
portional to @, ar, and 5, I multiply. ar by 5, 
and divide the product arb by the firſt term 
a, the quotient þ7 is the Rape proportional re- 
quired. | 2 

8 65. In calculations it indie requires a 

little care to place the terms in due order; for 
which you may obſerve the following Rule. | 
Fit ſet down. the quantity that is of the 
ſame kind with ihe quantity ſought, then con- 
Ader, from the nature of. the queſtion, whether 
that which is given is greater or leſs than that 
which is ſought; M it is greater, then place the 
greateſt of the other two quantities on the. left 
hand, but if it is leſs, place the leaſt of the other 
Fro ene on wy "wp bans; and * ober 1 
eat nun 1 | " the 


I 
- 


# 
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the rig bi.“ Then ſhall the terms bei in due or- 
der; and you are to proceed according to the- 
rule, multiplying the ſecond by the third, and 
* their produft by the firſt. © «0s 


EXAMPLE, - 0 


7 30 men do any piece of work in 12 days 
bow many men ſhall do it in 18 days ? 


Becauſe it is a number of men that is ſought, 
firſt ſer down 30 the number of men that is 
given: I eaſily ſee that the number that is given 
is greater | than the number that is ſought, 
therefore 1. place 18 on the left hand, and 12 
on the right; and find a fourth proportional to 

pes 30 X 12 8 
„ oa = 20. 8 

9866. When a ſeries of quantities increaſe 'by 
one common multiplicator, or decreaſe by one 
common diviſor, they are laid to be n Geo- 
metrical proportion RNASE: | | 

As a, ar, ar*, 47 are, 7's &c. or, 
„ * 


a — W &c. 
7 x? 172 737 of — 


The common multiplier or divifor is called 
their common ratio.” 


In ſuch a ſeries, * the preduf? if the firſt and 
laſt is always equal to the produls of the ſecond 
and laſt but one, or to the produfi of any two 
terms equally remote from the eattremes. In the 
ſeries a, ar, 4 ar, er,, Kc. if 7 be che laſt term, 


then 


18, 30, 12, VIZ. 


* 


\ f . 
60 4 Ab of Patt l. 
then mall the Tour laſt terms of the ſeries be 


ITY J | ) 

0. 2, e 2 TT now eie gl chat 4 * OL = 
er x an = . 
8667. © The ſum of u ſeries f geometrical pro- 
portionals wanting the firſt term, is equal to the 
Jum of all but. the laſt term e M the com- 
mon ratia. _ 


ar x 2 7 Sc. Gong 


| 


Bor or ce. en. 7 2 +> 45 | 


” —— — „ 1 en lth. * _ i 


ee Ger Ker &c, 9 2 4 2 2 LL +2 
Therefore if 5 be the ſum of the ſcries, $4 


vin be equal to 7 —7.x 73 that is 5 — 4 = 
or or, or 5r —s Sora, and 17 2 —s, 

2 68. Since the exponent of 7 is always in- 
\; creaſing from the ſecond term, if the number 


of terms be u, in the laſt term its exponent vil 


be n - 1. Therefore * arg; and yr = 


* 


— * * - Nx 422 
ar er; and = ( e) = So 


that haying the firſt term of the ſeries, the num- 

ber of the terms, and the common ratio, you 

may eaſily find the ſum of. all the terms. 
If it is a . BY . ſum is to be 


bound. as 05 ＋ 2 2 ＋ 25 ++ Kc. +: ar” + 
47 ＋ar Ta, a 4 the Wü ber of the terms be 


54d 3 


. | . See the Rules i in the following Chapter, 1 
| ſup- 


958 them. 8 
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ſuppoſed be then ſhall a, the laſt term, be 
equal to nothing. For, becauſe u, and . 


quentiy is infinite, 4 SE So. The ſum 


<- 


of ſuch a ſeries = 1 3 Which | is a finite ſum, 


though the number of 4 terms be infinite. a 


Tbus 1 K b Ge. 2 


and 1 4 Ur vs + We. i 


1 T \ * . -. 
- , * 4 Av i 2 1 = 
1 * "9" } . o 17 * ** *s a 4 - » 


"CHAP. x. 


Of E ar ios that involve only | 
dne unknown Quantity. 


555 ) N no is © 4 propaſi tion tn 
7 \ Ie equality" of Iwo quantities.” 1. 
1s expreſſed, moſt commonly dy ferting down ˖ 


qvantities, and * the” lin (=) between. 


An equation gives the vie of a quantity, 
when that quantity is alone on one fide of the 
equation: and that value is known, if all thoſe 


that are on the other fide are known. - Thus if 
1 find bug 28 21 =8, T have a known. va- 


luc of a 2 Tbeſe are che laſt concluſions \ we are 
to 


* 


„ Amen 


| to ſeek in queſtions to be reſolved ; and if there 


de only one unknown quantity in a given equa- 
tion, and only one dimenſion. of it, ſuch a value 
*may always de found by the following Rules. 


Da ah * 5 np 


& 70. © Any quantity may be tranſpoſed from one 
ide of the n to the ober. if you change 
its gn.“ | 
For to take away g quantity from one fide, 
and to place it with a contrary ſign on the other 


fide, is ro ſubtract it from both ſides; and it 
js certain, that when from equal quantities 
vou ſubtract the ſame quantity, the remainders 


muſt be equal.“ 


By this Rule, when the known and unknown 
quantities are mixed in an equation, you may 
ſeparate them by bringing all the unknown to 
one ſide, and the known to the other ſide of the 
equation; as in the following Examples. 


Suppoſe 5x + 50 S 4x + 56, 


By tran poſi t. 5X — 4X ='56 — 50, or, x = 6. 
| And if 2x +a=x +, 


2X—x = e or, #=þ—a. 


4 | 
RULE n. 
$ 71. Any quantity by which the unknown quan- 
tity is multiplied may be taken. away, if you 
divide all the other quantifies 01 on * Ades of 
1b —_ A 


©1 | For 


For et is to bite both ſides: of the equa- 
tion by the ſame quantity; and when you divide 


equal quantities by the ſame quantity, the quo- 
tients muſt be equal. Thus, 


If ax =. 


5 
then x ==. 
4 : qa N 


And if 31 ＋ 12 2 27, 
a by Rule 1. £m a 15. 


we aud by Rule . $5. =. + 


Alſo if ax + 2ba 5 3ec, 
by Rule 1. ax = gre = 25a, 


and by Rule 2 2. 4 = x — 26. 


"As 
RULE III. 


872. If the unknown quantity 16 divided by any 48 
quantity, that quantity may be taken away if 
you multiply all the other members 7 the equa- 


tion by it.“ Thus, | 
If _ =b +5, 
then tall; 4 bb +586. 


If = + 4=10, 
then 1 + 20 = 50g 
and by Rule 1. an go 20 = 30. 
14 


* 


7 


0 
* 


64 A TitAT Neg. Parte; 


OO OWE amt . 


iro then b 72: 616, U . 
by Rule 1. 72 — 18 2 6 * Ax, or 54 . 


and by Rule 2. & 2 27. 


By this Rule an equatian, e any part is 

a fraction, may be reduced to an equation that 

| ſhall be expreſſed by integers. If there are 

more fractions than one in the given equation, 
you may, by reducing them to a common de- 

nominator, and then multiplying all the other 

terms by that denominator, abridge the calcula- 

tion thus; I > 


11 2 e \ 
N 
15 


and by this Rule 3x + 5x = 34 105, 
E and by Rule't and 2. TSS 15 


— 


| R VU 1. E IV.“ 
872. 77 that member of the equation that i in- | 
volves the unknown quantity be à ſurd root, 
then the equation is to be reduced 10 another 
that ſhall. be free from any ſurd, .by bringing 

' that member firſt- to ſtand alone upon one ſide 
| of the equation, and - then - taking away the 
radical. en from it, and raiſing the other fide 
of the equation to the power denominated by the 
fur d. 25 a ; | 


* 


Thus 
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' Thus if Viz + 16=12, 
| then 4 F 16= 144, 
and 4* = 144 — 16= 128, 
and æ 2 2 3. ? 


* 


% 


WR 09 If Vaz FF ent 


then Van +# =d + bt 
2.20 Wagons * d. N 2. + 
"2 114 and Fg „2 A2 ed 2 
| os 
3 If H 8 8 


then 4H 4 5 


a® 
and. * 
4 — b 


22 0 LU V. - 
974. « If that fide of the equation that « con- 


tains the unknown quantity be a complete ſquare, 
cube, or other power; then extratt the ſquare 
root, cube root, or the root of that -power, 
from both, ſides of the equation, and thus the 


_ equation ſhall be reduced 10 one 7 a lower © 
degree. | 


Webs Dio: 
then v +4=>+vV20,, - 
and = N= 3. 


It - 


binding ren 
Seq; 
e al. 


* then a+ ==b. 


ah = * 


11 FR KANE "x = I215, i 


| "than X+7= = , 


and x = * L= = 4. or — 18. 3 


RULE V. 


8 75. 4 proportion may be converted into an 
equation, aſſerting the produtt of the extreme 
terms equal to the product of the mean terms; 
or any one of the extremes equal to the pro- 
duct of the means divided by the * ex- 

treme.” | | 


1 1 2 K £ 224 I, „ | 
then r r 18 cn 000 8 = 4 | 


Or if 20 - X: *:: 7: 3, 
then 60 — 3# 7b. 10s = bo. . and g 


RULE VII. 


$ 76. If any quantity be found on both 2 of 
the equation with the ſame ſign prefixt,” it may 
be taken away from. both :“ © Alſo, if all the 


| quantities in the ”"m— are multiplied or 
divided 
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| divided by the ſame quantity, it may be Bruck | 
on of them ap "Thus, +. 


1180 


| Age [20+ wear 45 
If zar Gab = Pace. 35 + 5b=87..and #2 


1 * 4 7 20 + omen 
— 0m IS 55 11 "#7Þ a 


45 Jo n 74 1 1 Wert | 
"*" U L x VIII. r 5 RO 
$ 97. © Inſtead of any quantity in an equation * 


may ſubſtitute another 0 7 to ir. - 


Thus, if 36 ＋ 5 "IS 
and 4 J=93 | 


"then 52 +9= bb 52 =5-, 


2 5 4 P 


N 3 „ 
171 E + gx = ia, G1. 
and 2 >. oxy. FLY * ie 
then 15% + 5x (= 20x) = 120, . 
120 1 3 | 
nd, A = = 25 = Ge e 


The further. n of this Rule ſhall . 
| be taught! in the ee chapter. | 


} « 
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CHAP. XI. 


ot the Solutions of queſtions that 
nes fimple equations; | 


\IMBLE equations are thoſe © Mherem the 
unknown quantity is only of one dimen- 
ſion :” In the ſolution of in we are to ob- 


ſerve the following directions. 
DIRECT ION .. 


8 78. After forming a diftint idea 5 the gies 
tion propoſed, the noten quantities are 10 be 
expreſſed by letters, and the particulars to he 


 ifanftated from the cumman language into the 


algebraic manner of expreſſing them, that is, 
into ſuch equations as fhail expreſs the rela- 
tions or properties that c are given of ſuch quan- 
t es. * > 


Thus, if the ſum of two adkockeh muſt be 60, 
that condition is expreſſed thus, x + y = 60. 
It their difference mult be 24, that condition 
gives. * Et 


If cheir product muſt be 1640, then ) 1640. 


if their quotient muſt be 6, then = ww 6; 


If their proportion is as 3 to 2, then x 9 1: 3: 2, 


or 2* S 35; becauſe the product of the ex- 
tremes 


— 
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tremes is equal to the product of the mean 
terms. 


DIRECTION II. 


8 79. E After an equation is formed, if you 
have one unknown quantity only, then, by the 


Rules of the preceding Chapter, bring it to ſtand 
alone on one ſide, Jo as to have only known 


quantities on the other 4 thus you ſhall di 
ver its value. 


EX A MPLE. 
A perſon being aſked what was bis re. an- 
ſwered that 4 of his age mulliplied by : of bis 


<vas his age ? 


It appears from the queſtion thas if you cal 
his age * then ſhall , .. 8 * = = &, 


that is 0 rr nt 


and by Rule 3. . 3x* =48x. 
and by Rule 7. . 3x = 48 
whence by Rule 2... «„ = 16. 


DIRECTION III. 
$ 80. of there are two unknown quantities, then 
there muſt be two equations ariſing from the 
conditions of the queſtion ; Suppoſe the quan- 


Fa: | each 


* 
r 


age gives a product equal 40 bis age. * what 


ite. * and y; find a value of s or y, from 


- — - 
, — 


— — 


— 


c —_ 
. 


2 * ———_— 
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each of the equations, and then by putting 
| theſe two values equal to each other, there 
will ariſe @ new, equation involving one un- 
known quantity 5 which muſt be reduced by the 
Rules 7 the e N * 


* 


EXAMPLE I 


T'et the ſum of . 1200 quantities Je $8, and their 
differente d. Lets and d be given, and let it be 
required to find the quantities themſelves. Su p- 
poſe them to be; * * 55 * OP the — | 

ſition, „ $RE4 

a \Q } ps en? 97 
er es | * — 1 2 Ad | 


whence 13 = 465 
and dy. = = 


EXAMPLE II. 
| Tet it be required to find two numbers whoſe 
ſum is s, and their proportion as a to b. Let the 


mumbers be x and y, then ſhall 


; n f Suppol. 


e n TT Ur 


" Suppol. . . 


522 4 b 
op 
* = 5 
* 2 
8 Ay... 
2 ** T4 : 
ay 
FT TI= 
2 bs 
@+bXy=bs 
y== bs 
— ay as 


1 — 


a + b 


EXAMPLE III. 


A privateer running at the rate of 10 miles 
en hour, diſcovers a ſhip 18 miles off making 
way at the rate of $ miles an hour : It is de- 
manded how many miles the ſhip can run before Ibe 
be overtakes | ? 


Let the number of miles the ſhip can run 


before ſhe be overtaken be called x; and the 


number of miles the privateer muſt run before 
ſhe come up with the ſhip, be y; then ſhall 
(by Sup.) . . . * + 18... . and æ: :: 8: 10 


whence ION = BY. n=, and x =) 18. 


F 3 Whence 
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Whence y 18= ©» and 5 = 90. 1 4 2518 


2 72. 


To find the time, fay, if $ miles give 1 hour 
72 miles will give 9 hours. —Thus, 8: 1:: 72:9. 


EXAMPLE IV, 
Suppoſe the diſtance between London and Edin- 
burgh to be 360 miles, and that a courier ſets out 
from Edinburgh running at ihe rate of 10 miles 
an bour , anotker-ſets cut at the ſame time from 
London, and runs 8 miles an hour. It is re- 
quired 10 know where they will meet? Suppoſe the 
courier that ſets out from #finburgh runs x miles, 
and the other y miles before they meet; then ſhall 


by ſuppol. ” {7X 300 


4 Beg 

90 = 1440 — 
5 2 * = 160 

* 2 360 — y = 200. 


5 EXAMPLE-V. | 

Two perſons diſcourſing of their revenues, /ays 
A, if B would yield him 4 poft be has of 25. 4 
| | | years 


Chap. 11. ALGEBRA. 73 I 


year, their revenues would Be equal : Says B, if | 
A would give bim a place he bolds of 321. per 
1 um, the revenue of B would be double that of ; 
Qu. their revenues ? 0 : | 
the revenue of 4 be called x, that of B, 
93 then, 4 
1 ＋ 25 J—2 
by ſupp. J l BE IDK 


„ = # +25 +25= x +50 
y=2X 44 — 22 =2x — 66 
2x — 66 = x + 50 
x = 66 + 50= 116. 

3 = * +59 = 166. 


EXAMPLE VI. 
A gentleman diſtributing money among ſome poor 
people, found be wanted 10 8. to be able to give 58. 
| to each; therefore be gives each 48. only, and finds 


that be has 5s. left, Qu. the % of ſhillings 
and poor people? 


Call the number of the poor x, and the num- 
her of ſhillings 9; then, 


2 O 
by ſupp. _ WY A 


* 
SR 1 
I Ax 5 
5* — lO ATY＋5 
5X — 4X = 15 
AT 


I Ar 5 65 | 
„ E X- 
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EXAMPLE VII. 

Two merchants were copartners; the ſum of their 
Jock was Zool. One of their flocks continued in com- 
pany 11 months; but the other drew out his flock in 
9 months ; when they made up their accounts og 
divided the gain equally. Qu. What was each man's 
. flock? Suppoſe the ſtock of the firſt to-be x, 
and the ſtock of the other to bey; then, 


I1y + 9y = 3300. - 
205 = 3300 


SHEN: . - Bs 6 
4 =165.. 300 135, 


EXAMPLE VIII.. 
There are de numbers whoſe ſum is the 6th parr 
of their product, and the greater is to the kiſſer as 
3 to 2, Qu. What are ' theſe ankert 4 Call them 

5 andy; then, | 


* 
ſupp. ſ* +3 =7 ——3 = = 2 
12 5:23: 2 129 310 
Jx—bx=6y © : 30 35 ; 
ae a 3 hs 10 
x =— * == — 15. 


= 1 * 5 whence a 


[ 
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DIRECTION IV. 


$ 81, © When in one of the given equations, the 


nnknown quantity is of one dimenſion, and in 
the other of a higher dimenſion; you muſt find 
a value of the unknown quantity from that 
equation where it is of one dimenſion, and then 
raiſe that value to the power of the unknown 
quantity in the other equation; and by com- 


paring it, ſo involved, with the value you de- 


duce from that other equation, you fhall obtain 
an equation, that -will Dave only one Unknown 
quantity, and its powers.” | 

That is, when you have two equations of dif- 


ferent dimenſions, if you cannot reduce the higher 
to the ſame dimenſion with the lower, you muſt 
raiſe the lower to the ſame dimenſion with the 
higher, pe 


- EXAMPLE IX. 
The ſum of two quantities, and the difference of 


their ſquares, being given, to find the quantities. 
Suppoſe them to be x and , their ſum , and 
difference of their ſquares d. Then, 


1 KL wy 


— * Ad * 259 = — d 

Ty . , x * — 4 

x —9 3 

* 2 — 259) + _£+4 
** — =d4 + y* . and x = = 


22 255 +y* 
d = 5* = 25y, whence # 
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EXAMPLE X. 
Let the proportian of two numbers and the ſum 


of their [quares be given, aud let jt be required to 
find the numbers themſelves. Suppoſe their pro- 


portion to be the ſame as that of 4 to ö, and 
let the ſum of their {quares be c; that is, * 


ts 93616; 


but f=c -*, 
| a* y* N 
whence Cm * 7 


b*y* + &5* = 3 63 
a* + b* X Arc 
c 


| 93 
. r | | | x 
”Y FFT * 2 
„ and x = a+ 


-  RYAMPLE. XI: 


Let the proportion of two numbers be that of 
a to b, and the difference of their cubes be d. 
Qu. bat are ihe numbers? Then, 
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1 5 21 41 
Hanes 


- DIRECTION v. 


$. 98, If there are three unknown quantities, 
there muſt be three equations in order to deter- 
mine them, by comparing which you may, in 
all caſes, find two equations involving only 
ru unknown quantities; and then, by Direc- 
tion 3, from theſe two you may deduce an 
equation involving only one unknown quantity; 
which may be reſolved by the Rules of the loft 
Chapter.” 


From three equations involving any three 
unknown quantities, x, y, and 2, to deduce two 


equa- 


* 


4 


1 f 5, 
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equations involving only two unknown quan- 
tities, the following Rule will always ſerve. 


RULE. 


N Find three * of from the three given equa- 
tions; then, by comparing the firſt and j+c6,4 
value, you will find an equation moclving aug 
y.and 2; again, by comparing the ff, azd 
third, you will find another equat:on invoiying 
only y and 2,” and laſtly, thoſe equations are 

Io be reſolved by Direction 3. | 


EXAMPLE xn. 


Suppoſe 
«+ y+ 28 12 12— y q iſt 
x +2) +32=20 then, 2 20 —2) — 2 2 
* = E 
+ 2 + 2. 6 "HA 2 


3 


14 29 —2 — 20 — 25 — 32 
1759 —2=18—L—3z, 
Theſe two laſt equations involve only y and 


2, and are to be reſolved, by DireZion 3, as 
follows, 


2 27 
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25 —. J+g2=z=20=n=8 
122 8 — 


36 — 39 — 62 = 24 2 2 


I2= y + 42 
8 — 22. iſt value. 


12 — 42 «+ 2d value. 


whence y = 


8 — 22 12 — 42 
22 2 — 8 = 4 
and . 


nm” 8 — 22) =4 
| * (S125 O26. 


$ 83. This method is general, and will ex- 
tend to all equations that involve three unknown 
quantities : but there are often eaſier and ſhorter 
methods to deduce an equation involving one 


unknown quantity only; which will be beſt _. 


| learned 0 by FOI. 


EXAMPLE XIII. 


a. Ja+3+2=26 7 
Suppoſing Fx—y = 4. 
| * —2=6 


— 


by addition gx — 36 


F 
J 3 
113 428 
(2 * — 6 = 


= & 
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* XAM PL is XIV. 
CE bs #+y=8 >. 
| Suppoting a 


jo =, 22 


$ $4. It is obvious from he gd and gth Di- 
rections, in what manner you are to werk if 
there are four, or more, unknown quantities, 
and four, or more, equations given. By com- 
paring the given equations, you may always at 
length diſcover an equation involving only one 
unknown quantity; which, if it is a ſimple 
equation, may always be reſolved by the Rules 
of the laſt Chapter. We may conclude then, 
that When there are as many ſimple equations 
given as quantities required, theſe quamities 
may be diſcovered by the ad BORES of the pe" 
ceding Rules.“ 

$85. 
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$ 85. *I iodetd there are more quantities 
required than equations given, then the queſ- 
tion is not limited to determinate quantities; 
but 1s capable of an infinite number of folu- 
tions.” And, If there are more equations 
given than there are quantities required, it may 
be impollible to find the quantities that will 


anſwer the conditions of rhe queſtion,” be- 


cauſe ſome. of theſe conditions may be incon- 
ſiſtent with 65 


eee 


CHAP. XI 


Containing forme General Theorems 
for the exterminating unknown 


Qvantictes in Den Equations. 


order that affect no unknown quantity. 


But thoſe are called ** oppoſite” coefficients 
that are taken each from a different equation, 


and 


\ 


N the following Theorems, we call thoſe co- 
efficients of the ® ſame order that are pre- 
fixt to the farhe unknown quamities in the dif- 
ferent equations. Thus, in Theor. 2. a, d, g, 
ate of the ſume order, being the coefficients of 
* alſo 35, e, B, are of the ſame order, being 
the coefficients of y : and thoſe are of the ſame 


_ — _ — — > 
; "DO Sz: — „ — 
* 


— — 3 ” — — 
* 2 #28 Sa 4d 
* _— PE 


„ = 
* —_— — 2 
2 — 
r 1 — — 


— 


* 
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and from a different order of coefficients: As, 
4, e, and d, b, in the firſt Theorem; and 
4, e, k, in the open tg alſo a, b, f and 
6, b, 75 &c. K A 


+ THEOREM 4 


8 86. Suppoſe that two equations are given, 
involving two unknown Ons as 


Tax + by=c > 
14 oy =f Ard 


then ſhall Y = "WP Si: 


| 


Where the numerator is the difference of the 
products of the oppoſite coefficients in the or- 
ders in which y is not found, and the deno- 
minator is the difference of the products of the 
oppoſite coefficients taken from the orders that 
involve the two unknown quantities: 

For from the firſt equation, it is plain that t 


* 5 a -A. . and x ,; 
Bot ths 2d, ar f= L. | 


therefore 2 22 42 and cd — dby=af— aey; 
We a ey — dþy 24 — cd, 


after the ſame manner, x Er 


Pod 


* 
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EXAMPLE I. 


5X + TJ = 100 
Supp. J 8y = 80 


— 5 X'80— 3 X 100 10 . 
PEE gx ax7 19 — 59 


\ 
240 -- } 
and x = — = 1233. 
d == 1243 


* 


ES EXAMPLE n. 
(EE FATTY 
2X — 2y = 160 


4X 160—3x90 __640—270 370 p 
4X —2——23X8 —8—24 —32 | 


THEOREM HI. 


$ 87. Suppoſe now that there are three un- 
known quantities ahd three equations, then call 
the unknown quantities x, y, and 2. 
ax + by + (2z=m , 
Thus dx + ey + fz n 
* + by +kz =p 


depp -an ahm — dbp + gbn — gem 
Then ſhall 2 —abf + dhc — dbk + gbf — gec 
Where the numerator conſiſts of all the dif- 
ferent products that can be made of three oppo- 
lite coefficients taken from the orders in which z 


is not found; and the denominator conſiſts of 


all the products that can be made of the three 
. oppoſite 


8 
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A 3 
oppoſite coefficients taken from the orders that 


— 


involve the three unknown quantities. For, 
from the laſt it appears, that 
an — afz dm + dex 


JY= 2 7 db. 5 and that | 
— 212 3 
„ee dae, therefore 
— bb coocm + dex _ ap — akz — en Ager 4 
Te 45 AI > | 


an — —afz — an de X ab —gb x an—afz+ 
gbam— gbdcz Sap — gm AE C X ae— 
db X ap —akz + gd - gbdcz. 

Take gdm — gbadcz from both ſides, and di- 


vide hy 4. ſo ſhall 
4 — dre - — afz oy dit X hb — 21 4 9272 = = 


ap — gt — afZ + £e2 X 5 dp + dbks. 


Tranſpoſe and divide, fo ſhall, you. find 


ae? — aha + dhm— dbp + gem — 1 gem The RY 
de — abf dhe — dtk + gbf — gec 
lues of x and y are found after the ſame manner, 
and have the fame denominator. Ex. gr. 

3 9 — — 4414 4 — — dep + gen -’ | 
41 * de — 9 T be — — 4 * 257 7 = | 

If any term is wanting in any of the three 
given equations, the values of z and y will, be 


191 
AI cw 


tound more ample. Suppoſe, for example, that 


f and & are equal to nothing, then the term fz 


wil vaniſh in the ſecond equation, and &z in the 


why __ a#p >anh+ dm — d + E, 
third, and 7 1 be 9 


Len — 40 


a abs — gee 
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If four equations are given, involving four 
unknpwn quantities, their values may be found 
much after the ſame manner, by taking all the 
products that can be made of four oppoſite 
coefficients, and always prefixing contrary ſigns 


to thoſe that involve the products of two po- 
ſite coefficients, | 


— 


eee! 
CHAP. XII. 
Of Quadratic EquATTONs. 
$ 88. FN the ſolution of any queſtion where 


you have got an equation that involves 
one unknown quantity, but involyes at the ſame 


time the ſquare of that quantity, and the pro- 


duct of it multiplied by ſome known quantity, 
"then you have what is called a Quadratic equa- 
tion; which may be reſolved by the following 


R U LE. 


1. © Tranſport all the terms that involve the un- 
known quantity jo one fide, and the known terms 
to the other fide of the equation. 

2. If the ſquare of the unknown quantity is "ond 
tiplied by any coefficient, you are to divide all 
the terms by that coefficient, that the coefficient © 


1 | 'of 


85 


- * 
. „ PITT PIG Þ" os Ya 
— 


9 3 *** 
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Þ of the ſquare of the unknown quantity may be 
0 unit. 

| 3. Add to both fides the ſquare of. half the coef 
| | ficient prefixed to the unknown quantity itſelf, 
| and the fide of the equation that involves the 
_ wnknown quantity, will then be a complete 
ſquare. | 
4. Extra jhe ſquare root from both fides of the 
equatioh , which you will find, on one ſide, al- 
, ways to be the unknown quantity with half 
| the foreſaid coefficient Joined to it; ſo that 
by tranſpofing this half you may obtain the va- 
lue of the unknown quantity expreſſed i in known 

terms.” Thus, 7X 


_ Suppoſe 9. + ay b, 


Add the ſquare oF 1 ＋ ay 14 2 ACS F\ 4 
to both ſides 


Extract the root, y + - = pry +=, 


a® 
Fo 


D 
** 


8 + 


Tranſpoſe 75 = = Wi + _ _ 


& 89. The ſquare root of any quantity, as 
+ aa, may be + a, or — @; and hence, All 
quadratic equations admit of two ſolutions.“ 
In el Jaft — after finding that y* + 


49 * — = 6 + = it may be inferred that 


2 * 15 Ut 2 10 W 4, ance 


, 


. 
GS avant. > th 
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= b+ x WL gives 5 + =, as 


well as , A | There 
are therefore two 1 of y; he” one gives 


z=+ + FEES; the other . 


1 597 — 


8 90. Since the ſquares of all quantities are 
politive, it is plain that *The ſquare root of a 
negative quantity is imaginary, and cannot be 
aſſigned,” Therefore there are ſome quadratic 
equations that cannot have any ſolution, For 
example, | 
Suppoſe y* — ay + 34* = oO, 
then 5* e 3a; 5 


add ro both, y* —99 + == —ga* += = DT 


WIC 


extra the root, 5 — 2 


. 


whence the two values of y mult be 1 "WOE or 


do 


impoſſible, becauſe the root of — 11% cannot 


poſſibly be aſſigned. 


But of this we ſhall treat more fully in the 
Second Part. 


6 3 | Suppole 


„ „ — 


— 


8 „ 3 -o oat 2 — 2 


* 


— — 


„1 


e 
4 - — a nd 
* - 
— - 
- os 


exactly, you muſt, in on to determine the 


= +©, by the Rules in Chap. 8. The fol 
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Suppoſe that che "quadratic equation Propoſed 
to be reſolved sf —oy=6; 8 
| a®* 


then . . 


"By 
1 = N 54 2. 


4 


End gt b +=. 


If the ſquare root of 5 + = 7 - cannot be extracted 


value of I nearly approximate to the value of 


lowing examples will ae, the Rule for 
quadratic equations. 


EXAMPLE I 


To find that number, which if you multiply by 
8, the product ſpall be equal to the ſquare of the 
fame number, having 12 added to it. 

Call the number y; then» 

| by + 12 = 8, 
tranſp. ) — 8y = — 12, 7 
Add the ſq. of 4, — G44 16=—12+16=4, 
extract the root y — 4 = = 2, 
tranſp. y=4 + 2= 6, or 2, 
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EXAMPLE II. 


from 10, and multiply the remainder by the number 
itſelf, the produtt ſhall give 21, 
Call it y; then 


40 = 21. 
that is, 105 — yy = 21; 
tranſp. y* l =— 21, 
add the ſq. of 5, y* — 109 + . 
extr. the ſq. root y — 5 = * VA = 0; 
andy =5=42=7, or 3. 


EXAMPEE 1 


35. Qu. What are the quantities? 


| * TA then x =, 
£ Suppoſe , . e 
| by 


therefore @ — y = wy 
J 


and ay — 5 = 
tranſp. y S 
add © af Sap O==b+<, : 


To find a number ſuch that if you fabtrafd * 


The ſum of two quantities is a, their produt? 
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EXAMPLE IV. 
The ſum of two! quantities is a, and the fum 
of their ſquares b. Qu. the quantities? 
x +5 ga... then xz = @—5, 
* + y* e 
invol. x* 4 — 243 + y* 
whence 2 — 24 + y = 3 


A — 24 =b — 44. 


F - 7 7 — 2 5 - 
r — 


Suppoſe is 


and 
divide 


2 add — Dy — += === +S===, 


2 4 5 Z 

2b — 4 a JS 2b — 45 

* V. & (S-) = V . 
* S = = EX 5 

at V 2b—@a* a V2 — 47 

Or thus, y — — , and x = * . 


E X AMP L E V. 
A company dining together in an inn, find their 
1 Bill amounts to 175 ſhillings ; two of them were 
1 : not allowed to pay, and the reſt found that their 
8 ſhares amounted to los. a man more than if all 
1 bad paid. Qu. How many were in company? 
Suppoſe their number &; then if 1 "a paid 
each man 5 ſhare would have been —, ſeeing 


x— 2 is the number of thoſe that pay. It is 
therefore, by the queſtion, 


175 
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A 10, 
* — 2 * 
and 175% — 175% + 350 = = 10x* — 20x; 
that is, 10* — 20x = 350, 
i and * — 2x=35z | 
add 1. « — 2x + 1 =35 + 1=36. 
extr. ox —=41:=> 6, 
x 2 1 * 6 5, or — 5. 
It is obvious that the poſitive value 7 gives 
the ſolution of the queſtion; the negative va- 


\ lue — 5 being, in the preſent caſe, uſeleſs. 


EXAMPLE VI. 


There are three numbers in continual geometrical 
proportion; the ſum of the firſt and ſecond is 10, 
and the difference of the ſecond and 34 16 24» 
Qu. the numbers? 


Let the firſt be x, and the ſecond will be 10—x,' 
and the third, 34 — *; therefore, 


*: 10 - X:: 10 — K*: 34 — K, 
and 34x — * = 100 — 20x + #*; 
tranſp. FP = 100 + 2x", 
and divid. * — 2JX = — 50, 


add — x 2... 4 25 ＋ 2 22 2 1 


» 
extract = $6.00 2 VE 
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So the three continued proportionals are 
: 2:8: 32, ot 
25  — 15:9. 


$91. Any equation of this formy· y 4 ay" 1 
where the greateſt index of the unknown quan- 
þ tity y is double to the index of y in the other 

3% term, may be reduced to a quadratic æ + az =, 


by putting y“ = R, and conſequently ** = N. 
And thig quadratic reſolved as above, gives 


Bm | $0 | LY 
8 | And ſeeing y” =2==——F = \ +> 
4 J 9323 1 


EXAMPLE I. 
The product of tuo quantities is a, and the ſum 


| £ of their ſquares b. Qu. the DUI . 
li ' Supp. ae Y = 443. . 3 —, & | oo 


ET TY 8 = = ; 

ot. | * 8 

__ mult. byy*..by*—yt= 4, 

| | tranſp. 54 —by = «=s i, | 
1 Put now y* = 2 and conſequently Fe = 2, 
tt | and it is 

1 2˙² — 


Wu 
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93 


13 , ppg 
— 2 — 2 — c—_ 
ext. V, 2 7 * N. 4, 


and V ee, and, ſeeing y=v/2z, 


1 /E - 


EXAMPLE l. 


— we — 


To find. a number from the cube of which if you 


cube, the product ſhall be 216. 


Call the number required &; and then, hs 
the queſtion, ; 


* = 19 Xx * = 216, 
Wo 19 * = 216. 
Put æ 2 —=2*, and it will be 


— 61 361 1225 
2* — 192 32> — 216 — — 
TT N 


| 1 —— | 
whence z = —— = 27, or =— 8. 


by 


But x Vz; wherefore x = + 3, or — 2: 


EX- 


fubtra# 19, and multiply the — by that 
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"EXAMPLE In. 
7 o find the value of x, ſuppoſing that & 


7* = 8. 


Put * 2 2, and = 22 
* — ae om 


thr We == 
NT hg, 
] by 
Z =: & 


But S z, and x V / 64 24. 
7 ĩͤ ˖ (K 


CHAP. XIV. 
Of SuRDs; 


$92. PF the leſſer quantity meaſures a greater 
ſo as to leave no remainder, as 2a 
8 10a, being found in it five times, it is 
ſaid to be an aliquot part of it, and the greater 
is ſaid to be a multiple of the leſſer. The leſſer 
quantity in this cafe is the greateſt common mea- 
ſure of the two quantities; for as it meaſures the 
greater, ſo it alſo meaſures itſelf, and no quan- 

tity can meaſure it that is greater than itſelf. 
When a third quantity meaſures any two pro- 
poſed quantities, as 24 meaſures 6a and 1045 it 
| is 
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is ſaid to- be a common meaſure of theſe quanti- 
ties; and if no greater quantity meaſure them 
both, it is called their greateſt common meaſure. 

Thoſe quantities are ſaid to be commenſurable 
which have any common meaſure z but if there 
can be no quantity found that meaſures them 
both, they are ſaid to be incommenſurable; and if 
any one quantity- be called rational, all others 
that have any common meaſure with it, are alſo 
called rational ; But thoſe that have no common 
meaſure with it, are called irrational quanti- 
ties. 

$ 93. If any two quantities a and b have any 
common meaſure x, this quantity x ſhall alſo 
meaſure their ſum and difference a = b. Let x 
be found in @ as many times as unit is found in 
mn, ſo that a &; and in B, as many times as 
unit is found in , fo that 5 = x; then ſhall 


atb =mx R m A * x3 ſo that x ſhall be 
found in a 6, as often as unit is found in m= x: 
Now ſince m and z are integer numbers, m ꝙ x 
muſt be an integer number or unit, and there- 
fore x muſt meaſure a = 6. 

$ 94. It is alſo evident, that if x meaſure any 
number as a, it muſt meaſure any multiple of 
that number. If ic be found in @ as many 
times as unit is found in m, ſo that @ = mx, 
then it will be found in any muliiplefof a, as 
na, as many times as unit is found in zz; for 
na = mn, 


* 


595. 
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895. If two quantities @ and 5 are propoſed, 
and + meaſure @ by the units that are in n that 
is, be found in à as many times as unit is found 
in m) and there be a remainder c; and if x be 
ſuppoſed to be a common meaſure of à and 
5, it ſhall be alſo a meaſure of c. For by the 
ſuppoſition a ++ c, ſince it contains & as 
many times as there are units in m, and there 
is c beſides of remainder; therefore 4 — mb , 
= c. Now x is ſuppoſed to meaſure 4à and 5, 
and therefore it meaſures mb (Art. 94.) and 
conſequently a — mb (Art. 93. ) which 1s equal 
to c. 

If c meaſures by the units in u, and there be a 
remainder d, ſo that þ=nc+4, and b —nc=d, 
then ſhall x alſo meaſure 4; becauſe it is ſup- 
poſed to meaſure &, and it has been proved that 
it meaſures c, and conſequently nc, and & uc 
(by Art. 94.)-which is equal to d. Whence, as 
after ſubtracting & as often as poſſible from a, 
the remainder c is meaſured by x; and after 
ſubtracting c as often as poſſible from 6b, the re- 
mainder d is alſo meaſured by x ; ſo, for the ſame 
reaſon, if you ſubtract d as often as poſſible 
from c, the remainder (if there be any) muſt 
ſtill be meaſured by x: and if you proceed, 
{till ſubtractiag every remainder from the pre- 


ceding remainder, till you find fome remainder 


which ſubtracted from the preceding leaves no 
further remainder, but exactly meaſures it, this I 


laſt 


Chap. 14. ALGEBRA 9 


laſt remainder will ſill be meaſured by x, any 
common meaſure of à and 5. 

. The laſt of theſe remainders, viz, that 
which exactly meaſures the preceding remain- 
der, mult be a common meaſure of à and 3: 
ſuppoſe that d was this laſt remainder, and that 
it meaſured c by the units in r, then ſhall c = r4, 
and we un have theſe equations, 


a=mb+c, 
b = nc +d, 
c ud. 


Now it is plain that ſince 4 meaſures c, it 
mult alſo meaſure c, and therefore muſt mea- 
ſure nc + d, or B. And ſince it meaſures þ and c, 
it muſt meaſure mb + c, or a; ſo that it muſt be 
a common meaſure of a and 3. But further, it 
muſt be their. grealeſt common meaſure ; for 
every common meaſure of a and ꝭ muſt meaſure 
d, by the laſt-articlez and the greateſt number 
that meaſures d, is irſelf, which therefore 1s the 
greateſt common meaſure of à and 6. 

$ 97. But if, by continually ſubtracting every 
remainder from the preceding remainder, you 
can never find one that meaſures that which pre- 
cedes it, exactly, no quantity can be found that 
will meaſure both a and; and therefore they 
will be incommenſurable to each other. 

For if there was any common meaſure of theſe 
quantities, as æ, it would neceſſarily meaſure 

| | all 


* 
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all the remainders c, d, &c. For it would 

meaſure a — m6, or c, and conſequently 5 — xc, 
or d; and ſo on. Now theſe remainders de- 
creaſe in ſuch a manner, that they will neceſſa- 
rily become at length leſs than x, or any aſſign- 
able quantity : for c muſt be leſs than 2; be- 
cauſe c is leſs than B;, and therefore leſs than b, 
and conſequently leſs than Ic + £mb, or 44. In 
like manner 4 muſt be leſs than 35, for 4 is leſs 
than c, and conſequently leſs than £4 + Z nc, or 


25. The third remainder, in the fine manner, 
muſt be leſs than gc, which is itſelf leſs than 4: 


thus theſe remainders decreaſe ſo, that every 
one is leſs than the half of that which preceded 
it next but one. Now if from any quantity you 
take away more than its half, and from the 
' remainder more than its half, and proceed in 
this manner, you will come at a remainder leſs 
than any aſſignable quantity. Ir appears there- 
fore that if the remainders c, d, &c. never end, 
they will become leſs than any aſſignable quan- 
tity, as x, Which therefore cannot poſſibly mea- 
ſure them, and therefore cannot be a common 
meaſure of à and 35. I 

$ 98. In the ſame way, the greateſt common 
meaſure of two numbers is diſcovered. Unit 
is a common meaſure of all integer numbers, 
and two numbers are ſaid to be prime to each 
other, when they have no greater common mea- 
ſure than unit; fuch as 9 and 23. Such always 


4 are 
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are the leaſt numbers that can be aſſumed in 
any given proportion; for if theſe had any 
common meaſure, then the quotients that would 
ariſe by dividing them by that common mea- 
ſure would be in the ſame proportion, and being 
leſs then the numbers themſelves, theſe num- 
bers would not be the leaſt in the ſame pro- 
portion; againſt the ſuppoſition, 

$ 99. The leaſt numbers in any proportion 
always meaſure any other numbers that are in 
the ſame proportion. Suppoſe à and 5 to be 
the leaſt of all integer numbers in the ſame 
proportion, and that c and d are other numbers 
in that proportion, then will à meaſure c, and 
b meaſure 4. | | 

For if @ and 6 are not aliquot parts of c and 
d, then they muſt contain the ſame number of 
the ſame kind of parts of c and 4, and therefore 
dividing à into parts of c, and 5 into an equal 
number of like parts of d, and calling one of 
the firſt , and one of the latter 2; then as 2 
is to u, ſo will the ſum of all the us be to the 
ſum of all the us; that is, 6233 
therefore @ and þ will not be the leaſt in the ſame 
proportion; againſt the ſuppoſition. Therefore 
a and þ muſt be aliquot parts of c and d. Hence 
we ſee that numbers which are prime to each 
other are the leaſt in the ſame proportion ; for 
if there were others in the ſame proportion leſs. 
than them, theſe would meaſure them by the 


H {ame 
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ſame number, which therefore wouk be their 
common meaſure againſt the ſuppoſition, for 
we ſuppoſed them to be prime to each other. 

$ 100. If two numbers à and þ are prime to 
one another, and a third number c meafures one 
of them a, it will be prime to the other 3. For 
if c and & were not prime to each other, they 
would have a common meafure, which becauſe 
it would meaſure c, would alſo meafure a, which 
is meaſured by c, therefore à and & would have 
a common meaſure, againſt the ſuppoſition. 
$101. If two numbers @ and & are prime to 
c, then ſhall their product a+ be alſo prime to c: 
For if you ſuppoſe them to have any common 
weaſure as d, and ſuppoſe that d meaſures ab 
by the units in e, fo that de = ab, then ſhall 
d: a: :: e. But ſince d meaſures c, and c is 
ſuppoſed to be prime to a, it follows (by Art. 100.) 
that d and a are prime to each other; and there- 
fore (by Art. 99.) d muſt meaſure 5; and yet 
ſince d is ſuppoſed to meaſure c, which is prime 
to &, it follows that d is alſo prime to h: that is, 
d is prime to a number which it meaſures, which 
is abſurd. 

$ 102. It follows from the laſt article, that 
if a and c are prime to each other, then @* will 
be prime to c: For by ſuppoſing that à is equal 
to b, then ab will be equal to 4“; and conſe- 
quently @* will be prime to c. In the ſame 
manner c* will be ptime to-a. 


§ 103. 


} 
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$ 103. If two numbers à and 3, are both 
prime to other two c, d, then ſhall the product 
ab be prime to the product cd; for (by Art. 101.) 
ab will be prime to c and allo to 4, and there- 
fore, by the ſame article, c4 will be prime 
to 46. f 

§ 104. From this it follows, that if @ and c 
are prime to each other, then ſhall a* be prime 


to c', by ſuppoſing, in the laſt, that a = b, and 


+ _ It is alſo evident that a will be prime 
to c', and in general any power of a to any 
power of c whatſoever. 

$ 105. Any two numbers, a and &, being 
given, to find the leaſt numbers that are in the 
ſame proportion with them, divide ihem by their 
greateſt common meaſure x, and the quottents c and 
d ſhall be the leaſt numbers in the ſame propor- 
tion with @ and bh. 


For if there could be any other numbers in 


that proportion leſs than c and d, ſuppoſe them 


to be e and 7, and theſe being in the {ame pro. 
portion as @ and g would meaſure them: Ad 


the number by which they would meaſure them, 
would be greater than x, becauſe e and / are 
ſuppoſed leſs than c and d, ſo-that x would not 
be the greateſt common meaſure of 4 and ; 
againſt the ſuppoſition. 

F 106, Let it be required to find the leaſt 


number that any two given numbers as à and 5 


can meaſure, Firſt, if they are prime to each 
H 2 other, 


+ 
— ö a „ — — — 2 "Load 
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other, then their product ab is the leaſt number 
which they can both meaſure. 

For if they could meaſure a leſs number than 
ab as c, ſuppoſe that c is equal to ma, and to 1b; 
and ſince c is leſs than a#, therefore ma will be 
leſs than 2b, and m leſs than 5; and nb being 
leſs than ab, it follows that » muſt be leſs than a; 
but fince ma — 2b, and conſequently a:4::n:m, 
and à and & are prime to each other, it would 
follow that à would meaſure u, and h meaſure 
m; that is, a greater number would meaſure a 
lefs, which is abſurd. | 

But if the numbers @ and þ are not prime to 
each other, and their greateſt common meaſure 
is x, which meaſures @ by the units in m, and 
meaſures & by the units in , ſo that a = mx, and 
þ = nx; then ſhall az (which is equal to bm, be- 
cauſea:b:: mx:nx:m: 1, and therefore an 
= 6m) be the leaſt number that @ and & can 
both meafure. For if they could meaſure any 
number c leſs than za, ſo that c = la = #5, then 
a: B:: : :: K :I; and becauſe x is ſuppoſed 
to be the greateſt common meaſure of a and 5, it 
follows that #2 and z are the leaſt of all numbers 
in the {ame proportion, and therefore m mea- 
ſures &, and ꝝ meaſures J. But as c is ſuppoſed 
to be leſs than 2, that is, Ja leſs than na, 
therefore / is leſs than , ſo that a greater would 
meaſure a leſſer, which is abſurd. Therefore 
a and & cannot meaſure any number leſs than 

| 14 


Pd 
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za; which they both meaſure, becauſe na = 
mb. 

It follows from this reaſoning, that if à and 
þ meaſure any quantity c, the leaſt quantity za, 
' which is meaſured by à and 6, will alſo mea- 
ſure c. For if you ſuppoſe as before that c = la, 
you will find that » muſt meaſure , and na 
muſt mealure Ia or c. 


F107. Let a expreſs any integer number, and 


= any fraction reduced to its loweſt terms, ſo 
n 


that gy and # may be prime to each other, and 
conſequently an + m alſo prime to x, it will fol- 


low that an + n will be prime to “, and 


2 , 
conkducatly = will be a fraction in its leaſt 


terms, and can never be equal to an integer 
number. Therefore the ſquare of the mixt num- 


722 . . 
ber a + — Is ſtill a mixt number, and never 


an integer. In the ſame manner the cube, bi- 
quadrate, or any power of a mixt number, is 
{till a mixt number, and never an integer. It 
follows from this, that the ſquare root M an in- 
teger muſt be an integer or an incommenſurable. 
Suppoſe that the integer propoſed is B, and 
that the ſquare root of it is leſs than a + 1, but 
greater than a, than it muſt be an incommen- 
ſurable; for if it is a commenſurable, let it be 


Mm M - . 
a + - where _ repreſents any fraction reduced 


. to 


e = 
AER” Ez. A 4 I" 
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to its leaſt terms; it would follow that a + = 


ſquared would give an integer number B, the 
contrary of which we have demonſtrated, 


§ 108. It follows from the laſt article, that 
the ſquare roots of all numbers but of 1, 4, 9, 
16, 25, 36, 49, 64, 81. 100, 121, 144, &c 
(which are the {quares of the integer numbers 
1, 2, 3, 4, 5» 6, 7, 8, 9, 10, 11, 12, Sc) are 
incommenſurables; after the ſame -mabner, 7he 
cube rocts of all numbers but of the cubes of 
bo 3» 45:45 &. Os 7. 8, 9, Sc. are incommenſur- 
ables: and quantities that are to one another 
in the proportion of ſuch numbers muſt alſo 
have their ſquare roots or cube roots incom- 
menſurable. | 


$ 109. The roots of ſuch numbers. being 


incommenſurable are expreſſed therefore by 


placing the proper radical ſign over them; thus, 
Al, V3, VG, 6, V7, VB, IO, Sc. expreſs 
numbers incommenſurable with unit. Theſe 
numbers, though they are incommenſurable 
themſelves with vnit, are commenſurable in power 
with it, becauſe their powers are integers, that 
is, multiples of unit. They may alſo be com- 
menſurable ſometimes with one another, as the 
78, and the Ha, becauſe they are to one an- 
other as 2 to 1: And when they have a com- 


mon meaſure, as 2/2 is the common male 
0 
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of both, then their ratio is reduced to an ex- 
preſſion in the leaſt terms, as that of comm -— of 

ſurable quantities, by dividing them by their 
greateſt common meaſure. This common mea» 
ſure is found as in commenſurable quantities, 
only the root of the common meaſure is to 


be made their common diviſor. Thus SIR 


CI--- 
x 18a 
2 


4 = 2, and =3vV#. 

$ 110. A rational quantity may be reduced 
to the form of any given ſurd, by railing the 
quantity to the power that is denominated by 
the name of the ſurd, and then ſetting the ra- 
dical ſign over it thus, a =/a* =1/0) =/a*= 
Ja a', and 4 = 16 Sg — 
924 11 . 5 


F117. As ſurds may be conſidered as powers 
with fractional exponents, bey are reduced to 
others of the ſame value that ſhall have the ſame 
radical ſign, by reducing theſe fraftional expo- 
nents to fractions baving the ſame value and a 

I 


common denominator. Thus Ya = a', and 
I | | | 
3 11 0. 8 7 

Va — a", and * wn 9 = In gs and chere 


fore va and Ya, reduced to the ſame radical 
H 4 lign, 
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ſign, become Va” and Va". If you are to re. 
duce 4/3 and H to the ſame denominator, con- 


ſider Yz as equal to 35, the Vz as equal to 
25 ; » Whoſe indices dagen to a common deno- 


minator, you have 35 = Y and 27 = 25, and 
conſequently &/3 =vV/$j=V 27, and a2 H 
SV ſo that the propoſed ſurds /g and HV 
are reduced to other equal ſurds v27 and A, 
having a common radical ſign. 


$ 112. Surds of the ſame rational quantity are 
multiplied by adding their exponents, and divided 
by ſubtracting them. 


2 


Thus Va X Ja 4 c 5 =a*= Va; 

3 . 3 x $23 2 
and I= Anlass eri 

a a 

2 
Ja x V= ; 7 VX 2 
a % , . 

v2, =v323 = 2. 


$ x13. If the ſurds are of different rational 


quantities, as Vat and WY and have the ſame 


ſign, multiply theſe rational quantities into one 
| another 
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another, or divide them by one another, and 
fet the common radical ſign over. their pro- 


dull or quotient. Thus Ve „ ,, 


. 30 WT, mM 27 m 27 
2 XV5 =1/103 S = 74 775 
ee 
1 in 8 — V8. 


If the ſurds have not the ſame radical ſign, 
reduce them by the 1111 Art. to ſuch as ſhall have 
the ſame, radical ſign, and proceed as before. Thus 


ex N . Wien k 


2 1 2 25 „ 45 = Aa n 
3 V4 ES EC 3 16 
= 2: If the ſurds Hove any rational coeffici- 


ents, their product or quotient mult be prefixed. 
Thus 2/3 X 5/0 = 1904/18, 


RO 14. The powers of ſurds are found as the 
powers of other quantities, by multiplying their 
exponents by the index of the power required. Thus 
the ſquare of 7/2 1s 27% = 27 =2/4 x. the 
| 8 cube 
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cube of 5 = 57 * = = 4/125. Or you 
need only, in involving ſurds, raiſe the quan. 
tity under the radical fign to the power required, 
continuing the ſame radical fign ; unleſs the index 
of that power is equal to the. name of the ſurd, 
or a multiple of it, and in that caſe the power of 
the furd becomes rational, Evolution is per- 
formed by dividing the fraktion which is the ex- 
ponent of the ſurd by ihe name of the root re- 
quired. | 
Thus the ſquare root of Va is Jas, or Vat. 


$ 115. The furd a“ = Vr and the like 
manner, if a power of any quantity of the fame 
name with the ſurd divides the quantity under 
the radical ſign without a remainder, as here 
a” divides a* , and 25 the ſquare of 5 divides 
75, the quantity under the ſign in Az, with- 
out a remainder, then place the root of that 
power rationally before the ſign, and the quo- 
tient under the ſign, and thus the ſurd will 
be reduced to a more ſimple expreſſion. Thus 


I/75 = 533 Na =V/3 x 16 = 44/33 
a/ 81 =/27 X 3 373. 

$ 116. When ſurds by the laſt article are re- 
reduced to their leaſt expreſſions, if they have 


the ſame irrational part, they are added or ſub- 
| | tracted, 
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tracted, by adding or ſubtrafling their rational 
coefficients, and prefixing the ſum or difference to 
the common irrational part. | 


Thus 7/75 +48 = 593 +4v3 9s; 
/81+Y/24= 34/3 +2V3=5V33 v150— 
2/54. = 56 — 39%6 2; Vas + Vts 
= A D D x Nx. 


$ 117, Compound ſurds are ſuch as conſiſt of 
two or more joined together. The ſimple ſurds 
are commenſurable in power, and by being mul- 
tiplied into themſelves give at length rational 
quantities; yet compound ſurds multiplied into 
themſelves commonly give till irrational pro- 
ducts. But when any compound ſurd is pro- 
poſed, there is another compound ſurd which mul- 
tiplied into it gives à rational product. Thus 
a ++ b multiplied by ya — 4/6 gives @ — b, 
and the inveſtigation of that ſurd which multiplied 
% the propoſed ſurd will give a rational product, 
is made eaſy by the following Theorems. ot 


THEOREM I. 

8 118. Generally, if you multiply a” — þ* 
by +4" þ" + a3" þÞ" + 4" 4"þ3", &c. 
continued till the terms be in number equal to 
=, the product ſhall be a” — 4” : for 


/ 


— 
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zer-, Bec, l. 


* 4 —þ* hy 
Te ba Te-, &c. 

—_ 292 5 * | 2 3m gan &c. — þ* 
a* * * N * —3* 


THEOREM II. 


4 — gonna gy 2 . ; a"—4"43" &c. 


multiplied by 4“ + 6”, gives a” q, which 
is demonſtrated as the 1 Here the ſign 


of 4” is poſitive, when — — 1s an odd number. 


§ 119. When any Wasn ſurd is 4 
ſuppoſe the index of each number equal to m, and 
let n be the leaſt integer unmber that is meaſured 
by n, then ſhall a . ο t , &c. 
give a oy ga ſurd, which multiplied into the 


Propoſed ſurd a ꝙ b will give a rational produft, | 
Thus to find the furd which multiplied by 


- Vb, will give a rational quantity. Here 


m = 2, and the leaſt number which is mea- 


ſure by 2 is unit; let 2 = 1, then ſhall 
gn 4. gf 0y® + Fat ad ace &c. — — a 1 4 
a 351 + % = af + 41014 1 


725 + A, which multiplied by Ya — 7b, 
sixes a — 6. 


10 


Chap. 14. ALGEBRA. - 111 
To find the ſurd which multiplied by V + 
2 a* + F, gives a rational product. Here 
= and 13. and a" = "OP Y ⁹ 
&c. = a” . L 4 4 * hf 
* 2535 + 5 | 7 = N 
Var — WP. 
THEOREM III. 


$ 120. Let a” 4 be multiplied by a = 
2 2 þ ann3nb * + Sc. and he 


© 


N + 


product ſhall give a” + pat, Heron : muft be 
taken the legſt integer that ſhall give — — : allo an 


integer. 0 
Dem. 4 Þ 44" A νοο . e- 
1 -i 
XA ＋ 5 — * 


ue. &c. = = + þ* 
93 


3 * 3 + 7 
zl 


The ſign of 4" is politive only when — iS 


an odd number, and the binomial propoſed is 
47 ＋ #* 


Fs 7 5 121. 


* 


| 
i 


G K _ S 
* N — —— — 25 P 
3 . . 
— — —ñ ͤ—— — 


1 ad 8 


n 2 


- , : * * 
— HA „ — 5 5 _ „ — ama £* 
CY 
R = . — 


— 


* 


— 2 — — TT 
ah 2 * 1 
N 5 
— — — - — 
2 ——— — ——ẽ—ẽẽẽẽẽ — 
2 8 - 2 —— — 
oy 
— 9 
. 
w — 
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$ 121, If any binomial ſurd is propoſed 
whoſe two numbers have different indices, let 
- theſe be mand , and take x equal to the leaſt in- 


© teger number that is meaſured by m and by 7 ; 
and a = 22231. 42 —⁹n = Fin ial Lf &c. 
ſhall give a compound ſurd, which multiplied 
by the propoſed a* = ſhall give a rational pro- 


— duct. Thus J- being given, ſuppoſe 


Wi, IE mad = = 2, therefore you have. 
2=3, and a" + Q" UTA 3 þY oþÞ a4" bY 
+ &c. 4-1 21374 41574 42 . 
4 3] + 4·⁰ = 4* * a b* = a* 57 + ab + 
at bf + 57 = S V. + 4 x4/b ＋ V x . 


+ ab 1 c +V/F =&yae N 


+ aN X N Ta +bvaxyb+bxVP, 
which multiplied by the Va- Vb, gives 


$ 122. By theſe Theorems any binomial ſurd 
whatſoever being given, you may find a ſurd, 


which multiplied by it ſhall give a rational pro- 
duct. 


Suppoſe that a binomial ſurd was to be di- 


vided by another, as * 20＋ 12, by V 5=v/3» 
the 
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a | 420 +12 
the quotient may be expreſſed by * 


But it may be expreſſed in a more ſimple form 
by multiplying both numerator and denominator by 
that ſurd which multiplied into the denominator 


gives @ rational Praduci. Thus = 2 


2 _ 
J20+VI2 N= +3 __ V'100 + 2/60 + 6 + 6 
v5 x3 © „ 33 
4 16 4. 8 + 2715 


$ 123. In general, when any quantity is di- 


vided by a binomial furd, as a® K where m - 


and { repreſent any fractions whatſoever, tate x 
the leafs tutegtr number that is meaſured by m and 


”, multiply both aumerator and denominator by 


a + 42 img + 2 3" þ2?; &c. and the denomi- 
nal or 4 ** 2285 well become * and equal 


10 4” * ; then divide all the AA of the 
numerator by this rational quantity, and the quote 
ariſing will be that of the propoſed quantity divided 
by the binomial fare, expreſſed in its leaſt terms. 


. ; 

Thus — 5 | =v5 Fv23 
6 _v42tv 2. o 2 

ET Ru 4 942 44-2 


416 +2 +/4 __ 4/20. 2/2+2 +4 


J1b+2+V4 4-4/2 © 22+ +4 


„ 2318 — 0 on 2 1 = 7 — 
2 2 * . I. 
3 ——" 
a.” 
rey 
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2e 20. A | 


fr = 25 +4/20 o 


Alſo 7 =V3 — (becauſe. m == =, 22 = 3, 


[ 


and a * =8—g9=—1)= 
Lee TAL rxV 342 V20hg+6/10+1/f0xVa+1/ 100V/9 


= — 9875 — 4+ 10 KvV3— 895 XV g — 
64/10 —bXvV5 XYZ - 3VIO X49. 


$ 124. When the {quare root of a ſurd is re- 
quired, it may be found nearly by extradling the 
root of a rational quantity that approximates to its 
value. Thus to find the ſquare root of 3 + 2v 2, 
we firſt calculate 2 = 1, 41421, and therefore 
3 +22 = 5, 82842, whole root is found to be 


nearly 2, 41421 : fo that 4 3 + 292 is nearly 
2, 41421. But ſometimes we may be able to 
expreſs the roots of ſurds exactly by other ſurds; 
as in this example the ſquare root of 3 + 24/2 
38 1 + v2, for i +4y/2 X I +Y/2 = I + 24/2 
＋ 22 372%. 2 


In order to know when and how this may be 
found, let us ſuppoſe that x + y is a binomial 
ſurd, whoſe ſquare will be x* + y* + 2&xy: If æ 
and y are quadratic ſurds, then * '+ „ will 
be rational, and 2xy irrational; * that 2x3 


Mall 


ſhall always be leſs than & + 7, becauſe the 
difference is * +5* — 2 =x —y, which is 
always poſitive. Suppoſe that a propofed ſurd 


conſiſting of a rational part A, and an irrational 
-part B, coincides. with this, then «* + y* = A 


and xy = 5B: Therefore by what was fad of 
Equations, Chap. 13th, 


og * A 


Wis 
4 


B= 
—, and therefore f 
4* | 


\- AY == PLEASED =0J 


A+ VEE Rn * 


from Wan we "Ap * >—<—————2d 


2 
* A 7 
7 2 . Therefore when a quantity 


prion and partly irrational is propoſed to 


—_— — — = th - 


ve 1ts root extracted, call. the rational part A, 


ibe irrational B, and the fquare af the greateſt 


menbir of the rovi ſhall * 5 — 5 and the 


fare of the leſſer part Hall be - By W 5 — —, 


And as often as the ſquare root of A. B* can 
be extracted, the ſquare root of the propoſed 
binomial ſard may be expreſſed itſelf as a bino- 
mial ſurd. For example, if 3 + 24/2 is pro- 
/ poſed, then A = 3, B= — vV 2, and A*—_B*=g 


AVN NEF N 


8 21. | Therefore x 8 > voy n, and 


2 AA F 


J =— =I. Therefore 24,214 e. 
1 


. 
—- 
* 
- 


2 
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— oo HC <a - 


— — 
2 * 


4 
2 

* 
ta 3 
* | 4 

” 

- 

_ —_ 1 


* — 
— — * q . x — 
4 = _ — z 1 
n —— — „ — — * — — — — 
_ „ ot — nt 2 


2 
— 


—— — 


„% — > 
.- —_—_—— - 


23 
— 

3 
——— — 


P - 
” 
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— _ — 


—— — — 4.9 ad 
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To find the vate root ot af — 1 ATT ſup- 
| 3 e —8, n 


3 E ig d= A | — * 
e : and : — 2 I, anc 28 


= 4 I 2 3, therefore the root required 


is I * cole — 2, | 
$ 125. But though x cn „ are dor f quadratic 
ſurds or roots of integers, it - they are the roots 


8 of like ſurds, as if they are equal. to NY 
and yy 24/2, where m and n are re integers, then 
A= x Vr and IB V; A -B 


3 A 1 
Nn 200.5: = = LACY * 


* 


ELL DAT. N 2 N F 
_=#/z,andx+y= An 4 r The 
Part A here eaſily diſtinguiſhes itſelf trom.. B + 


its being greater. 


$126 126. If and) ate vt to V V and 


wat. then & o+ 24) +3. BZ + N 
2 Vm at. So that if.z-qr t be not multiples 
one of the other, or of ſome number that mea- 
ſures them bath by a ſquare e then will 
J itſelf be a binamial. | 


$3 127. Let x+ 3 + 2 expreſs. any trinomial 
5 its ſquare-x* +y* + 2* + 2xy + 2x2 + 22 


May be ſuppoſe® equal 10 A +B as before. But - 
rather 


1 * 
r | 1 
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rather multiply any two radicals as 2x by 2x2, 


and divide by the third 2yz, which gives the 


quotient 2“ rational, and double the ſquare of 
the ſurd æ required, The ſame rule ſerves when 


—_— 1 _ 


there ate four quantities, x. * + Y +2 + 5* + 
2% + 2 + 2x2 + 2352 +2395 225, multiply 25 
by 2xs, and the product gx*sy divided by 245 
gives 2x* a rational quotient, half the ſquare 
of 2x. In like manner 2xy x 2y2=45* x2, which 
divided by 24 2 another member gives 24*, a ra- 
tional quote, the half of the ſquare of 2y. In 
the ſame manner æ and s may be found; and 
their ſum x +3 +2 +5, the ſquare root of the 
ſeptinomial & + 3* + 2: + 8 + 2&y + 2x5 + 
2x2 +2952 + 535 *, diſcovered. 

For example, to find the ſquare root of 
10+4/24+/40 + V bo; Itry x42 


75 
which I find to be V 16=4, the balf of the ſquare 


root of the double of which, vix. & YS 2, 


is one member of the ſquare root fequired next 
2. 4 7 22 6, the half of the ſquare root of 


the double of which is / 3, another member of 
Le 
the roõt required, laſtly, — + ins ro, which 


gives / 5 for the third member of the root re- 


quired: From which we conclude that the ſquare | 


roat of 10 24 ＋ 4e 60 8/2 ＋ 
+v 5; and trying you find it ſucceeds, ſince 


˖ as I 2 | Jnulti- 


— —ͤ——i— —- ̃ ̃ — — — 


1 nr 5 oy 
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multiplied” by itſelf it gives the propoſed qua- | 


-drinomial: 
8 128. For extracting the higher roots of a 
/binomial, whoſe two members being ſquared 


are commenſurable me bers, K 18 the fol- 
lowing | | | | 


n 2 RULE. 


* « Let the guanlity ze A & B,  wheresf A is 
3 "the greater” part, and. c the exponent of the 
root Ur Seek the leaſt number n u boſe 


power n* is diviſi ble ly AA BB, the guo- 


- tient being Q. Compute FF] AB T7 Lin the 
._. neareſt. integer number, . which ſuppoſe 10 be r. 


Dy _ A VQ Q » its op rational * 


10 1 7 + 2 * 
2 end let the 8 * Ss, and let 


NEE? neareſt e number, be.t, ſo 2 the root 
beg red Je — DT if the c root Cl 


* 


5 inthe 


17 3 - * wh TY 31 3001 wv (5 -F 


NOS £ — — 


10 2: NM 
113 rp to find the cube root of 968 + 26, 
_ we have At — B. = 343, . whole diviſors are 
522 To whence, n= 7, and Q.= I. Further, 
A+Bx de that is, 968 +25 is alittle more 


9108-9 33 Atithm. Univerlal, p. 59. = 
inen: I 


i 
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than 56, whoſe neareſt cube root t is 4. Where. 

fore 124. Again, dividing V 968 968 by its great- 

eſt rational diviſor, v we have A Dal, and 
1 + 2 — 


5 0 
An 


the neareſt integers, is 2 f. And laſtly, 


the radical part /2 , and - 


Whence2+/2 +1 is the root, whoſe cube, upon 
trial, I find to be gbd + 25. 


EXAMPLE II. 
To find the cube root of 68 — V4374; we 
have A* —B* = 250, whoſe diviſors ate 5, 5, 5, 2. 


SAFBx Mo ir or 7 Aae! is near- 
ly Jr; again, A VQ, or 68 X V42=130X VI, 


r+— 77 
, or —, is nearly 


that is, S= I, and 


25 


. Therefore = 4; Vee — 1 > v * 


and VQ=$%/4=V2, whence the root to be 


tried is LEE 


* 


EXAMPLE III. 


Suppoſe the fifth root of 29/6 + 41 v3 is 18 
demanded, A - B* = = 3, andn=3; = 81, 
I 


3 . 


— A 96 2 
=2/2, N=, and VQ= VI =I. 


Thence e Bad X 2 = 10, and | Q= 4, and 


Part I. 
r=5,1=v/6,t= I, S = Vs, A. = 
and g= GV. And therefore trial ig 
to be made with - * 

8 

In theſe operations, if the quantity is a fract. 

tion, or if its patts have a common diviſor, you 

are to extract the root of the zumerator and de- 

nominator, or of the factors ſeparately. Thus 
to extract the cube root of 242 — 122, 


this reduced to a common denominator 5 
968 — 25 


a TrxrATICE of 


. And the roots of the numerator 


and mor, ſeparately found, give the | 
root 8 And if you ſeek any root of 


993 + Vi7g1825, divide its parts by the 
common diviſor 3, and the quotient being 
11 + 125, the root of the quantity propoſed 
will be found by taking the roots of {/3 and 


of 11 + 125, and mulyplying thern into each 
other. | 


8 129» The ground of this Rule may be EX» 
plained from the following 


THEOREM 


Let the ſum ar difference of two quantities * 
end y be raiſed to a power whoſe exponent is ; 


Chap. 14. "ALGEBRA: 121 


and let the if, 3d, «th, 7tb, &c. terms of that 
po over, collefied into one fum, be called A, and 
rhe reſt of the terms, in the even places, call B; 

the difference of the ſquares of A and B ſhall be 


equal to the difference of the ſquares of & and y 
raiſed to the ſame power c. 


For the terms in the c power of * + y (writ- 
ing for their coefficients, n I, c d, 
„ eee 
* c 4A —5 + e hs bs * 8&c. = A + B, 
and the ſame power of x — y (changing the 
figns in the even places)is £ 
xs xy + dif e 3 + Kc. = A- B, 
and therefore x + yF x x—9\ = A+BxA—B 
— A* — B * 
Q. E. D. 
Let one, or both, of the quantities x, y, be 
a quadratic ſurd, that is, let x + y, the c root 


e Ps 


of the propoſed binomial A + B belong to one 


of theſe forms, p+1vg, ky fs or K 1194. 
And it follows, 


1. If x +y=p +119, that, c being any whole 
number, A, the ſum of the 04d terms, will be 


a rational number; and B, the ſum of the terms 


in the even places, each of which involves an odd 
power of y will be a rational number multi- 
plied into the quadratic ſurd 9. 


A 


be an odd number, as we may always ſuppoſe 
Fo I 4 | it, 


- 


2. Let c, the exponent of the root ſought, 


=__ > 


1 ** t(U x 
7 — s — _ — 


- - — 
— 9 ” — 


— Pre, —— = 


Ag < waned 
on. — 


— 

— — 

_— — 
* 


2 


3 Se ones ĩᷣ AT re — — —-— —L—0P — 
N 8 * _ 
— — 
* 
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it, becauſe if it is even, it may be halved by the 
ex fraction of the ſquare root, till it becomes 
odd; and let x TY =kyp +4 Then A will 
involve the ſurd p, and B will be rational. 

. But if both members of the root are irra- 
tional (x +3 =kv/p +199) A and B are both 
irrational, the one involving VP. and the other 
the ſurd 79. 

And in all theſe caſes, it is eaſily ſeen that 
when x is greater than , A will be greater 
than B. 

§ 130. From this compoſition of whe bino- 
mial A B, we are led to its reſolution, as in 
the foregoing rule, by theſe ſteps, 


1. 
When A is rational, and A* — B* is a per- 
fect c power. 


1. By the Theorem, A* — B. K , accu- 
rately ; and therefore extracting the c root of 
A*— B* it will be * - y*. Call this root z. 

2. Extract in the neareſt integer, the c root 
of A + B, it will be (aearh) x + y. Which 
put = 7, 

3. Divide & — * (=) byx + y (= 7) the 
quotient is (nearly) x — y; and the ſum of the 
diviſor and quorient is (more nearly) 2% 3 that is, 
if an integer value of x it to be found, it will 


| 1 
be the neareſt to —— 


whence ”= fit . and therefore, put- 


42 | 
ting t my che root fought a +y 274 


Si —n; the ſame expreſſion as in the rule, 

when Q = 1, = 1, that is, when A* — B* is 

a perfect c power, and the greater member A 

js rational, 

J OT © | "0g | 
When A is irrational, and Q = 1. 


r + 
By the fame proceſs, x = 7 — (= T) and 


5 1 . But ſeeing A is ſuppoſed irratio- 
nal, and c an odd number, x will be irrational 
likewiſe; and they will both involve the ſame 
irreducible ſurd /p, or 5s, which is found by 


dividing A by its greateſt rational diviſor. Write 


therefore for x or T, its value f X 5s, and x +3 
T Vis —3. 


WW. 
If the c root of A* — B* cannot be taken, 
multiply A* — B* by a number Q, ſuch as that 
the product may be the (leaſt) perfect c power 


(SA. - B. And now lan! of 
+ 


a, 
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124 


. A +B) extract the c root of A. + B * C. 
which, found as above, will be ts V, — x; 
and conſequently the & root of A +'B will be 
ts + V's — n, divided by the 6 root of V 


that is, 1+ Wok 


It. is required in the rule that a perfect c power 
(% be found which fball be a multiple of A. = 
B* by the whole number Q. To find this power, 

let the given number A B' be repreſented 
by the product a"braf, z whoſe i" diviſors 
let be 6, 4, . , 3, 4 f; and 
the product of theſe diviſors ein to the power 
c, Which is a*b*d*f*, divided by a df will give 
the quotient a Go - fee Qa. whole 
number, provided ſome index, as m or p, be 
not greater than c. If it is, take, inſtead of the 
fingle diviſor 4 or 5, 4 or #*, 4 or ÞÞ, Ge. 
till there be no negative index in the quotient; 
= is, till Q be a whole number. 
1. We may add the following remarks 
1. by + the reſidual A — B is given, it is evi- 
dent from its geneſis by involution, that the 
ſame rule gives its root x — y. 
2. The extracting the c root of A-+ B, or of 


A+Bx VO. i in the neareſt 1 integer, neglect- 
ing the fractional part, will always give x + 
ſuch, that the value of x which reſults in the 
operation ſhall not differ from its true value by 


unity ; 


5 
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unity ; that i is, it ſhall be the true integer value 
ſought. 


For f being ſome proper faction, let x ＋ 


Ms. . 


 f be the accusate value of K EN 


and let the quotient of x* — y* divided by it be 
xz — F g, then the ſum of the divifor and 
quotient being 2x & f - g, if our reckoning the 
fractional part could make a difference of unity 
in the value of x, it would follow that f — 
org — f = 2. Which is abſurd, g, as well as 
+, being a proper fraction. 

3. If both A and B are irrational; or, if the 
lelter of the two members is rational, no root 
denominated by an even number can be found. 

4. When the greater member is rational, 
and the exponent e is an even number, it is am- 
biguous whether the greater member of the root 
is rational or ſurd. And though a toot in the 
form of p + eis not found, yet a root in 


the form of Kp + 4, or, that failing, in the 


form ky/p + y, may be obtained. 

If we look for a root xp + q, we are now 
to ſubtract x—y from x+ y, and half the remain- 
= will give y (or ) the rational part And to 

(n) adding 5“, the = will be ** 


n 


122 1 | | 
| Sothaty = —, e 


expreſſions being the ſame as whim c is, odd, 
with. 


* 
— 


. 
% 


. 
U—— — 


— —— ̃ — — — 


JS tt en IB * —— ————— — — — S — — ws 
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with the ſign of.» changed. If this does not 
fucceed, and a prime number ſtands under the 
radical ſign, no farther trial need be made. 

But if a compoſite number ſtands under the 
radical ſign, the root may poſſibly belong to 
the form kv/p + 1yg; and that compoſite num- 
ber being pXg, ſince K Fq=n, and px, 
the numbers k, I, may be ſought for in the 
neareſt integers, and trial made with P 
as in this 


E X AMP L E. a 
To find the fourth root of 49849 — 2895 V/224. 


The 4th root of A. B- is 157 =sx—y =, 
and the 4th root of A — B, that is, K- Y re 


and 7 = — = = 17 nearly, Whence 


nearly : 


x = 2227 = = 13. But now 'the leaſt radical fac- 


tor in B being V N X 2, 1 put 13 (Y) 

= k, and & in the neareſt integer = 5. 
Again kp —Pqzn=Mm Fx2:2= 1573 
that is, / Xx 2 = 18, and} = = 33 Which gives 
the root 54/7 — 392. 

In this manner the even roots may be ſought _ 
immediately. But to avoid ambiguity and need- 
leſs trouble, it is better firſt to depreſs them by 
extracting the ſquare root, as in F 124. 


A SUP- 


\ 
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A SUPPLEMENT 
+ Fo'Turs 


"4 
— 


$132. FFUHERE occur ſometimes, eſpecially 
| in the reſolution of cubic equations 


'by Cordan's Rule (Part II. F 79.) binomials f 


this form A B V=. whoſe. cube roots muſt 
be found. To theſe the foregoing rule cannot 
be applied throughout, becauſe the imagi- 
nary factor -. Yet if the root is ex- 
preſſible in rational numbers, the firſt ſtep of that 
rule will often lead us to it in a ſhort way, 


not merely tentative, the trials doing: confined 
.to known limits,” | 


For it being, uhdveffally;" VE A* 2 * — 5 


and, in the preſent caſe, A7 7 702 * — 9 
=p EX 41 if we divide the part under the 
radical ſign by its greateſt rational . diviſor, the 
quote is the imaginary ſurd al or 4, and from 
vVA* + BY, ſubtracting p* the ſquare of ſome 
diviſor of A, the remainder is /* x 9, a knoy 
mukiple of the ſquare of 1 a diviſor of B. 


That 


- 
- 2 b —— 
Inn ͤů — ̃ —ñ x — — — —C w- wa Sg — + * — 
wa 
* - o 


—_— 


—— — 


iro — = — * 
r — — — — — — 

= _ — . — * * o 

. 2 


1 
[i 


128 5 A TxzATtISE f Part l. 


That p and I are diviſors of A and B reſpec- 
tively is evident; for cubing p + 1 V — q, you 


4 4 as, 1 


nd A =P R — 3hg, B== bx 3 — 1. And 
the ſigns of ꝓ and i muſt be ſuch as will give the 


products of p x 9 — 3599. Ix 3p* — q of the 
fame figns as A and B reſpectively. 


It EXAMPLE! IM 8 


J find the, cube root of 81 + w 2700 = = 
81 + 30 8. 5 . | 


C 
ee "+ 6. Subtracting therefore from 21, 
the ſquare of % * 3, which js a diviſor of A, 
there remains (fx g S a XB. And (I) 2 
is @ diviſor of 30. Laſtly, A (= 374) 
.þeing poßitive, and the factor p* — 3 * 7 nega- 
tive, ↄ muſt have the negative ſign; and for the 
ike reaſon 4 = + 2. 80 N is — 3 
DDD 

It will be ſhewn in 14 ſeeonid Part of this 
Treatiſe chat © every. cube or other power has 
as many roots, real and imaginary. as there ate 
units in che exponent of the power z” particu- 
larly. that 29 itſelf has. the cube roots Is 


II therefore 
n find the other Ty Güde roots, in this 


example. being s . * Land /e ou 
2 


8 
* #4 A 
- 


— 
* 5 


| 


"A 


6 — any cube whuzevers and s any 
of its roots) we ate to multiply — 3 1292 = 3» 
the root already. Fuund, by —4 +4 3; and 
by -- iN and rde products — 2 1 g 
and & ee 2 will be the roots required. 

Or, becauſe the denominator of the imagi- 


nary roots of unity is 2, taking p = 2, one 
half of a diviſor of A, we have 21-4 2 F = 
„ x 3=0q, that is Ig; and g 3e vel 
as 395 IS being negative, both and / muſt be 
negative, and the root is wi 2 wt Lie 3 Again 
take 5 = , and yqu ſhall find = + +; ſo the 
en root is 2 + 293 „8 before. 
We may here obſerve that 3 qught 
tobe abridged, where it can be done, by divid- 
ing the given binomial by the greateſt cube 
that it contains; and finding the root of the 


-quotientz which multiplied by the root of the 
cube by which you divided, will give the root 


required. Thus, in the * foregding " Example, 


| 81 & v=2700=27, X 3+ WAP ang im : and the 
roots of 3 + /— * be being now, "more eaſily, 
found to be "I+2v— 5 ** — 4 end 
271 , theſe multiplied by 3, the cube root 
* 27, gives the roots required the ſame as above. 
l >the: coefficient of the i 


roots will be the ſame, with the ſigns of the 
imaginary 


maginary mem 
ber of the binomial has a contrary ſign, the 


— 


1 — —— — 
\ wa 80 * - — 
& 4 v4 3 » 4 OO . 
ot — — 1 — F< E 2— 
= G 
_ — - » IV — 


23 * , . 
KR ——— „ 
* A = = Cn 


= - « 
6— wr — 
Sr 
- -- _ * * - 
5 - 1 
* 


v — 
—— — — 


—— —— — — EE — 
— — TI . —— — 
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} 


"imaginary perts changed!” Thus the cube roots 


"—_ at r 0 8 Le 92 . 


683% 


Ws © 1 


Anden Gere + 77 + ir e 
= 3X 3=<6;or= A2 3, 0 28 =, 
the imaginary parts vaniſhing by the contrariet ety 
2 „ af 20 L299; 

We may obſerve likewiſe, that elde bol 
Ehetker expreſſible in rational numbers, or 
not, may be found by evolving the Binomill 
A + R= dy the Theorem in pag. 41, and 
| ſumming See __ the fore. 


going "example, Bj 4 35 5 35 — ber 


877 X 1 + ob V3 „ being ixpindid into'a 
-ſeries; the ſum of the odd terms will continually 


approach to 4.3 2, ahd the ſum of the co- 
: eſficients of the even terms to 4, which is the 
coefficient of the. ĩmaginaty part. But for a-ge- 
neral and elegant ſolution, recourſe muſt be had 
to Mr. de Moivre's Appendix to Dr.  Saunder ſon's $ 
Algebra, and the * continuation of it ih Philef. 
Trunſ. N. 4 51) What has been explained aboye 
may ſerve, fer. the prefent, to ꝑive the Learned 
Jome notion of the compoſition and teſolution of 
thoſe cubes" that he need: not hereaſter be ſur- 
priſed totmeet with expreſſiotis of Es 
which involye iĩmaginaty rosta. 5 


od! Eu of ib Fikür Pxkes 1. we £3091 
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* 
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TREATISE 
A L G E B R A- 


We eee agnes ee 


PAR T II. 
of the Geneſis and Reſolution of 
Equations of all Degrees; and 


of the different Affections of the 
Roors. 


C H A P. I. 
Of the Geneſis and Reſolution of Equations 


in general; and the number of roots an 
equation of any degree may have. 


$1. S$SS#SFTER the ſame manner as the 
A | higher powers are produced by 
$S$4+<4- the multiplication of the lower 
powers of the fame root; equations of ſu-— 
perior orders are generated by the multiplica- 
non of equations of inferior orders involving the 
lame unknown quantity. And an equation of 


any 


0 \ 
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any dimenſion may be conflired as produced by the 


multiplication of as many ſimple equations as it 
has dimenſions.; or of any other equations what- 
; ſoever;, if the ſum of their dimenſions is equal to 
' the dimenſion of that equation. Thus any cubic 
Equation may be conceived as generated by 
the multiplication of three ſimple equations, or 
of one quadratic and one ſimple equation. A 
biquadratic as generated by the multiplication 
of four ſimple equations, or of two quadraiic 
equations; or laſtly, of one rubic and one ſimpie 
equation. | 
$ 2. If the equations which you ſuppoſe mul- 
tiplied by one another are the ſame, then the 
equation generated will be nothing elſe but ſome 
power of thoſe equations, and the operation is 
merely involution; of which we have treated al- 
ready: and, when any ſuch equation is given, 
the ſimple equation by whoſe multiplication it 
15 produced 1s found by ane, or the extrac 
tion of a roof. 5 
But when the equations that are ſuppoſed to 
be multiplied by each other are drfferent, then 
other equations than powers are. generated; 
which to relolve into the ſimple equations whence 
they are generated, is a different operation from 
involution, and is what is called, he reſolution 
of equations. 
_s as evolution is 97 by obſerving 
and tracing back the ſteps of involution; ſo to 
diſcover 


bs 
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diſcovei er the rules for the reſolution of equa- 


tions, we mult carefully obſerve their genera» 
: tion. 5 | | 


” 


4 3 Suppoſe the unknown quantity to be x 
and its values in any ſimple equations. to be 
a, b,.c, d, &c. then thoſe ſimple equations, by 
bringing all the terms to one ſide, become 
x - 4 2 o, „- So, x- =o, &c. And, the 
product of any two of theſe, as æ 4 x x —b=0 
will give a quadratic equation, or an equation of 1 
two dimenſions. The product of any three of | 
| 


them, as x - 4 K X N ͤ & : © will give a j 
cubic equation, or one of three dimenſions. The 1 
product of any four of them will give a b:iqua- | 
dratic equation, or one of four dimenſions, as 5 4 
N N N = Ao. And, in ge- | | | 
neral, „ In the equation produced, the hi beſt = 
menſion of the unknown quantity will be equal to 


the number of ſimple equations that are e multiplied 
| by each other. 


_- :, 2 — — 
rr .— 
. U - - 9 — — 8 * q = A —— 
on = N 
Fg — — . — — - - 


$ 4. When any equation equivalent to this 
biquadratic x —=aXx —bXx—cXx—d=0is 
propoſed to be reſolved, the whole difficulty con- 
ſilts in finding the ſimple equations x — @ = o, 
x So, x - c o, x -A =o, by whoſe mul- 
tiplication it is produced; for 8 of theſe 
ſimple equations gives one of the values of x, - 


and one ſolution of the propoſed equation, For, 
e | if 
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if any of the values of & deduced from thoſe 
B {imple equations be ſubſtituted in the propoſed 
equation, in place of x, then all the terms of 
that equation will vaniſh, and the whole be 


x found equal to nothing. Becauſe when it is 
| ſuppoſed thasx=a, or & k, or x Sc, or x Sd, 
| then the produtx—a Xx * = e 4 


does vaniſh, becauſe one of the factors is equal 
to nothing. There are therefore four ſuppoſi- 


tions that give æ 4 X *—b x X=—CX. * - dA O 
according to the propoſed equation; that is, 
there are four roots of the propoſed equation. 
And after the ſame manner, “Any other equa- 
tion admits of as many ſolutions as there are 
ſimple equations multiplied by one another that 
| produce it,“ or“ as many as there are units in 
| the higheſt dimenſion of the unknown quantity 
h in the propoſed equation. 3 

35 But as there are no other quantities what- 
ſocver beſides theſe four our (a, b, c, d,) that ſubſti— 


| à tured in the product 4 K NK c R, 
1 in the place of x, will make the product vaniſh ; 


* * 2 
— äu- — 


therefore, the equation x —aXa—bXx—CcX 


l | * — 4 = ©, cannot poſſibly have more than theſe 
. four roots, and cannot admit of more ſolutions 
$ than fats If you ſubllicute in that product a 
quantity neither equal to a, nor 35, nor c, nor 
d, which luppoſe e, then fince neither e — a, 
e , e — c, nor e—d is equal to nothing; their 
| TIS PP. product 


5 | 
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product e—>aXe—bXt—cX e—dcannot be 


equal to nothing, but muſt be ſome real pro 


duct ; and therefore there is no ſuppoſition be- 
ſide one of the foreſaid four, that gives a juſt 
value of x according to the propoſed equation.” 
So that it can have no more than theſe four 


roots. And after the ſame manner at appears, 
that No equation can have more roots than 


it contains aime font of the unknown 2. 
tity.” | 


8 6. To vidke all this til] plainer by an ex-' 


ample, in numbers; ſuppoſe the equation to be 
reſolved to be x —10x* + 35x*— 50x + 24 So, 


and that you diſcover that this equation is the 


ſame with the product of I N 2 X—3 


X'x— 4, then you certainly infer that the four 
values of x are 1, 2, 3, 4; ſeeing any of theſe 


numbers placed for x makes that product, and 


conſequently x*— 10xz*+35x*— 50x-þ 24, equal 


to nothing, according to the propoſed equation. 
And it 1s certain that there can be no othcr 
values of x beſides theſe four : ſince when you 
ſubſtirute any other number for x in thoſe fac- 
tors x — 1, X— 2,'X — 3, X — 4, none of the 
factors vaniſh, and therefore their product can- 


not be equal to nothing according to the cqua- 
tion, 


equations as generated from others of an infe- 
K 3 rior 


$7. It may be uſeful ſometimes to conſider. 


4 - 
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_ rior ſort beſides ſimple ones. Thus à cubic 


equation may be conceived as generated from 
the quadratic * —px ＋ =0, and the /imple 
equation x — 4 = Oz PO by each other; 
whoſe product 5 | 
gh! . I 745 41 So may expreſs any cubic 
equation whoſe roots are the quantity (2) the 
value of x in the ſimple equation, and the two 


roots of the quadratic equation, vi2. 


oe 6h 2 . ang =: A, as ap pears from 
Chap. f 3. Part I. And, according as theſe roots 


are real or impoſſible, two of the roots of the 
cubic equation are real or impoſſible. 


$ 8. In the doctrine of involution we ſhewed 
that the fquare of any quantity poſitive or 
negative, is always poſitive,” and therefore, © the 
ſquare root of a negative is impoſſible or ima- 
ginary.“ For example, the Hab is either + « 
or — a, but . can neither be + a nor 
— a, but muſt be imaginary. Hence is under- 
ſtood that * a quadratic equation may have no 
impoſſible expreſſion in its coefficients, and yet 
when it is reſolved into the ſimple equations 
that produce it, they may involve impoſſible 
expreſſſons.“ Thus the quadratic equation 
x* + 4 = © has no impoſſible coefficient, but 
the imple equations from which it is produced, 
viz. 2+ M e So, and æ — = 4. = 0, 
5 | both 


% 
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both involve an imaginary quantity; as the 
ſquare — 4 is a real quantity, but its ſquare 
root is imaginary. - After the ſame manner a 
biquadratio equation, when reſolved, may give 
four ſimple equations, each of which may vive 
an impoſſihle value for the root: and the ſame 
may be ſaid of any equation that can be pra- 
duced from quadratic equations only; that is, 
whoſe dienen na- are of the even num bers. 


$-9. But t a cubic equation (which cannat 
be generated from quadratic equations only, 
but requires one ſimple equation beſides to pro- 
duce it) if none of its coefficients are impoſlible, 


will have, at leaſt, one real root,” the ſame 


with the root of the ſimple equation whence it 
is produced. The ſquare of an impoſſible quan- 


tity may be'real, as the ſquare of / — 41 is 
— 4a*; but “ the cube of an impoſſible quan- 
tity is ſtill impoſſible,” as it ſtill involves the 


— root of a — — : 38, — 2 X 
V= „I, is 
plainly imaginary. From which it appears, 
that though two ſimple equations involving 
impoſſible expreſſions, multiplied by one an- 
other, may give a product where no impoſſible 
expreſſion may appear; yet, * if three ſuch ſim- 


ple equations be multiplied by each other, the 


impoſſible expreſſion will not diſappear in their 
Ts K 4 pro- 
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product.“ And hence it is plain, that though a 
quadratic equation whoſe coefficients are all real 
may have its two roots impoſſible, yet © a cubic 
equation whoſe coefficients are real cannot have 
all its three roots impoſſible.?T. 


$ 10. In general, it appears that the impoſ- 
ſible expreſſions cannot diſappear in the equation 
produced, but when their number is even; that 
there are never in any equations, whoſe coeffi- 
cients are real quantities, ſingle impoſſible roots, 
or an odd number of impoſſible” roots, 1 
that the roots become impoſſible” in pairs;“ 
and that & an equation of an odd 8 of di- 
menſions has always one real root.“ 


$ 11. The roots of equations are either po- 
filive or negative according as the roots of the 
ſimple equations whence they are produced are 
politive or negative.“ If you ſuppoſe x = — a, 
* = , x = c, x = 4, &c. then ſhall 
x +a=0, x+b=0,x+c=0, x+d=0; and 
the equation x+4Xx+6 Xx+cXxx+4=0 
will have its roots, — a, —b, — c, — a, &c. 
negative. | 


But to know when the roots of equations 
are poſitive and when negative, and how many 


there are of each Kind, ſhall be explained in the 
next Kt. Chapter, 


3 CHAP. 


"CHAP. 3 1 


+ # i 


Of the Signs and Coefficients * 


EQUATIONS, 


HE N any number of ſimple equa- 
tions are multiplied by each other, 
it is obvious that the higheſt dimenſion of the 


$ 12+ 


unknown quantity in their produRtis equal to 
the number of thoſe ſimple equations; and, the - 


term involving the higheſt dimenſion is called 
the firſt term of the equation generated by this 
multiplication, The term involving the next 
dimenſion of the unknown quantity, leſs than 
the greateſt by unit, is called the ſecond term 
of the equation; the term involving the next di- 
menſion of the unknown quantity, which is jeſs 
than the greateſt by two, the bird term of the 
equation, Cc. And that term which involves 
no dimenſion of the unknown quantity, but is 
ſome known quantity, is called che loft term of 
the equation. 

« The number of terms. is 3 greater than 
the hig heſt dimenſion of the unknown quantity by 
unit.” And when any term is wanting, an 
aſicriſs is marked in its place. The /gns and 
coefficients of equations will be underſtood by 
conſidering the Rong TABL, where the 


ſimple 


— — = 
o— -” 

A 8 * 
= 
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ſimple equations x a, x — b, &c. are multi- 
plied by one another, and produce ſucceſſively 


the 3 SE - 


x —a=0 


Xx —b=0 | | | WC. 


mY 3 = o, a Quadratic. 


XX — c 0 


=x*—a } a + ab\ © 


—b 7+ xXx*+ac X x abe =0, a Cable. s 
__ SR): itil s! 
Xx —4=0 x 
Nr - — 3 j 
=xrt—a] 44 abe 1 
—3 3214 ' —abd XL TOS 
2 2 Xx+abcd go, a Bi- 


— 4 .+bc —bd  [quadratic. 


* 
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8 13. From the inſp ection of theſe equations 
it is plain, that the coefficient of the firſt term 
is nil. 


The coefficient of the ſecond term is the . 


ſum of all the roots (a, b, c, d, e) having their 
ſigns changed. 


The coefficient of the third term is the fum 
of all the produtis that can be made by multi- 
plying any 1wo of the roots (4, b, Gy d, e) by one 
another. 


The coefficient: of the Kare term is the ſum 


of all the products that can be made by multiplying 
into one another any three of the roots, with their 
figns changed. And after the ſame manner. all 
the other coefficients are formed. a 

The laſt term is always the product of all the 


roots having heir ſigns changed, multiplied by one 
another. 


814. Although in 1 the Table ſuch ſimple equa- 


tions only are multiplied by one another as have 
poſitive roots, it is eaſy to fee, that “ the co- 
efficients will be formed according to the ſame 


rule when any of the ſimple equations have 


negative roots.” And, in general, if * — p 
* 4x —r =o repreſent any cubic equation, then 
ſhall p be the ſum of the roots; g the ſum of 
the products made by multiplying any two of 
them; r the product of all the three: and, if 
p, +4, — r, ＋ 5, — f, + u, &c. be the 
coefficients of the 2d, 3d, 4th, 5th, 6th, 7th, 
. : Sc. 


— 
8 a * umu W - 
* — _ - 
— — —— — 
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Sc. terms of any equation, then ſhall p be 
the ſum of all the roots, q the fum of the 
products of any two, r the ſum of the products 
of any three, 5 the ſum of the products of any 
four, t the ſum of the products of any five, 
u the ſum of the products of any ſix, c. 

$ 15. When therefore any equation is pro- 
poſed to be reſolved, it is eaſy to find the ſum 
of the roots, (for it is equal to the coefficient 
of the ſecond term having its ſign changed:) 
or, to find the ſum of the products that can be 
made by MUrprying any determinate: number 
of them. 

Bur it is alſo eaſy «to find the fur of the 
ſquares, or of any powers, of the roots. 
The ſum of the ſquares is always p* — 24. 
For calling the ſum of the ſquares B, ſince the 
ſum of the roots is pz and * the ſquare of the 
tum. of any quantities is always equal to the ſum 
of their ſquares added to double the products 
that-can be made by multiplying any two of 
them,” therefore p* = B + 24, and conſequently 
B =p" — 29. For example, a +6 + = 
a +6 + + 2ab + 2ac + 2bc; that is, $5 = 
-) 27. And 2 Te) 3 
+4 THA +9 +64 +a, that is 
again, . B + 24, or B = =P — 29. And ſo 
tor any other number of quantities. In general 
therefore, * B the ſum of the ſquares of the 
roots 


t 
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roots may always be found by ſubtraQting 29 
from p* ;”* the quantities p and q being always 
known, ſince they are the coefficients in the pro- 
poſed equation. 

C16. The ſum of the cubes of the roots of 
any equation is equal to p? — P — 329 + zr, or to 
By — pq 37.“ For B—q xp gives always 
4 exceis of the ſum of the ehe of any quan- 
tities above the triple ſum of the products that 
can be made by multiplying any three of them. 


Thus 4. +6* +& 4 ac N ( 
b—qXP) A ＋ + & za. Therefore 
p the ſum of the cubes is called C, then ſhall 
—qxp=C—zr, andC=Bp—qp +zr 


tank B =p — 29) =þ* — 3pq + 3r. 
After the ſame manner, if D be the ſum of 


the 4th powers of the roots, you will find that 


D=pC—4qB +pr — 45: and if E be the ſum of 
the zth powers then ſhall E=pD —qgc +rB — 
ps + 5t. And after the ſame manner the ſum 
of any powers of the roots may be found; the 
progreſſion of theſe expreſſions of the ſum of 
the powers being obvious, 


$ 17. As for the ſigns of the terms of the 
equation produced, it appears from inſpection 
that the ſigns of all the terms in any equation 
in the table are alternately + and —: theſe 
_ Equations are generated by multiplying conti- 


nually x — 4, X—b, #—c, x— d, &c. by one 


another. 


— * * © 
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another. The firſt term is always ſome pure 
power of x, and is poſitive z the ſecond is a 
power of x multiplied by the quantities — a, 
— , — c, &c. And fince theſe are all nega. 


tive, that term muſt therefore be negative. 


The third term has the products of any two of 
thele equations (— a, —-b, — c, &c.) for its 
cocflicient : which products are all poſitive, be- 
cauſe — x — gives +. For the like reaſon, 
the next coefficient, conſiſting of all the pro- 
ducts made by multiplying any three of chede 
quantities, muſt be negative; and the next po- 
firive. So that the coefficients, in this caſe, will 
be poſitive and negative by turns. But, * in 


this caſe the roots are all poſitive ;”! ſince x = a, 


4 2 , ino ni, tna, K. e the ab 
ſumed ſimple equations. It is plain then, that 
« when all the roots are pofulive, the n are al- 
ternately + and —. : 

$ 18. But if the roots are all negative, then 


a+aXx+bXX+cX x +4, Kc. So, will ex- 


preſs the equation to be produced; all whoſe 
terms will plainly be poſitive; ſo that “ wwhen all 
the roots of an equation are negalive, it is plain 
there will be no changes in ihe ſigns of tbe terms 
of that equation.” 


$19. In general, „there are as many poſi- 


tive roots in any equation as there are changes 


in the ſigns of the terms from + to —, or 
from — to +; and the remaining roots uy 
negative.“ 
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negative,” The Rule is general, if the impoſ- [| 
ſible roots be allowed to be either poſitive or | 
negative. 
$ 20. In quadratic equations, the two roots 
are either both poſitive, as in this {1 
(#—=axXa3—b=)#—arx+ab=o, | 
— bx | 
where there are two changes of the ſigns: Or 
they are both negative, as in this 


a hat de ＋ 2 +ab=o. 
where there is not any change of the ſigns. 
Or there is one ne poſitive and one negative, as in 
wo Xx+b=)x Tlx—ab=0, 
where there is neceſſarily one change of the 
ſigns; becauſe the firſt term is poſitive, and the 
laſt negative, and there can be but one change 
whether the ſecond term be + or —. 
Therefore the rule given in the 19th ſection 
extends to all quadratic equations. 
1 21. In cubic equations, the roots may be, 
. All poſitive as in this, * a -N e © 
= 5, in which the ſigns are alternately + and 
—, as appears from the Table ; and there are 
three changes of the ſigns. 
2. The roots may be all negative, as in the 


equation Y N TI XT Te o, where 
there can be no change of the figns. Or, 
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37 There may be two poſitive roots and 
one negative, as in the equation æ 4 * 1— 5 
Xx + c o, which gives | 

Lal + ab 8 
— 3 r — ac* 25 = Os 
OE Sþ 6 —# = - 
Here there muſt be two changes of the ſigns : 
becaule if a ＋ „ is greater than e, the ſecond 
term mult be hbgative, its Ne n being — a, 


8 


He, 


And if a * 2 is. leſs . c, tren the third 
term muſt be negative, it its cocthtient. + ab — 


ac Bela X a+ a ＋ 5) being in that caſe 
negative. And there cannot- poſlibly be three 
changes of the ſigns, che firſt aud laſt terms 
bayidg the ſame ſign. _ | 

4*. There may be one poſitive root and two 


negative, as in the equation x -þ a * x + bX 
| 


* — c = 0, which gives 


* a] _ +ab]_ * 2 
+ 6 2 —AC$X — a = 0, 
— c —bc 


Where there muſt be always one N of the 


ſigns, ſince the firſt term is poſitive and the 


laſt negative. And there can be but one change 
of the. ſighs, ſince if the ſecond term is ne- 


garive, or a + 6 leſs than c, the third muſt be 


2 Becauſe ch the reQuogle a X 6 is lefs than the ſquare 


7 — «ͥͥ— 


— * 6X a 2 ＋ 5 0, and therefore much leſs than a + 6 x c. 


negative 
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negative alſo, ſo that there will be but one 
change of the ſigns. Or, if the ſecond term 


is affirmative, whatever the third term is, there 


will be but one change of the ſigns. It ap- 


pears therefore, in general, that in cubic equa- 


tions, there are as many affirmative roots as 


there are changes of the ſigns of the terms of 


the equation. 


The ſame, way of reaſoning may be ex- 
enced to equations of. higher dimenſions, and 


the rule delivered in $ 19, 3 to all Kinds 
of een 


$ 22. There are ſeveral conſectaries of what 
has been already demonſtrated, that are of uſe 
in diſcovering the roots of equations. But 
before we proceed to that, it will be convenient 
to explain ſome transformations of equations, 
by which they may often be rendered more 
ſimple, and the inveſtigation of their roots 
more eaſy. | 


* C HAP 
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ana. 1 "mr" 


of the Transformation of COP 


"TIONS 3 and exterminating their 
intermediary terms. 


148 


$ 22 E now proceed to explain the 
transformations of equations that 
are moſt uſeful: and firſt, © The affirmative 
roots of an - equation are changed into negative 
roofs of the ſame valre, and the negative ryots 
into affirmative, by only changing . the ſigns of the 
terms alternately, beginning with the Second.” 
Thus the roots of the equation ** — 5 — 19 ** 
+ 49 30 are +I, ＋ 2, +32 —5; where- 
as the roots' of the fame equation haying only 
the ſigns of the ſecand and fourth terms changed, 
vix. x* + * — 19x* = 49x — 30 So, ate — 1, 
— 2, — 3, T 5. 
To underſtand the reaſon of this role, let us 


— jK— ' 


aſſume an equation, as x - - X- 


— 


x Ad Xxx - e &c. = o, whoſe roots ate -þ 4, 
1415 + 6, + F x +2, &c. and another having its 
roots of the ſam ſame value, but affected witt with contra- 


ry ſigns, as S La X #0 X 1 +c X AN x+e 
&c. =o. It is plain, that the terms taken al- 
ternately, beginning from the firſt, are the ſame 

Eee in 


/ 
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in both equations, and have the ſame fign, 
being products of an even number of the 
roots; the product of any two roots havi 
the ſame ſign as their product when both their 
ſigns are changed; as A —b=—8axXx +86. 
But the ſecond terms and all taken alter- 
nately from them, becauſe. their coefficients in- 
volve always the products of an odd number 
of the roots, wilt have contrary ſigns in the 
two equations. For example, the product of 
four, viz. abcd, having the ſame ſign in both, 
and one equation in the fifth term - during 
abed xe, and the other abcd x e, it follows 
that their product a cd muſt have contrary 
ſigns in the two equations: theſe two equa- 
tions therefore that have the ſame roots, but 
with contrary ſigus, have nothing different but 
the ſigns of the alternate terms, beginning with 
the ſecond. From which it follows, © that if | 
any equation is given, and you change the ſigns Y 
of the alternate terms, beginning with the 
ſecond, the new equation will have roots of the 
ſame value, but with contrary ſigns, 
5 24. It is oftem very uſeful © 0 iransform an 
equation into another that ſhall have its roots 
greater or leſs than the roots of the Propoſed eu- 
tion by ſome given difference.” 
1 the equation propoſed be the cobic 
„per x —f=0.' And let it be required to 
| crndfornt into another equation whoſe roots 
L 2 hall 


- - 
* 
N PS" — N 
- *. — — A a 8 

: - — * 1 

a TY Fe: * L - 
LY . 
a $f „ he » 
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ſhall be leſs than the roots of this equation by 
ſome given difference (e), that is, ſuppofe 
 y=x=e, and conſequently x Se; then 
inſtead - of x and its powers, ſubſtitute y + e 
and its powers, and there will ariſe this new 


equation. 


A) N 3997 SA 
| — — 2pey — pe 20. 

9”; * . 

rd. 


Whol roots are leſs than the roots of ts pre- 
ceding equation by the difference (e). 


If it had been required to find an equation 
whoſe roots ſhould be greater than thoſe of 
the propoſed equation by the quantity (e), then 
we muſt have ſuppoſed y = Te, and conſe- 
quently x = y — e, and then the other equation 
would have had this form * 


6053 + 26 8 8 
ans eee. 
e > Be 


E 


If the propoſed equation be in this form, 
* + px* +9x o, then by ſuppoſing * e 
there will ariſe an equation agreeing in all re- 
ſpects with the equation (4), but that the ſe- 
cond arid fourth terms will have contrary ſigns. . 


And 
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And by ſuppoſing x — e =, there will ariſe 
an equation agreeing with (B) in all reſpects, 
but that the ſecond and fourth terms will have 
contrary ſigns to what they have in (B). 

The firſt of theſe 1 gives this 
equation, 


00 * 2 + 27 — 5 
+23 - 2pey ＋ pe 
| op GJ it GO 

r e 


The ſecond ſuppoſition gives the equation | 


(D) * + 3097 + 3. +. 

+ 23% +2299 +26 

+ gy + qe 

| . 25 * of 

I 25. The firſt uſe of this transformation of 

equations is to ſhew, * how tbe ſecond (or other 

intermediate) term may be taken away. out of an 
equation,” 


It is plain that 1 in the equation (4 ) whole ſe- 


cond term is 3e — V, if you ſuppoſe ep, 
and conſequently 3e — p= = ©, then the ſecond 
term will vaniſh, | 


In the equation (C) whoſe ſecond term is 
— ze +P Xx , ſuppoling e = xp, the ſecond 
term alſo vaniſhes. 

Now the equation (4) was. deduced from 
** — P + qu —r = ©, by ſuppoſing y = * -e: 
. and 


- 
: 
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and the equation (C) was deduced from x? + p x* 
 +4x + So; by ſuppoling y =x + e.. From 

which this Rule may eaſily be deduced for ex - 
terminating the ſecond term out of any cubic 
| equation, | . 


n L k. 


&« Add to the 1 quantity of the given equa- 
tion the third part of the coefficient of the 
ſecond term with its proper ſign, viz. + +, * 


and ſuppaſe this ' aggregate equal to a new un- 
known quantity (y). From this value of y find 
a value of 'x by tranſpoſition, and Jubſtitute this 
value of -x and its powers in the given equa- 
tion, and thers will ariſt a new equation that 


._ want the Jecond term. Ri | 


EXAMPLE 


Let it be required to exterminate the ſecond 
term out of this equation, x* — g9x* + 26x — 
34 = ©, ſuppoſe x — 3 ., or y+3=x; and 
ſubſtituting according to the Rule, you will find 


+98 +277 ＋ 
ue o 
90 e to 

= 


I T_T 


9 


„5 * 25 
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In which there is no term where y is of two 
dimenfions, and an aſteriſk is placed in the room 
of the ſecond term, to ſhew it is wanting. 
& 26. Let the equation propoſed be of any 
number of dimenſjons repreſented by (n); and 
let the coefficient of the ſecond term with its ſign | 


prefixed be — p, then oppoſing * — * = 2 


and conſequently * =y +: — and ſubſtituting 


this value for æ in the ven equation, there 
will ariſe a new equation that ſhall want the ſe- 
cond term. 

It is plain from what was  demeatirates | in 
Chap. 2. that the ſum of the roots of the pro- 
poſed equation is +'p; and fince we ſuppoſe 


„E, it follows, that in the new equation, 


each value of y will be leſs than the reſpective 


value of x by 7 and, ſince the number of the 


roots is u, it fallows that the ſum of the values FN I 
of y will be than + , the ſum of the values \ il 


of x, by n Xx = E. the difference of any two roots, 


that is, by 20 p. therefore the ſum of the va- 
lues of y will be + p—p =o. 


But rhe coefficient of. the ſecond term of the 
equation of y is the ſum of the values of J, via. 
+ -p, and therefore that coefficient is equal 

to nothing; and conſequent]y, in the equation 
25 L 4 of 
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| of y, Als ſecond term vaniſhes. It follows then, 
that the ſecond term may be exterminated out 
of any given equation by the following 


RULE 


« Divide the coefficient of the ſecond term of the 
. propeſed equation by the number of dimenſions 
of the equation; and aſſuming a new unknown 

quantity y, add to it the quotient having its 

ſign changed. Then ſuppoſe this aggregate 
equal to x the unknown quantity in the pro- 
Poſed equation; and fer x and its powers, 
ſubſtitute the aggregate and its powers, ſo 
ſhall the new equation rat ariſe want its ſe- 
cond term.” 44 


I 27. If the propoſed equation is s aquadratic, 
as x*— px +9q= o, then, according to the 
rule, ſuppoſe y D , and ſubſtituting this 
value for x, you will find, 


— | "Ik 
=o. 


„ — 1 ＋ . o. 


And from this example the uſe of exterminat- 
ing the ſecond term appears: for commonly the 
ſolution of the equation that wants the ſecond 
term is more eaſy. _ if you can find the 

| value 
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value of y from this new equation, it is eaſy 


to find the value of x by means of the equation 


| „=. For example, 

row 5 4 . Ho: 2 S o, it follows that 
10 — . andy = = 4p — 4. fo 

1 r = Vp. 


which agrees with what we ee, * 
ter 13. Part J. 


x*—px* + = + 5 =0, then by ſuppoſing 
* 1 =), or x =» + ip, an equation ſhall ariſe 
having no ſecond term. And if the propoſed 
is of five dimenſions, then you yy 1 

x=y =3f- And ſo on. 


i 4 


8 28. When the ſecond term in 1 any equa- 
tion is wanting, it follows, that, « the, equation 
has both affirmative and negative roots,” and 
that the ſum of the affirmative roots is equal 
to the ſum of the negative roots: by which 
| means the coefficient of the ſecond term, which 
is the ſum of all the roots of both ſorts, Va» 
niſhes, and makes the ſecond term vaniſh, 


term is the difference. between the ſum of the 


35 


roots :”* and the operations we have given ſerve 


the affirmative is greateſt, or increaſe the roots 
when the ſum of the negative is greateſt, ſo 
as 


, 
* 
. % 


If the propoſed equation is a biquadratic, as. 


In general, the coefficient of the ſecond 
affirmative roots and the ſum of the negative 


only to diminiſh all the roots when the ſum of 
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as to balance- them, and redute them to an 
Nele ; 

It is obvious, that in a 2 quadratic. equation 
. that wants the ſecond term, there muſt be one 
root affirmative and one negative, ; ; and. theſe 

muſt be equal to one another. | 
In a cubic equation that wants the ſecond 
term, there mult be either, two affirmative roots 
equal, taken together, to a third root that muſt 
be negative; or; two negative equal to a third 
char muſt be poſitive. 22 
Let an equation 4 — p bv 45734 ol 
propoſed, und let it be now ee to exterini- 
nate the third term.“ 

By ſuppoſing y e, the coefficient of the 
third term in the equation of y is found (ſee equa- 
tion I) to be ge. — 2pe'+ g. Suppoſe that co- 
| efficient e qual to nothing, and by reſolving the 
dratic 484 l 2p +q= o, you will 
1 the value of e e, "which ſubſtituted for it in 
the equation j = x -e, will ſhew how to tranſ- 
form Ache propoſed equation into one that ſhall 
want the third term. 


The quadratic 3e“ — 25e + q = © gives 


22 2 = =3f, 80 that the propoſed cubic 
will be transformed into an equation wanting 1 the 
dean term nv ſuppoſing y = * — EC a — 2, 
or 1 * MEA. - — . 


If 
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If the ptopoſed equation is of » dimenſions, 

the value of e, by which the third term may be i 

taken away, * bad by reſolving the quadratic 9 

equation e* + = N + == o, ſuppoſ⸗ 

n * — 1 

ing - p and Fry to be the coefficients of the ſe- 

cond and third terms of the propoſed equa» . 

tion. 

The fourth teme of any equation may be taken 

away by ſolving a eubic equation, which is the 
coefficient of the fourth term in the equation 
when transformed, as in the ſecond article of 
this chapter. The fifth term may be taken 
away by ſolving a biquadratic; and after the 
ſame manner the other terms can be exterminat- 
ed if there are aby. 


$ 29. There are other tranſmutations of equa· 
tions, that on ſome occaſions are uſeful. 
An equation, as x* — px* + * = o, may 
be zaun into another that ſhall bave its roots 
equal to the roots of this thuation multiplied by a - 


given quantity, as E by ſuppoſing fx, and 
conſequently x 2, and ſubſtituting this value 


for æ in the propoſed equation, there will ariſe 
3 

7 = a and multiplying all by 

F. . . —fpyf +ftg9 r So, where the co- 

efficient of the ſecond term of the propofed equa- 
tion multiplied into F makes the coefficient of 
the 


= 
5 
. 
WV 
* 
4 


— 


rr ie SES at 1 ons 
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the ſecond term of the transformed equation; 
and the following coefficients are produced by 
the following coefficients of the propoſed equa- 
ſion (as 2, , Kc.) multiplied | into the powers of 
f (f*, F ;-&c.): Watt 44h 
Therefore to transform au equation into 
another whoſe roots ſhall be equal to the roots 
of the propoſed equation multiplied by a given 
quantity” (J), you need only” multiply the 
terms of the propoſed equation, beginning at 
the ſecond term, by F, F f, fe, &c. and put- 


ting y inſtead of & there will ariſe an equation 
having its roots equal to the roots of the pro- 


poſed Le ron multiplied by ( ) as requyed. 


i 


5 30. The transformation mentioned in the 
laſt article i is of uſe when the higheſt. term of 
the equation has a coefficient different from 
unity; for, by it, the equation may be tranſ- 
formed into one that ſhall have the coefficient 
of the higheſt term unit. 
If the equation propoſed i is ax'— px* +9x —7 
= ©, then transform the equation into one 
whoſe roots are equal to the roots of the pro- 
poſed equation multiplied by (a). That is, 


ſuppoſe y = az, or x = E, and there will ariſe 


2 — i ro, fo that y' — py" 18 
re. 2 0. 


From 


From which we eaſily draw chris 


R UL E — 
40 Change the en quantiiy x into \ Mais I, 
prefix no coefficient to the higheſt term, paſs 
the ſecond, multiply the following terms, begin- 
ning with the third, by a, a, a, a*, &c. the 
powers of the coefficient of the higheſt term E 
the propoſed equation, reſpetitvely.” 
Thus the equation 3 — 13K ＋ 14K + 16 So, 
is transformed into the equation | 
y — 1357 . or 
* 139% + 42X + 144 = o. 


Then finding the roots of this equation, it 


will ealily be diſcovered what are the roots of 

the propoſed equation: ſince gx S, or x = 1 

And therefore ſince one of the values of y 

— 2, it follows that one of the values of x is 
2 | | ; | 


5 31. By hb laſt Rule te an equation is 2 
deared. of . rde the equation 


propoſed 1 is af — * * Ex — * = 0. Mul- 


tiply all the terms oy the product of the deno- 


minators, you find 
mne X = nep X * * neg u—mur = 0. 
Then (by laſt ſection) transforming the equation 
into one that ſhall have unit for the coefficient 
of the higheſt term, you find 
J'—nep xy + uf * K — er Oo. 
. Or, 
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1 | hegleRting: the denominator of the laſt 
term , you need only multiply all the equa- 
tion by mn, which will give oa, 

mur 


un X 4 1 K *. TN re. And 
chen y N eg x e 
Now after the values of y are found, it will 


be ealy to diſcover the 8 of x3} ſince, in the 


Wk caſe; x =—=; z in the ſecond, * = = . 
mne m 


oo. we 


For example, the equation 
W ** — re 22 So, Erk redueed'o 


this form 5s — 4x — = = So, and then trans- 


formed into 12 1460. x 

Sometimes, by theſe transformations, ** Surds 
are taken away.” As for example, 
| The equation ol PV X - o, 


by putting y = V x x, or & = 2 is trans. 


formed into this - nm 
„ 
3 -P X THgXY-—rVa=o. 
Which by multiplying. all the terms by avs, 
becomes yi — pay* + g- ra = ©, an equa- 
tion free of ſurds. But in order to make this ſuc- 
ceed, the ſurd (Va) muſt enter the alternate 
terms beginning with the ſecond. 


9 32. 
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832. An equation, 25 * -p + q3z—r =0, 


may be transformed into one whoſe roots ſhall be 
the —_— reciprocal of x by Tuppoſing 


7 2 = and b =. or, (by one ſuppoſition) 


4 2 —, be becomes 2 — 42 -e = 0. 


In the equation of , it is manifeſt that the 
order of the coefficients is inverted; ſo that if 
the ſecond term had been wanting in the pro- 
poſed equation, the laſt but one ſhould have 
been wanting in the equations of y and x. If 
the third had heen wanting in the equation pro- 
poſed, the laſt but two had been wanting! in the 
equations of y and æ. 


Another uſe of this transformation is, that 
« the greats root in the ons is transformed ard 


the Teaft root in be other.” For ſince æ = 55 


and y = _ it is plain that when the value of x 


is greateſt, the value of , is leaſt, and con. 
verſely. 


How an equation is W ſo as to baye 


all its roots affirmative, ſhall be explained in the 
tollowing chapter, 


ee ar 
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CHAP: IV. 


of ding the Roots. of 88 
when two or more of the Roots 
are equal to each other: 


$ 33. B*** ORE we proceed to explain how 
| to reſolve equations of all ſorts, we 
ſhall firſt de monſtrate . how an equation that 
Bas two or more roots equal, is depreſſed to a 
Tower dimenſion ;”* and its reſolution made, con- 
ſequently, more eaſy. And ſhall endeavour to 
explain the grounds of this and 1 many other | 
rules we ſhall give in the remaining part of this 
Treatiſe, in a more ſimple and conciſe manner 
tban has hitherto be done. 
In order to this, we muſt look dack to 8 24. 
where we find that if any aquation, as x3 — p 
174 — o, is propoſed, and you are to tranſ- 
form it into another that ſhall have its roots 
leſs than the value of x by any given difference, 
as e, you are to aſſume y = x — e, and ſubſti- 
tuting for x its value FS e, you find the tranſ- 
formed equation, 


„Ter T3 14 

* PN — 2pey — pe ) 

| 0 ＋ r. 
— 17 


N Where 
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Where we are to obſerve, A 
t* That the laſt term (e — pf + ge — 7) is 
the very equation that was propoſed, having e 
in place of x. 
2* The coefficient of the laſt term but one 
is 3e* — 2Pe + 49, which is the quantity that 
ariſes by multiplying every term of the laſt 


coefficient e — pe + ge — t by the index of e 
in each term, and dividing the product 361 — 


22 + ge by the quantity 4 e that is common to 
all the terms. 


3* The coefficient of the laſt term but two 
is 32 — Þ, which is the quantity that ariſes by 
multiplying every term of the coefficient laft 
found (3e* — 2pe + g) by the index of e in each 
term, and dividing the whole by 22. | 

$ 34. Theſe ſame obſervations extend to 
equations of all dimenſions. If it is the biqua- 
dratic #* - pz? + -r +5 =0 that is pro- 
poſed, then by ſuppoſing y = x — e, it will be 
transformed into this other, | | 


5 +40) +6) +409 + 
n | 
| * qy" + 2g % T O. 
— —re | 
2 1 r 


Where again it is obvious that the laſt term is 
the equation that was propoſed, having e in 
place of x. That the laſt term but one has 


M for 


22257 „ = 


for its coefficient the quantity that ariſes by 


ſought, that is, by ex 2. And the next term 


ſily fnd the terms of the transformed equation 


5 each part, and dividing the whole by e; and 
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multiplying the terms of the laſt quantity by 
the indices of e in each term, and dividing 

the product by e. That the coefficient of — 
laſt term but two (viz. 6e“ — 3 pe + 79 is de · 
duced in the ſame manner from the term imme- 
diately following; that is, by multiplying every 
term of 46 — 3pe* + 24e — 7 by the index 
of e in that term, and dividing the whole by 
e muhiplied into the index of y in the term 


5 62 X,2 — 3þ8 X 1 

is 40 — p 2 N 
The e of this may eaſily bs made 
general by the Theorem of finding the powers 
of a binomial, ſince the transformed equation 
conſiſts of the powers of the binomial y + e that 
are marked by the indices of e in the laſt term, 
multiplied each by their coefficients 1, — p, 


+4 —7, +5, Kc. reſpectively. 


From this laſt two articles we can ea- 


without any involution, The laſt term is had 
by ſubſtituting e inſtead of æ in the propoſed 
equation; the next term, by multiplying every 
part of that laſt term by the index of e in 


the following terms in the manner deſcribed i in 


the foregoing article; ; the reſpective diviſors 
| being 
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being the quantity e multiplied by the index of 
yin each term. 5 


The demonſtration for finding when two or 
more roots are equal will be eaſy, if we add to 
this, that, ©* when the unknown quantity enters 
all the terms of any equation, then one of its va- 
lues is equal to nothing As in the equation 
* — px* + qa = o, where x — 0 = © being 
one of the ſimple equations that produce 
* — p + 4 So, it follows that one of the 
values of x is o. In like manner two of the 
1 of x are equal to nothing in this equation 
* — p. =0; and three of them vaniſh in the 
equation xt — px* o. 

It js alſo obvious (converſely) that 4 * 
does not enter all the terms of the equation, 
i. e. if the laſt term be not wanting, then none 
of the values of x can be equal to nothing ;” 
for if every term be not multiplied by x, then 
x — cannot be a diviſor of the whole equation, 
and conſequently o cannot be one of the values 
of x, If x* does not enter into all the terms 
of the equation, then two of the values of x, 
cannot be equal to nothing. If i does not en- 
ter into all the terms of the equation, then 
three of the values of .x cannot be equal to no- 

thing, &c. | 
$ 36. Suppoſe now that two values of x are 
equal to one another, and to e; then it is plain 
that two values of y in the transformed equation 
M 2 will 
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will be equal to nothing: fince y = e. 
And conſequently, by the laſt article, the two 
laſt terms of the transformed equation muſt 
. Yanith. | 


© Suppoſe it is the cubic equation of 5 33, that 

is propoſed, viz. x — px* +qx —r = 0; and be- 
cauſe we ſuppoſe x = e, therefore the laſt term of 
the transformed equation, viz. & — p + ge —r 
will vaniſh. And ſince two values of y vaniſh, 
the laſt term but one wiz. gy — 2pey + gy 
will vaniſh. at the ſame time. So that ge* — 
2pe +q = o. Bur, by ſuppoſition, e A 
therefore, when two values of x, in the equa- 
tion x? — pax* +qx—r o, are equal, it follows, 
that zx. — 2px +4 =0. And thus © the pro- 
poſed cubic is depreſſed to a quadratic ae has 


one of its roots equal to one of the roots of that 
_ cubic.” 


If it is the biquadratic that is propoſed, VIZ. 
** — p +4gx* —7x +£=0, and two of its roots 
be equal; then ſuppoling e = x, two of the va- 
lues of y muſt vaniſh, and the equation of 5 3 
will be reduced to this form, 29 0 


5 + 4% + 649. I 
— py —- 309 [#8 =0. $0 that 
- 6: 
46 2p + 290 - r = 0; or, becauſe x = 6 
6 5 
Fn 
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In general, when two values of x are equal 
to each other, and to e, the two laſt terms of 
the transformed equation vaniſh : and conſe- 
quently, if you multiply the terms of the 
propoſed equation by the indices of x in each 
term, the quantity that will ariſe will be = o, 
and will give an equation of a lower dimen- 
ſion than the propoſed, that ſhall have one of 


its roots equal 2 one of the roots of the pro- 
poſed equation.? \. 


That rhe laft two terms of the equation va- 
niſh when the values of are ſuppoſed equal to 
each other, and to e, will alſo appear by con- 
ſidering, that ſince two values of y then be- 
come equal to nothing, the product of the va- 
lues of y muſt vaniſh, which | is equal to the laſt 
term of the equation; and becauſe two of the 
four values of y are equal to nothing, it follows 
alſo that one of any three that can be taken out 
of theſe four muſt be = o; and therefore, the 
products made by multiplying any three muſt 
vaniſh; and conſequently the coefficient of the 
laſt term but one, which is equal to the ſum of 
theſe products, muſt vaniſh. 


$ 37. After the ſame manner, if there are 
three equal roots in the biquadratic & — px? + 


qx* —rx +5 = 0, and if e be equal to one of 
them ; three values of „ (=x -e) will vaniſh, 


and conſequently will enter all the terms of 
M 3 | the 
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the transformed equation ; which will have 


| this form, 


"4 


* + +40 1 o. 80 that here 


* 
6 — 3pe+9q=0; or, ſince SS x, therefore 
6x* — 3Þx ＋ =O: and one of the roots of 


this quadratic will be equal to one of the roots 


of the propoſed biquadratic. 

In this caſe, two of the roots of the cubic 
equation 4*˙ — 3% + 295 o are roots of 
the propoſed biquadratic, becauſe the quantity 
6 * — 3px +94 is deduced from 4% — gpx* + 
24x — r, by multiplying the terms by the in- 
dexes of x in each term. 

In general, « whatever is the number of 
equal roots in the propoſed equation, they will 
all remain but one in the equation that is de- 
duced from it by multiplying all the terms by 
the indexes of x in them; and they will all re- 
main but two in the equation deduced in the 
ſame manner from that ;” and ſo of the reſt. 


$ 38. What we obſerved of the coefficients of 
equations transformed by ſuppoſing y = x e, 
leads to this eaſy demonſtration of this Rule; 
and will be applied in the next chapter to de- 


monſtrate the Rules for finding the limits of 
equations. 


It 1s obvious however, that though we make 
pſe of equations whoſe ſigns change alternately, 
the 
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the ſame reaſoning extends to all other equa- 
tions. 

Ie is a conſequence alſo of what has been 
demonſtrated, that if two roots of any equa- 
tion, as x* — px* r- g= ©, are equal, then 
multiplying the terms by any arithmetical ſeries, 
as a ＋ 3, a+ 26, a ＋ 5, a, the product will 
be = o. 

For ſince ax — apx* + aqx arg; and 
gx* — 2px +4 x br =o, it follows that 

ax + 3 — apx* — 2bpx* ag + bqx—ar = o. 
Which 3 is the product that ariſes by multiplying 
the terms of the propoſed equation by the 
terms of the ſeries, a + 3b, a+2b, a+6b, a; 
which may repreſent any arithmetical progreſ- 
fon, | 


Sree nts 


Lal 
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equation à — px* + r- = 0, 


"209 .- 4 Tara tin o Fai 


C HA F. V. 
Of the Limits of EQUATIONS, 


"9" VV - now proceed to ſhew how to 


diſcover the limits of the roots of 
equations, by which their ſolution is much fa- 
cilitated. 
Let any equation, as — px +qgu—r=0 
be propoſed; aud transform it, as above, into 
the equation. 


Y +309 +369 +0, 
- 2 — 2p OL 
+ 9 +4. [© 


— 


WP 


— 


Where the values of y are leſs than the reſpec- 
tive values of x by the difference e. If you 
ſuppoſe e to be taken ſuch as to make all the 
coefficients, of the equation of y, poſitive, viz. 


ff pe + e, ze — 2p +9, 3e — p; then 


there being no variation of the ſigns in the 
equation, all the values of y muſt be negative; 

and conſequently, the quantity e, by which the 
values of x are diminiſhed, muſt be greater than 
the greateſt poſitive value of x: and conſe- 
quently muſt be the limit of the roots of the 


It 


* 


* 
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It is ſufficient therefore, in order to find the 
limit, to “ enquire what quantity ſubſtituted for 
x in each of theſe expreſſions x? — px* + qu —7, 
3*˙ — 2p +4, 3x — p, will give them all po- 
ſitive;” for that quantity will be the limit re- 
quired. 

How theſe expreſſions are formed from one 
another, was explained in the beginning of the 
laſt chapter, 


"I 


— 


EXAMPLE. 


$ 40. If the equation x* — 2x* — 10 + g0x* 
+ 63x + 120 g is propoſed; and it is required 
to determine the limit that is greater than any 
of the roots; you are to enquire what integer 
number ſubſtituted for x in the propoſed equa- 
tion, and following equations deduced from 
it by & 33, will give, in each, a poſitive quan- 
tity. 


XAT — 97 — 30x* + box + 63 
5%* — 6x" — 15x + 15 

5* — 4X — 5 N 

5* — 2. 


The leaſt integer number which gives each 
of theſe poſitive, is 2; which therefore is the 
limit of the roots of the propoſed equation; 
or a number that exceeds the greateſt poſitive 


root. 
If 


En de Lu ak has. bc te * 
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If the limit of the negative roots is required, 
you may, by F 23, change the negative into 
poſitive roots, and then proceed as before to find 
their limits. Thus, in the example, you will 
find that — 3 is the limit of the negative roots. 
So that the five roots of the propoſed equation 
are betwixt — 3 and + 2. 

§ 41. Having found the limit that ſurpaſſes 
the greateſt poſitive root, call.it . And if you 
aſſume y = m - x, and for x ſubſtitute m — y, 
the equation that will ariſe will have all its roots 
poſitive; becauſe mz is ſuppoſed to ſurpaſs all 
the values of x, and conſequently m x (= y) 
muſt always be affirmative. And by this means, 
any equation may be changed into one that ſhall 


Save all its roots affirmative. 


Or if — n repreſent the limit of the negative 
roots, then by aſſuming y = x + u, the propoſed 
equation ſhall be transformed into one that ſhall 
have all its roots affirmative; for + » being 
greater than any negative value of x, it follows 
that y = x + muſt be always poſitive. 

8 42. © The greateſt negative coefficient of any 
equation increaſed by unit, always exceeds the greateſt 
root of the equation. 

To demonſtrate this, let the cubic x? — px* 


- 4e — 7 = © be propoſed; where all the terms 


are negative except the firſt, Aſſuming y = x—e 
it will be transformed into the following equa- 


tion. 
5 | (4) 


5 
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D + 3877 ze + & 

% 

ö 

—r } 

1. Let us ſuppoſe that the coefficients p, g, r, 

are equal to each other; and if you alſo ſuppoſe 
e=P +1, then the laſt equation becomes 


(BD + 2py* “ +1 
r = 8. 

| „ | 

Where all the terms being poſitive, it follows 

that the values of y are all negative, and that 


conſequently e, or p + 1, is greater than the 
oreateſt value of x in the propoſed equation. 


25. If g and 7 be not = p, but leſs than it, 
an for e you (till ſubſtitute p + x (ſince the ne- 


gative part ( — 3 2 becomes leſs, the 


poſitive remaining undiminiſhed) a Fortiori, all 

the coefficients of the equation (A) become po- 
ſitive. And the ſame is obvious if q ander have 
poſitive ſigns, and not negative ſigns, as we 
ſuppoſed. It appears therefore, © that, if, in 
any cubic equation, p be the greateſt negative 


coefficient, then p + 1 "_R ſurpaſs the greateſt 
value of 888 


20 


$ 43. 37. By the ſame reaſoning it appears, 
that if g be the greateſt negative coefficient of 
the 


174 ATREAT IEE Part Il. 


the equation, and e g q + 1, then there will be 
no variation of the figns in the equation of 5: 
for it appears from the laſt article, that if all 
the three (p, q, 1) were equal to one another, 
and e equal to any one of them increaſed by 
unit, as to 4 ＋ 1, then all the terms of the 
equation (A) would be poſitive. Now if e be 
ſuppoſed {till equal to q + 1, and p and r to be 
leſs than , then, a. ſorſiori, all theſe terms will 
be poſitive, the negative part, which involves p 


and r, being diminiſhed, while the poſitive part 


and the negative involving g remain as before. 
4 Afﬀeer the ſame manner it is demonſtrated, 
that if 7 is the greateſt negative coefficient in the 
equation, and e is ſuppoſed = yr + 1, then all 
the terms of the equation (A) of y will be po- 
ſxive; and conſequently r + 1 will be greater 
than any of the values of x, 
What we have ſaid of the cubic equation 
3 — px* + 4* —T = 0, is eaſily applicable to 


pL 


Jn general, we conclias that * the greateſt 
negative coefficient in any equation increaſed by 
unit, is always 8 limit that excecds all the roots 
of that equation,” 

But it is to be obſerved at the ſame time, that 
the greateſt negative coefficient increaſed by 
unit, is very ſeldom the xeareſt limit: that is 


" beſt diſcovered by the Rule in the 39th article. 


— 
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8 44. Having ſhewn in § 41. how to change 
any propoſed equation into one that. ſhall have 
all its roots affirmative ; we ſhall only treat of 
ſuch as have all their roots poſitive, in what re- 
mains relating to the limits of equations 
Any ſuch equation may be repreſented by 
T=aXx—bxz—cxXa—d&.=0, . whoſe 
roots are a, 5, c, d, &c. | 

And of all ſuch equations two limits are 
eaſily diſcovered from what precedes, viz. o, 
which is leſs than the leaſt, and e, found ac- 
cording to F 39. which ſurpaſſes the greateſt 
root of the equation. 

But beſides theſe, we ſhall now ew how 
« to find other limits betwixt the roots themſelves.” 
And, for this purpoſe, will ſuppoſe à to be the 
leaſt root, & the ſecond root, 6 the third, and lo 
aon; it being arbitrary. 

$ 45. If you, ſubſtitute o in | place of the un- 
known quantity, putting x = o, the quantity 
that will ariſe from that ſuppoſition is the laſt 
term of the equation, all the others, that involve 
x, vaniſhing. 

If you ſubſtitute for x a quantity leſs than the 
leaſt root a, the quantity reſulting will have 
the ſame ſign as the laſt term; that is, will be. 
poſitive or negative according as the equation is 
of an even or odd number of dimenſions. For 
all the factors x — a, x — , x — c, &c. will 
be negative, and their product will be poſitive 
or 


— 
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or negative according as their number! is even 
or odd. 
If you ſubſtitute for x a quantity greater than 
the leaſt root 4, but leſs chan all the other 
roots, then the ſign of the quantity reſulting 
will be contrary to what it was before; becauſe 
one factor (x — beeomes now poſitive, all 
the others remaining negative as before. 
If you ſubſtitute for æ a quantity greater than 
the two leaſt roots, but leſs than all the reſt, 
75 both the factors à — 4, x —6b, become poſitive, 
and the reſt remain as they were. So that the 
Whole product will have the ſame ſign as the 
laſt term of the equation. Thus ſucceſſively 
placing inſtead of x quantities that are limits 
betwixt the roots of the equation, the quanti- 
ties that reſult will have alternately the ſigns + 
and —. And, converſely, « if you find quanti- 
ties which ſubſticuted in place of x in the pro- 
| poſed equation, do give alternately poſitive and 
negative reſults, thoſe quantities are the limits 
.of that equation.” 
It is uſeful to obſerve, that, in general, 
hen, by ſubſtituting any two numbers for 
* in any equation, the reſults have contrary 
figns, one or more of the roots of the equation 
muſt be betwixt thoſe numbers.” Thus, in 
the equation x3 — 2x* — 5 = o, if you ſubſti- 
tute 2 and 3 for x, the reſults are — 5, + 4; 
-whence it follows that the roots are _. 
and 


K 


* 
0 
9 
| 
4 
4 
FI 
; 
in, 
* 
| 
[4 


and 3: for when theſe reſults have different 
ſigns, one or other of the factors which pro- 
duce the equations muſt have changed its ſign; 
ſuppoſe it is x S e, then it is plain that e muſt be 
betwixt the numbers ſuppoſed equal to x. 

$ 46. Let the cubic equarion x? — px" + qu, 
— 7 = © be propoſed, and let it be transformed, 
by aſſuming y =#* — e into the equation 


Ftp +]; -: 

2 9 7* — 2pey.— pe“. So. 
＋ 70 +4e (© 

— F 


e 


three values of x, beginiling with the leaſt value; 
and becauſe. the laſt term e — p22 ge vill 
vaniſh; in all theſe: e e the equation 
will have this form, 8 


5 +30 + 3% a; 
ee, 
+9 


where the laſt term ge* — 2pe + 7 is, from the 


nature of equations, produced of the remaining 
values of y, or of the exceſſes of two other va- 
lues of x above what is ſuppoſed equal to e; 
= always y =x -e. Now, 

If e be equal to the leaſt value of x, then 
thoſe two exceſſes being both poſitive, they 
will give a poſitive product, and conſequently 
3e — 2pe ＋ q will be, in this caſe, poſitive. 


- 
2 * 


* — | 7 
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5 figas , —, ; and: conſequently the thtee 
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| if be equal to the ſecond value of x, 
Ach, of thoſe two exceſſes one being negative 
and one poſitive, their * hy — 2pe +q, 
will be negative. 
39. If e be equal to the third and greateſt 

value of x, then the two exceſſes being both 
negative, their product — 2 pe ＋ q is poſitive, 
Whence, OV 1 3 

If in the equation 36. — 2pe +4 = o, you 
ſubſtitute ſueceſſively i in the place of e, the three 
roots of the equation &? de' + ge—r = o, 
the quantities reſulting will ſucceſſively have the 


roots of the cubic equation are the limits of the 
roots of the equation ge* — 2p +4q 2 o (by 
§ 45.) That is, the leaſt of the roots of the 
cubic is leſs than the leaſt of che roots of the 
other; the ſecond root of the cubic is a limit 
between the two roots of the other; and the 
greateſt root of the cubic is the limit that ex- 
ceeds both the roots of the other. 


8 47. We have demonſtrated that the roots 
of the cubic equation e — pe* + ge—r =o are 
limits of the quadratic 3e“ — ape + 9; whence it 
follows ( converſely) that the roots of the qua- 
dratic ge* —2pe +q =0 are the limits between 
the firſt and ſecond, and between the ſecond and 
third roots of the cubic. EG —pe* +ge—r =0 
So that if you find the limit that exceeds the 

| greateſt 
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greateſt root of the cubic, by $ 39. you will 


have (with o, which is the limit leſs than any 


of the roots) four limits for the three roots of 
the propoſed cubic, 


It was demonſtrated in F 35. how the qua- 
dratic 3 e* — 2p + q is deduced from the pro- 
poſed cubic e pe + ge — r= o, vig. by mul- 


tiplying each term by the index of e in it, and 


then dividing the whole by e; and what we have 
demonſtrated of cubic equations is caſily extend- 
ed to all others ; fo that we conclude, © that the 
laſt term but one of the transformed equation 
is the equation 'for determining the limits of 


the propoſed equation.” Or, that the equation 
ariſing by multiplying each tetm by the index 


of the unknown quantity in it, is the equation 
whoſe toots give the limits of the propoſed 


equation if you add to them the two men- 
tioned in 9 44+ | 


SS 8. For the ſame reaſon, it is a that 
the foot of the ſimple equation 3e — p = o, 


(i. e 4p) is the limit between the two roots of 


the quadratic 3e“ — 2pe + q =o. And, as 


4& 39 + 27's — # = © gives three limits of 
the equation e“ we ad Terre. go, ſo 
the quadratic 6e* = 3pe + q = © gives two li- 


mits that are betwixt- the roots of the cubic 


4 — 3% + 290 —r=0; and 4. — P O 
gives one limit that is betwixt the two roots of 
N a 1 


* 
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the quidratic 6 — 3pe4+q4=0. 80 that we 
Have a complete ſeries of theſe equations arifing 


from a ſimple equation to the propoſed, each of 


which deter mines the limits ow the 8 
equation. a 


$ 49. If two roots in me prop oſed equation 
are equal, then * the limit that ought to be be- 
twixt them muſt, in this caſe; become equal-to 
one of the equal roots themſelves.” Which 
perfectly agrees with what was demonſtrated in 
the laſt chapter, concerning the Rule for finding 
the equal roots of equations, 

And, the ſame equation that gives: the li- 
mits, giving alſo one of: the equal roots, when 
two or more are equal, it appears, that « if 
you ſubſtitute a limit in place of the unknown 
- quantity in an equation, and, inſtead of a po- 

ſitive or negative reſult, it be found = o, then 
you may conclude, that not only the limit it- 
ſelf is a- root of the equation, but that there 


are two roots in that equation * to it and 
to one another. 


$ 50. It having been demonſtrated that the 
roots of the equation x3 p + gx - =0 
are the limits of the roots of the equation 
3x* = 2px + q= 09, the three roots of the cubic | 
equation, which ſuppoſe to be 4, , t, ſubſti- 
tuted for x in the quadratic 3 — 2px -+ q, mult 
give the reſults poſitive and negative alter- 

| nately. 
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nately. Suppoſe theſe three reſults to be + N. 


- M, ; that is, 34 — 2p ＋ = N, 
35 —2pb +9== Au. ge* —2pc =I; and 


=N a, ſubtracting the former multiplied in- 
to 3 from the latter, the remainder is pa* — 2494 
+3r = Nx a. In the fame manner pb* — 246 
+3r Mx, and pc. —29 +F =+LXxc- 
Therefore g — 29x + 37 is ſuch a quantity that 
if, for #, you ſubſtitute in it ſucceſſively a, b, c, 
the reſults will be Nx ag — MX b, + L xc 


px*— 29x +3r =O (by $ 45.) and, converſely, the 
roots of the equation px* — 29x + 37 = o are 
limits between the firſt and ſecond, and be- 
- tween the ſecond and third roots of the cubic 

* — P + qu =r = 0. Now the equation pa* — 
24x + 31 = 0 ariſes from the propoſed cubic by 
multiplying the terms of this latter by the arith- 
metical progreſſion o, — 1, = 2, = 3. And 
in the ſame manner it may be ſhewn that the 
foors of the equation þ x? — 29 * + 378 —45=0 
are limits of the equation x* — bu + 9x7 — 78 
＋ 1250. 

Or multiply the terms of che equation 

* -D +gx—r=0 | 

dy a+34,a+26, a+6, a 


ar apx* +aqz—afr(=0) | 
4 e e (3 2 TY ba). 
2 Any 


fince a =pa* + qa—r=0, and 34 — 25a +494. 


Whence 4, 5, c, are limits of the equation 


= 1 * * Re 
— . ee DA" r 


— - —— — — 
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| Any arithmetical ſeries where a is the leaſt term 


and & the common difference, and the products 
(if you ſubſtirure for x, ſucceſſively, a, 3, e, 


the "kids roots of the propoſed cubic) ſhall be 


+Nxbs, — M bx, + L x bx. For the firſt 


part of the product a x x'—px* +g$#—7=03 and 
a, b, c, being limits in the equation 3x*—2px +9 
= o, their ſubſtitution muſt give reſults, N, M, 
L, alternately poſitive and negative. 


In general, the roots of the equation æà* — 
pP + gx" —rx3+ C. go are limits of 


the roots of the equation ax = - iNN 
+ n3—2X qu —; X 1 14 s. =0z 


or of any equation that is deduced from it by 


multiplying its terms by any arithmetical pro- 


greſſion a+b, a 2b, 4 3b, a + 4b, &c. And 


converſely, the roots of this new equation will 
be * of the propoſed equation. | 


— pr“ + ir — Cc. = 0. 
" I any roots of the equation of the limits 


are impoſſible, then muſt there be ſome rocts of 
the propoſed equalion impoſſible.” For as (in 


§ 46.) the quantity 3“ — 2pe + q was demon- 
rated to be equal to the product of the ex- 
ceſſes of two values of x above the third ſup- 
poſed equal to e; if any impoſſible expreſſion be 
tound in thoſe exceſſes, then there will of con- 
ſequence be found im poſſible expretVdgs. in theſe 
two values of x. 


And 
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And * from this obſervation rules may be 
deduced for diſcovering when there are impal- 
ſible roots in equations.” Of which we ſhall 
treat afterwards. | 

§ 51. Beſides the method already explained, 
HE are others by which limits may be deter- 
mined, which-the root of an equation cannot 
exceed. 


Since the ſquares of all real quantiries are 
affirmative, it follows, that “ he ſum of the 
ſquares of the roots of any equation muſt be 
greater than the ſquare of the greatefl root.“ 
And the ſquare root of that ſum will therefore 
be a limit that muſt n the greateſt root 
of the equation. 

If the equatian propoſed i a 
rr Sc. S, then the ſum of the ſquares, 
of the roots (by Y 15.) will be * — 29, So that 
Vp* — 29 will exceed the greateſt root of that 
equation. 

Or if you find, by 5 16. the ſum of the 4th 
powers of the roots of the equation, and ex- 
tract the biquadratic root of that ſum, it will 
alſo exceed the greateſt root of the equation. 

§ 52. If you find.a mean proportional be- 
tween the ſum of the ſquares of any two roots, 
a, b, and the ſum of their biquadrates (a4 + 55, 
this mean proportional will be 


a a = a * + a*b* + 35. And the * of the 
| + Bb cubes 
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cubes is 1 + . Now ſince a* — 245 + Bp? j is 
the ſquare of a — , it muſt be always poſitive; 
and if you multiply it by 45, the product 
429 23935 + 2*b+ will alſo be poſitive; and 
conſequently a*b* 4 a*b* will be always greater 
than 243. Add a 4 and we have af + 
25 + ＋ greater than a® + 2% + be; 
and ee, the root V + aF* - Tex 
| greater than 4 + b*, And the ſame may. be 
: demonſtrated of any number wed roots what- 
ever. 


Now if you add the ſum of all the cubes 
taken affirmatively to their 1um with their proper 
ſigns, they will give double the ſum of the 
cubes of the affirmative roots. And if you 
ſubtract the ſecond ſum from tte firſt, there 
will remain double the ſum of the cubes of the 
negative roots. Whence it follows, that “ halt 
the ſum of the mean proportional betwixt the 
ſum of the ſquares and the ſum of the biqua- 
drates, and of the ſum of the cubes of the 
Toots with their proper ſigns, exceeds the ſum 
of the cubes of the affirmative roots :** and 
« half their difference exceeds the ſum of the 
cubes of the negative roots.“ And by ex- 
tracting the cube root of that ſum and diffe- 
rence, you will obtain limits that ſhall exceed 
the ſums of the affirmative and of the negative 
roots. And fince it is eaſy, from what has 


been 
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been already explained, to diminiſh the roots 
of an equation fo that they all may become ne- 
gative but one, it appears how by this means 
you may approximate very near to that root, 


But this does net ſerve when there are im b 
roots. / 


Several other Rules like theſe iT be given 
for limiting the roots of equations. We ſhall 
give one not mentioned by other Authors. 
In a cubic * — R + 9x So find . — 2pr, 
410. call it e“; then ſhall the greateſt root of 


the: equation a be greater than To „or 
3 


"4 

5. And, 
In any equation x7 — px"71 + gx"? — 74003 
Sec. So find: 6 A and extracting the 


— 


root of the fourth power out of that quantity, 


it ſhall always be leſs than the greateſt root of 
the equation. | 


* 
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where the laſt term is 20 f. whoſe ſimple lite- 


® 


of the Reſolution of . all | 
whoſe Roots are commenſugate. 


8 53. $5 was demonſtrated, in Chap. 2, that 

the laſt term of any equation is the 
produft of its roots : from which it follows, 
that the roots of an equation, when commenſu- 
rable quantities, will be found among the di- 
viſors of the laſt term. And hence we have for 
the reſolution of equations this 


R UL E. 


Bring all the terms to one fe if the equation, 
find all the diviſors of the laſt term, and ſub- 
ſtitute them ſucceſſively for be unknown quan- 
tity in the equation So ſhall that diviſor 
which, ſubſtituted in this manner, gives the 
reſuit = o, be the rock of the propoſed equa- 
tion. 


For example, np this equation is to be | 
reſolved, 


* ax" + 22 — 24*6 UENO 
a + 3ebx {=9 


ral 
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ral diviſors are a, 35 24, 25, each of which may 
be taken either poſitively or negatively: but as 
here we find there are variations of ſigns in the 
equation, we need only take them poſitively. 
Suppoſe x = a the firſt of the diviſors, and ſub- 
ſtituting a for 15 the equation becomes 


— 3 — ; 
Hebe Fe or, 30'=3a"-+30'b=3a'b=o. 


80 that, the Whale vaniſhing, it follows chat 4 
is one of the roots of the equation. 

After the ſame manner, if you ſubſtitute 3 in 
place of x, the equation is 


| Þ 345 + 2˙ — 20%} 
—Þ + 3ab* So, 


which vaniſhing ſhews 5 to be another root of 
the equation. 

Again, if you ſubſtitute 24 for x, you will 
find all the terms deſtroy one another ſo as to 
make the ſum = =0. For it will then be. 

84 — 124) + 42 Lats 2 
— 4 + 64*6 {=0. 


Whence we find that 24 is the third root of 
the equation. Which, after the firſt two ( + 4, 
+ 5) had been found, might have been col- 
lected from this, that the laſt term being the pro- 
duct or the three roots, 4, + 3 being known, 


the 


ble, divide the propoſed equation by the ſimple 


: 
> 
| 
| 
4 
i 
| 
{ 
1 
q 
\ 


183 Asu, Fort I 


the third muſt neceſſarily be equal to the laſt 


term divided by the product YH that * 
24% 1 


ab 
Let the roots of the cit equarion | 
* — 2* = — 33x + 90 = be required. 
And firſt the diviſors of go are found tO be 
I, 2, 3» 5» 6, 9, 10, 15, 18, 30, 45, 90. If you 
ſubſtitute 1 for &, you will find & — 2 — 332 
+ 90= 563 ſo that 1 is not a root of the equa- 
tion. If you ſubſtitute 2 for „, the reſult will 
be 24: but putting x g, you have 
& - 2X*—33X+9g0227-18-99+90=117-117=0, 
So that 3 is one of the roots of the propoſed 
equation. The other affirmative root is + 5; 
and after you find it, as it is manifeſt from the 
equation, that the other root is negative, you 
are not to try any more diviſors taken pol. 
tively, but to ſubſtitute them, negatively taken, 
for x: and thus you find that — 6 is the third 
1 For putting x =— 6, you have 
* —2%*— 33%:+90=—216 —72+198+990=9, 
This laſt root might have been found by di- 
viding the laſt term 90, having its ſign chang- 
ed, by 15, the n of the two roots already 
Sound, , 
& 55. When one of the roots of an equation 
is found, in order to find the reſt with lefs trou- 


equation which you arc ta deduce from the root 
already 
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already found, and the quotient ſhall give an 
equation of a degree lower than the propoſed , 

whoſe roots will give the © MO roots re- 
quired, | 

As for example, the root + 5 Gr found, 
gave & g or * = 3 , whence dividing thus, 


e 2 332 + 90 ( nr 
x 2 


. & —33* +90 1 
0 4 | 3K 
1 30x —— 90 
— 30x + 90 
"68 45M | 
The quotient ſhall give a quadratic equation 
** + x zo = 0, Which mult be the product of 
the other two ſimple equations from which the 
cubic is generated, and whoſe roots therefore 
muſt be two of the roots of that cubic, | 
Now the roots of that quadratic equation 
are eaſily found by Chap. 13. Pars I. to be + 5 
and + — 6. For, 
| * + x = = 20; 


add Foe „ + = 30+ = — 
121 3 47 
CG | un 
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8 56. After the ſame manner, if the biqua. 
, Uratic & = 2x* —25x* + 26x +120 =0 is tobe 
reſolved; by ſubſtituting the diviſors of 120 
for x, you will find that. + 3, one of thoſe di. 
viſors, is one of the roots; the ſubſtitution of 
3 for x giving 81 — 34 — 225 + 78 + 120 
2579 —279=0. And therefore dividing the pro- 
poled equation by x — z, you muſt enquire for 
the roots of the Cubic * + * — 22X— 40 o, 
and finding that 4 5. one of the diviſors of 40, 
is one of the roots, you divide that cubic by 
* — 5, and the /quotient- gives the quadratic 
* + 6x + 8 = ©, whoſe two roots are — 2, — 4, 
'So that the four roots of the biquadratic are 
+3 4 5, — 2, — 4. | T0 | 
4 57. This Rule ſuppoſes that you can fd 
all the diviſors of the laſt | term; which you may 
always do thus. 


12 it is a ſimple onaxtity.. * it by its 100 
* diviſor that exceeds unit, and the quotient 

again by its leaſt diviſor, proceeding thus fill 
; you bave a quotient that is not diviſible by any 
number greater than unit, This quotient, 
__ - with theſe diviſors, are the firſt or fimple di- 
33  viſors of the quantity. And the products 
of the multiplication of any 2, 3, 4, &c. * 
them are the compound divijors. . 2 2 


y . As, to find the. diviſors of 60; firſt I a0 


* 25 and the quotient. 30 again by 2, then the 
7 8 ; next 


we 
- * 4 
«XY AY A 893 ä 
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next quotient 15 by 3, and the quotient. of this 
diviſion 5 is not farther diviſible by any integer 
above units; ſo that 


The ſimple diviſors Are „ 2, 2, 23 5. | 


The products of two, ++ 0+ « 4, 6, 10, 15» 
The e of three... 12, 20, 30. 
The products of all four, 2+ +040 + + o 00. 


The diviſors of 90 are found after the ſame 
| manner. 


Simple diviſors . 2, 3, 3, 5. 
The products of two. . . . 6, 9, 10, 15. 
The Peoducts of three. . 18, 30, 45. 
The product of all four, «+ + + . . 90. 


The diviſors of 21335. 


The ſimple diviſors, Fe 0s 35 7, 4, b, b. 
The products of two, 21, 3a, 36, 7a, 96, ab, bb. 
The products of three, 214, 2:6, 3ab, 366, 


7ab, 7bb, abb. 


The products of four, 2146, 2166, 3a Bb, va bh. 
The product of the five, ....... . 214d. 


8 58. But as the laſt term may have very 
many diviſors, and the labour may be very 
great to ſubſtitute them all for the unknown 
quantity, we ſhall now ſhow how it may be 
abridged, by limiting to a ſmall number the 


diviſors you are to try, And firſt it is plain, 


from $ 42. that * any diviſor that exceeds the 


greateſt 
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preateſt negative coefficient by unity. is tobe 
neglected. IJ Thus in reſolving the equation 
* — 2X — 25x" + 26x + 120.= o, as 25 is the 
greateſt negative coefficient, we contlude that 


che diviſors of 120 that exceed 26 my be neg. 
lected. EN 


But the labour may ; be ſtil abridged, if we 


make uſe of the Rule in 5 393 that is, if we 
find the number, which tubltiruted i in theſe fol- 
lowing expreſſions, 


x — 28" — 25x* + 26x + 120 
2* — 3* — 25X +13, 

Ox & — 23, 

2X — 1, 


will give in them all a poſitive reſult; for that 
number will be greater than the greateſt root, 


and all the diviſors of 120 that exceed — 
be neglected. 


That this inveſtization may be eaſier, we 
ought to begin always wich that expreſſion, 
where the negative roots ſeem, to prevail moſt; 
as here in the quadratic expreſſion 6x* — 6x — 253 
where finding that 6 ſubſtituted for & gives that 


expreſſion poſitive, and gives all the other ex- 


preſſions at the ſame time politive, I conclude 
that 6 is greater than any of the roots, and 1 


all the divifors of 120 that exceed 6 may be 


neglected, - 1 
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If the equation x? + 11 4 10% — 72 So is. 
propoſed, the Rule of § 42 does not help to 
abridge the operation; the laſt term itſelf be- 
ing the greateſt negative term. But, by F 39. 
we enquire what number ſubſtituted for x will 
give all theſe expreſſions poſitive : 


* + 11x* + 10x — 72, 

3 + 22x + 10, 

38 ＋ 11. 
Where the labour is very ſhort, ſince we need 
only attend to the firſt expreſſion; and we ſee 
in med iately that 4 ſubſtituted for x gives a po- 
kcive reſult, whence all the diviſors of 72 that 
exceed 4 are to be rejected; and thus by a few 
trials we find that + 2 is the poſitive root of 
the equation. Then dividing the equation by 
x — 2, and reſolving the quadratic equation that 
is the quotient of the diviſion, you find the other 
two roots to be — 9, and — 4. 


$ 59. But there is another method that re- 


duces the diviſors of the laſt term, that can be 
uſetul, {till to more narrow limits, 


Suppoſe the cubic equation x* — px* + 7* — 7 
2907 propoſed to be reſolved. Transform it 
to an equation whoſe root: ſhall be leſs than 
the values of x by unity, aſſuming y = x — 1. 
And the laſt term of the transformed equation 
will bet —p + gq—r; which is found by ſub- 

ſtituting unit, the difference of x and y, for *, 
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in the propoſed equation; as will cafily appear 
from F 24. where, when 2 * — 8 the laſt term 
of the transformed equation was e*—pe* ger. 
Transform again the equation & — p + gy 
—7 =0, by aſſuming y=# + 1, into an equa- 
tion whoſe roots ſhall exceed the valves of 2 
by unit, and the laſt term of the transformed 
equation will be — 1 —p — 4—7, the ſame 
that ariſes by ſubſtituting — I, the difference 
betwixt x and y, for x, in the propoſed equa. 


tion. 


No the values of x are ine of the divide 


of 7, which is the term left when you ſuppoſe 


x = ©; and the values of the y's are ſome of the 
divifors of + 1-=<p+q=—r, and of =I—p—g—r, 


reſpectively. And theſe values are in arithme- 


tical progreſhon increaſing by the common dit. 
ference unit; becauſe x — 1, 4, x + 1, are in 


that progreſſion. | And it is obvious the ſame 


reaſoning may be extended to any equation of 
whatever degree. So that this gives a general 


method for the reſolution -of equations whoſe 


roots are commenturable. 


R U L E. 


« Subſtitute in place of the unknown quantity ſuc- 


ceſſively the terms of the progreſſion 1, o, 
— 1, &c. and find all the diviſors of the ſums 
that reſult ; thin take out all the aruthmetical 
progreſſions you can LNG among theſe diviſors, 
whoſe 
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whoſe commo Mrence in aii; and the va- 
lues of x 25 be among the 75 ors ariſing from 
the ſubſiitutions.. * ＋ © that 


belong to theſe 


progreſſions.” Th values of 4 will be afhr- 


mative when the arſthmetical progreſſion in- 
creaſes, but negative When it decreaſes. 


E XAML. 


8 bo... Let it be required to be one of the 


roots of the equation * — * 0 + 6 = 0: 
The operation is thus: & v i 

Suppoftt. _ N 3 = JD; e. Arih. prog. decr, deer: 
4 | 


xz= 1 5 $56 vt þ I, 2:4 
x= OH *—10x+b= þ 1,2;3,16 
. . +241!» 227 4] - 


3 gives x=— 3 


8 


Where the oppor of „ Ir, x =—1 
give the quantity æ —# — 10x 446 equal to — 4, 
6, 143 among whoſe divifers we find only one 
arithmetical e 4, 3, $; the term of 
vhich oppoſitè to the fuppoſitioþ of x = o, be- 
ing 3, and the ſeries decreaſing we try if — 3 
ſubſtituted for, x makes the equation vaniſh ; 
which ſucceeding ene of its roots muft be — 3. 

Then dividing; the equation by $ + 3, we find 
the roots of the (quadratic) quoſient 


* - =0are2 l. 
§ 61, If it is required to find the roots of 


the equation * — 3* — 46x:— 72 = ©, the 


operation will be thus: W: gy'tl 
* 8275 


pu 
— . q dd A . = py - 
— fmt ends dre get er es ery rs 
- | p ; _ 
— — — - 


* * | | 


Neal. OO Divifrs, | Progreſions 
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3 


1,2, 334, 5 6, 8, IO, I 2, I 5,20, 2 45 30, 40, 60, 1 20. 
8, 


| 
— 71, a, 3. 4, 6,8, 9, 12, 18, 24, 36, 72. 19234 
— 3041, 2, 3. 5, 6, 10, 15, 30. | 


] 


four 


Of theſe 


arithmetical progreſſions hav- 


ter common difference equal to unit, the 


firſt 


ing < 
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firſt gives x=9, the others give x= _ 2, 4 223. 
x = —43 all which ſucceed except x = — 3: ſo 
that the three values of æ ate + 9, — 2, — 4- 


„. 


CAP. VII. 


of the Reſolutions of Equations by 
finding the equations of a lower 
degree that are their diviſors. 


$ 6a O find the roots of an equation is 
the ſame thing as to find the ſimple 
equations, by the multiplication of which into 
one another it is produced, or to find the ſim- 
ple equations that divide it . a remain- 
der. 


If ſuch ſimple equations cannot be found, 


yet if we can find the quagratic equations from 
which the propoſed equation is produced, we 


may diſcover its roots afterwards by the reſolu- 
tion of theſe quadratic equatio s. Or, if nei- 
ther theſe ſimple equations nor theſe quadratic 
equations can be found, yet, by finding a cubic 
or biquadratic that is a diviſor of the propoſed 


equation, we may depreſs it lower, and make 
the ſolution more eaſy. 
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MX = ux kT. we 1 nagratic 
Dur 1 rr. * 2 * 
diviſors of the propoſed equation; and if E 
repreſent the quotient AIriſingl 18 the 
Pr poſed equation by th thar.d woe hen 

EN , £7 oh 
E a a1 Yi! it 


or, E x mai 7 LR 6, ads repreſent the 
propoſed equation itſelf, Where it is plain, 
that e ſince m isthe coefficient of *khEhigheſt 
term of the dioiſots, it muſt be a . dlyiſor of 

the: coefficient of the higheſt term of "the Pro- 
poſed equation,” 19 be 514 44 7 

8 bz. Next we are to obſerve, that, ere 
the equation has a imple diviſor mx — u, if 


we ſubſlicute in the equation E N — - 7, in 
Place e of x, any quant ty, as a, then the quan 
tity" that will recult, from this fubRitulion will 
nece arily. have! ma — for one of | its diviſors; 
fince, in- this lubſtitution, m& - 7, becomes 
114 — 1. 

If we ſubſtitute ſucceſſively for x any arith- 
metica] progreſſion, a, a — e, a —\2e, &c. the 
qua intities chat will reſult From thele ſubſtitu- 


tions, Will have among their diviſors 


ma 
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ma — = A. £8, 7 

ma ne , = X ay * 
ma = zme - , which-ag: Alſo in. e 
tical progreſſion, having their common diffe- 
repce.equal tgme, f aur: 

If, for example, we ſubſtitute. for & the terms 
of this progteſſion, 1, o, — 1, the quantities 
that reſult have among their diviſors the atith- 
metical progreſſion m— , — 1, — n - 
or, changin the ſigns, 1 — , u, n + m. 
Where the difference of the terms is n, and the 
term belonging to the ſuppoſition of * 2 o 
is n. AY Nn: N. el. 


864. It is manifeſt therefote, r Uben dun 
equation has any ſimple diviſor, if you ſubſti- 
tute for æ the progreſſion x, o, — 1, there. will 
be found Among! ft the diviſors of the ſums that 
reſult from, theſe ſubſtitutions, one arithmetical 
progreſſion a at leaſt, whoſe common difference 
will be unit gr a diviſor of the coefficient of 
the higheſt term, and which will be the coeffici- 
ent of x in the ſimple diviſor required: and 
whoſe term, ariſing from the ſuppoſition of 
u o, will be » the other ene of the Ab. 
ple diviſor mx nn 

From which this Rule is dedueced for gifts: 


Neri ſuch a ſimple diviſor, when there” is 
wes | 
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RULE. 


46 Subſtiture for x in the profefed equation ſuc- 
-" cefſtvely the numbers 1, ©, — 1. Find all the 
-- diviſors of the ſums that reſult from this ſub- 
fiitution, and take out all the 'arithmetical 
| | progreſſions you can find amongſt them, wheſe 

_ © difference is unit, or ſome diviſor of the co- 
- effciem - of the | higheſt term of the equation. 
Den ſuppoſe M equal to that term of any ont 

Progreſſion that ariſes from the ſuppoſition of 
' x S o, and m = the foreſaid diviſor of the 
© coefficient of the. bigbe term of [the equation, 

whiah m is alſo the difference of the terms of 
ibis "progreſſion z ſa ſhall you bave mx n 

1 the diviſor regui rad. . 


You may find arithmetical progreſſions giv- 
ing diviſors that will not ſucced; but if there 
is any diviſor, it will be found thus by means of 
theſe arithmetical progreſſions. "7 


8 6g. If the equation propoſed has the coef: 
ficient of its bigheſt term = 1, then it will be 
m = 1,” and the diviſor will be x — 7, and the 
rule will coincide. with that given in the end of 
the laſt chapter, which we demonſtrated after 2 
different manner; for the diviſor: being x — , 
the value of x will be + u, the term of the 
progreſſion that is a diviſor of the ſum that 
ariſes from ſuppoſing x = o. Of this caſe we 

gave 


8 ALGEBRA: 
gave examples i in the laſt chapter ; and though \ 


it is eaſy to reduce an equation whoſe higheſt 


term has a coefficient different from unit, to one 
where that coefficient ſhall be unit, by $ 303 
yet, without that reduction, the equation may 
be reſolved by this rule, as in the following 


EXAMPLE. 
$ 66. Suppoſe 8x* — 26% + 118 + 10=0; 
and that it is required to find the values of x; 
the operation is thus : 


X IT 54 Me Na The. * 5 | | Diwi/ors. 


= 1] 1169 + 31, 3. T 
14 ofs 26 + 114 102 + ; l,2,5,T0. 4 | 
— — 2 SEL Jam | \._ 2 I | 


The difference of the terms (23 the laſt arith- 


metical progreſſion is 2, a diviſor of 8, the co- 
efficient of the higheſt term x* of the equa- 
tion, therefore ſuppoſing m = 2, 


the diviſor 2x — 53 which ſucceeding, it fol- 
| lows that 2x — 5 o, or x=28+. / 


The quotient is the quadratic 4x* — 3x — 2 


= o, whoſe roots are E, and . 


ſo that the three roots of — propoſed equation 
are 2 f, i 2, . The other arith- 


O 4 metical 
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chapter by N NC + 4 A/ apc if weſub- 
ſtruc tas tar, ay; koginn, quantlty A» bg ſum that 
will reſult will have a * fax, one of its 
diviſors; and, if we ſubſtitute ſucceſſively for 
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- Theſe.tefqs gte dot ad in the Jaſticnſe, | 
| iD, ar tical i prpgreſſion 3 - but if you ſub- 
in es from the ſquares of the terths 7, 


a=+418 Ehe, 4— 3% &c. multiplied by ma 
diviſor gf che higheſt term ofthe propoſed equa: 
tion, that is from 


I. 1 ma? 
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1 4 a 3e — 7. * ſhall be i in rackbme? 
tical progreſſion, having their common diffe- 


tence equal to n — laren 


i 


If, for example, we eppes the aumed pro- 
greſſon a, u A 2, 4 — ge, &c. o be 
Nl, o the diviſors will bee 


In 21 + 9 which 4” 


N b i * 
N * 55 3 ſubtracted "nt 
"- u +1 fro O0 
TOW . 2 m . in 
W SJ) 3 e tis oe 8 
leave, 2 75 N \- 4b * Le Y x . > 
* 3 * 4 — 17 W Oe | 
X man; Os: wi 3 
eur, an  arithimctical progreſiion, 
whoſe. difference. is + 1 and whoſe term 
ariſing from the ſubſtitution of o for x is r. 


From which it follows, that by this opera- 
tion, if the propoſed equation has à quadratic 
2 you will find an 3 progreſ- 


ſion 
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fon that will determine to you # and r, the co- 
efficient m. being ſuppoſed known: fince it is 
unit, or a diviſor of the coefficient of the higheſt 
term of the equation. Only you are to obſerve, 
that if the firſt term mx* of the quadratic di. 
viſor is negative, then, in order to obtain an 
arithmetical progreſſion, you are not to ſub· 
tract, but add the diviſors — - 4 —n+Þr, 

—m—n+r, +7, ye ER to the terms 
4m, m, 0, m. n | 


| 6 68. The teal Rule, cherefore, deduced | 
trom what we have ſaid, is, 


; \} 108 21 

$6: : Subſtitege 177 13e 24 ih . * 155 
terms 2, 14, 0, — I, &c. ſacceſively. Find 
all the diviſors of the ſums that reſult, adi. 
ing and ſubtrafting them rom. the ſquares of 
theſe numbers, 2, 1, o, — 1, &cc. multiplied by 

a numerical diviſar of' the higheſt. term of the 
propoſed equation, and take out all the. arith- 
metical progreſſions that can be found among 
theſe ſums and differences. Let r be that 
term in any progreſſion that arifes from the 

' ſubſtitution of x S o, and iet = n be the diffe- 
rence ariſing from fubtrafting that term from 
- the preceding term in the progreſſion ;, laſtly, lei 
m be the aforeſaid diviſor. of the bigbeſt term; 
then ſhall mx + nx — be the diviſor that 
a ought to be tried“. And one or other of 


bag 


— 
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the diviſors found in this manner will ſuc- 


cced, if the propoſed equation has a qua- 
dratic diviſor. 


569 Suppoſe, for example, the biquadra- 5 
tic x* — 5x* + 7x* — 5x — 6 S o is propoſed, 
which has no ſimple diviſor; then to diſcover 


if it has any 1 civiſor the operation is 
thus : 
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The firſt arithmetical progreſſion Ges the 


diviſor Al 31 — 4 
both which 00 ſo that the roots of the two 
equations * — 3X — 2,0, and x* — 24 + 3, 


4 — 
uz. AE and 1 3 25 are the four roots 


6f the propoſed equation, the two laſt of which 
ire impoſſible, The, diviſors which the other 
Om progreſſions give, do not ſuc- 
ceed.  ''-- 

$ 70. After the fame manner a Rule may be 
diſcovered for finding the cubic divilers, or 
thoſe of higher dimenſions, of any propoſed 
equation. 

Suppoſe the cubic diviſor to be n — nx* 
+rx—s, and by ſuppoling x equal to the terms 
of the arithmetical progreffion, it will be as 
follows : | -\ 
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Suppo/. Reſulis. terms o 1 Dir. 2d Diff.) O 
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= 1. 8m A- 21 3a—[2 


— of 5 — AK. +; n—_ 77 wm fy 
——1 — 8 — 2 — ER —2 * 4 | 


Where the rt differences are not 8 in 
arithmetical progteſſion, as in the laſt caſe, but 
the differences of its terms, or the ſecond dif- 
ferences, are in arithmetical progrefſion, the 

common 
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common difference being 25, whence 118 known, | 
The quantity vis found in the column of the 
ſecond difference, and 5 is always to be aſſumed 
ſome diviſor of the laſt term of the propoſed 
equation, as # is of the coefficient of the firſt 
term. Whence all the coefficients of a diviſor 
mx —nx* +15 —5, with which trial is to be 

made, may be determined. EY 

If it is a diviſor of four dimenſions that i is re- 
quired, by proceeding in like manner, you will 
obtain a ſeries of differences whoſe ſecond dif- 
ferences are in arithmetical progreſſion. If it 
is a diviſor of five dimenſions that is required, 
you will obtain, in the ſame manner, a pro- 
 greſſion whoſe third differences will be in arith- 
metical progreſſion ; - and by obſerving theſe 
progreſſions, you may diſcover rules for de- 
termining the coefficients of the diviſor re- 
quired. 
The foundation of theſe Rules being, that, if 
an arithmetical progreſſion 3, a+ e, @ + 25, 
a ze, &c. is aſſumed, the firſt differencęs of 
their ſquares will be in arithmetical progreſ- 
fion; thoſe differences being 248 + c, 200 + zen 
24 + 5, &c. whoſe common difference is 20. 
And the ſecond differences of their cubes, and 
the chird differences of their fourth powers are 


likewiſe in arithmetical progreſſion, as is eaſily 
demonſtrated. 


5 7. 


«4. 
* 
— 


Chap. 7. 

71. Hitherto we have only ſhewn how to 
find the diviſors of equations that involve but 
one letter. But the ſame rules ſerve for diſ- 
covering the diviſors when there are two letters, 
if all the terms have the ſame dimenſions for, 
« by ſuppofing one of the letters equal to unit, 
find the diviſor by the preceding Rules, and then by 
completing the dimenſi bons of the diviſor, ſubſtitut- 


ing the letter again for unit, ou will bave the 
diviſor required.” 


Suppoſe, for example, you are to find the 
_ diviſor of 8* — 264 + 1194's + 10 =o, by 
putting a i, that quantity becomes 82? — 26x* 
+ 11x + 10 = o; Whoſe diviſor was found, 
$ 66. to be 2x — 5; now multiply the term 
25 by + a, to bring it to the ſame dimen- 
ſions as the other, and the diviſor required is 
21 — 54. 

$ 72. Beſides the method hitherto explained 
for finding the diviſors of lower dimenſions that 
may divide the propoſed equation, there are 
others that deſerve to be conſidered. The fol- 
lowing is applicable co equations of all forts, 


though we give it only for thoſe of four dimen- 


ſions. 
Let the biquadratic #*—px +qx*— 75 +5=0 
be the equation propoſed ; and let us ſuppoſe 


it is the — of theſe two quadratic equa- 
tions, 
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the terms of which will be equal, inaſpedivc, 
to the terms of the propoſed equation. 
In this equation, I and u being diuiſora of 
the laſt term g, We may \cankder:ave ef them 
(viz. Y) as known; and in ordert find & or-4, 
We need goly.compare che. terms of- this equa- 
tion with the, terms of the ad een 
reipeRively, which ni s 
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To apply this to practice, you muſt ſubſti- 
tute ſucceſſively for 7 all the diviſors of 5, the 
laſt term of the Propoſed equation, till you 


find one of them ſuch, chat * — 2 - Xx x+1 


oP 


can divide the propoſed equation without a 
remainder; _- -- 


s * 


EXAMPLE. 


8 73. If the equation x* 6 + 20 34 * 
＋ 35 So is 6 The diviſors of 35 are 
1, 5, 7, 353 if you put I 1, the quadratic 
that ariſes will not ſucceed. But if you ſuppoſe 
I= 5, then the equation x* = kx + . that is 
K +1=0 becomes 


ke ESR ＋ 5 0=#"*—2r+5, 
which divides the propoſed equation without a 
remainder, and gives the quotient * — 4% +7 
mp ves. Coen ag cy 

In this operation it is unneceſſary to try any 
Fdiviſor I, that exceeds the ſquare root of , the 
laſt term of the propoſed equation.“ And, if 


the propoſed equation is literal, © you need 


only try thoſe diviſors of the laſt term that are 
of two dimenſions,” 


If, in any ſuppoſition of J the value of k, 
pP — 


VIZ, = becomes a fraction, then that ſup- 


poſition is to be rejected, and another value of! 


to be tried. | 
P 574. 
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574. By comparing the ſecond and fourth equa- 
tions of the laſt article, you may; ohain another 
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no! ſerving i in that caſe. 


By this formola, diviſprs may, be "ep whole 
ſecond terms may be rational. 


+ How the dlviſors of higher equations Soy be 


found, when they have any. may be underſtond 
ſrom whas has: been . 1 PROT . nur 


;mepliogs. 


Mz = 
= 
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of the Reduction of Equations by 
OOO  Sord: divifors, 
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N equation. of four, fix, or more dimen- 
ſions, although it may admit of no rational 
diviſor, may knvs dne that is irrational. As 
the: biquadratic * ＋ p i α +5 =0, 
"which we — to be iriddvrivle * any 


be lo into a ſquare * ＋ Ip 2 e 
In which caſe we ſhall have &“ + 5p + An 
x ka +1, and is found by the N of 
an affected quadratic equation. 


To reduee a biquadratic equation i in this man- 
ner, we have the tollowing 


R UI. E 


If the biquadratic i is x. + px" ＋9 +1ra+ i= 
Where 2, g,. r. 5, repreſent the given coeffici- 
ents under their proper ſigns, put q— Z 1 
7 — Zap = , fa g F. And for 2: 455 

eme integer common diviſor f 6 and 20. that 
is not a ſquare number, and which, if either p 


or 7 is an odd number, miſt be odd, and, dis 
* drith,' Univzr/. pag. 26% im 2 


_- 
Sw + - 


P 2 vided 


n — — — — . — — — - 
$ . 7 I 4 * nö - 

wo Ley an — 42 7 L b — * 8 

— ” © 4 4 - Aa ae” 7 -- i = — = —=> ng 4 - 


2 
— 2 * FE 


- l - 
3 K — „ 
23 Pw — TS p * 


— 

— * 
—— OO 
„% Ih. * 


wy =, 


* 
„„ 1 od eas wn ep , 
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=; p 
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vided by 4, leave the remainder unity. Write 
likewiſe for k Jome diviſor of & if p is an 

even number, or the half of 15 odd divifer 

p is odd, or o ff Þ = ©. Subtraf = 

from pk, and let the remainder be |, Fir 


2, put == _ and try if, dividing L — » 
u, the root of the quotient is rational and equal 
to I; if it is, add n + 2nklx + 1 to 
both fides' of the equation, and extrafing the 


root you Hall have * + r + LO 15 
* 


45 | EXAMPLE 1. 

Let the equation propoſed be x* + 12x — 17 
So, and becauſe p g o, g o, f = 12, =- 17, 
we ſhall have a o, Þ=12,C=—17. And g 
and 24, that is 12 and — 34, having only 2 for 
a common diviſor, it muſt be » = 2. Again, 


= =-'6, whoſe diviſors I, 2, 3, 6, are to be ſuc- 


ceflively put for E, and wy 3, 116 


for L reſpectively. 
8 ut = E that is &, 1 is equal to Q, and 


7 * ok 4 —= And when the even diviſors 2 


0 6 = ſubſtituted fob E, Q becomes 4 and 36 | 
| an 
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and Q. — being an add number, is not divi- 
ſible by n ( 2). Wherefore 2 and 6 are to be 
ſet aſide. But when x and 3 are written for E, 

is 1 or g, and - is 18 or 8 reſpectively; 
which numbers can be divided by 2, and the 


roots of the quotients extracted, being +3 and 


+ 3 but only one of them, viz. — 3, coincides 
with J. I put therefore & = 1, 1=— 3. Q=1, 
and adding to both ſides of "thy equation 
nE + 2nkix TA, that | is, 2 — 12x + 18, 
there reſults x* + 2c + 1 =2x* — 12x + 18, and 


extracting the root of each, *+1==/2Xx= 3. 
And again, extracting the root of this laſt the 
four values of x, according to the varieties in 


the ſigns, are 


— 2 + 3. 37½—. = w2—v 3 V2——; 


e W 0n-> = 


| being the roots of x* ＋ 12x — x7 = o, the equa- 
tion at firſt propoſed. 


EXAMPLEIL = 


Let the equation be x* — 6x* — 58x*— 114x 
—11=0, and writing — 6, — 58, — 114, — 11 
tor p, 9, r, 5, reſpectively, we have — 67 S a, 
—315 8, and — 11331 = C. The numbers 


B and 265, that is 4 I5 and — — 2D, have but 
one common diviſor 3, that is n 3. And the 


P 3 diviſors 


2+ SiG 
— ——_— 


on pee ==, Er 


2 2 r 2. » on SOSA 
- 23 — ; 


i 
= * * — 
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diviſors of — 105 ==; are 3, 5, 7, 15, i. 365 
and 105. Wherefore I firſt make trial with 


3 =&, and dividing 2 or — 105, by it get 


the quotient — 3 5, 5 this ſubtracted from 


224k =— 3 * 3. N 26) whoſe half, 19) dre 


— 67 


— 20 is OY to 5 LIP " —= 411, 1 
is indeed diviſible by n = 3; but the root of 
the quotient 137 cannot be extracted, There- 


fore I reject the diviſor 3, and try with 5 = &; 
by which dividing - = — 105, the quotient 0 


- 21, and this taken from yr = — 3 X 5, leaves 
6 = 21. At the ſame time, Q (== +2.) = 


3 4. And . — 5, or 16 + 11, Is 


2 a 
diviſible by u, and the root of the quotient 9g, 
that is, 3, coincides with /, Whence I conclude 
that putting I 3, K g, 2= 4 n 23, adding 
to both lides of the equation the quantity 
nN + 2nklx + ut, that is, 75* + gox + 27, 
and extracting the roots, it will be | 

„ + Dr ＋ C Vn x #x +1, or 
* ＋ 3 +4==&vV3X5% Þ 3- 
EXAMPLE III. 
In like manner in the equation &“ — 9 + 
75 27 Y o writing —9, +15, — 27, +9 
for 
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for P, Qs I, , there reſult a = — 4 — 304 = By 
ar. The . 0 diviſors of Þ and 26, 


that is, of > i and 52 =” 2 are 2, 5, 9, 15, 27, 45, 


1351 but ” is a ſquare, and 3, 15, 27, 135 di- 
vided by 4 do not leave unity for a remainder, 
as is required when p is an odd number. Set- 
ting theſe aſide there remain only 5 and 45 to 
be tried for u. Firſt let » = 5, and the halves 


of the odd diviſors of & = — . that is, 2, 


l 5 are to be tried for k. If & = 2. 


* 


the quotient — . of = divided by &, taken from 


20k or — leaves e and Q(= er 


= — 2, 2 —$s==— g, which 1s diviſible by hy 
bat the root of the quotient — 1, which Ow 


bel=g, is imaginary, Put next * = a 2, and 
the quotient of — 2 = divided by k, or of — 1 by 
4 * is — 2. This ſubtracted och EDE = —- -7, 


hes nothing, that is / = o. Again, | 
N (= 2) = 3» and & - = o, and 
= == 


= =— = O. Foom which coincidence 


I infer that 2 g, & = +; So, and adding 


nA + 211 + u, that! We * to both ſides of 
the equatiop, I find * — ix + 3 =y/5 X i. 
/ Literal 


—— IR 4 — 
a "” 


. oar. 
- po 6 — 


A 


ꝶ OTE gi Eon aha ne Bos; 
» >. i wa <a, " > xerox tr — ww < ions. 
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L.iteral equations may be treated much in 
the ſame way. And, if you put 2 = 1, the 
ſame Rule will give you the rational diviſor of 
a biquadratic equation, if it admits of one. Thus 
for the equation x* — * + of + 12% — 6 = = 0, 


putting » = 1 I find k = 2, 1 = -&: and 


the equation is reduced to the two quadratics 
* — 34 + 3=0and & + 2x —2 = 0, 


When the diviſors of — Z are ſo many chat it 


would be troubleſome 8 make trial with them 
all for &, their number may be reduced by find- 
ing all the diviſors of as 11. For to one of 
theſe, or to its half when odd, the number 2 
muſt be equal. 


The ground of this Rule i is as follows, 


If a biquadratic equation x* + ps? + r +rx 
＋ So, in which p, g, r, 5, are the given co- 
efficients with their ſigns, and the equation is 
ſuppoſed clear of fractions and ſurds; if this 
equation can be completed into a ſquate, in 
the manner already deſcribed, we ſhall have 
* + pu? + 4 + rs + 5+ ARS" + 2nklx 
+ % == +ips + ©, th that is, * + 
px + q+nkP K +7 + 2nkl x * 
= * +px* + TTF N IDN C. 
And comparing the terms, we get theſe zbree 
Fquations, 


1. 21 2241 15 
| „ 
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2. 1 + 2nkl — p29, 
3. 5+ nm =@; 
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in which there being four unknown quantities, : 


they can be found only by trial, 
The values of Q, taken from the firſt and ſe- 
cond equations and made equal-to each other, 


give u = — — Ae (writing, as in the Rule, 
B 


q—3f = & and "OF = — 


Whence, if the quantities u, &, I, Q, are to be 
found, it follows, (1 “.) That » being a diviſor 


of g, giving the quote & x = 21, I will be a 


diviſor of =, giving the quote 25 — 21; and 


that ſubtracting this quote from p,, 7 will he 


equal to half the remainder. (25. ) In the firſt 


equation we had 2= — and, from the third, 


==. (3) Becauſe Q 4 + l and 


Int — 4 252127 
2 OS, = = —-—3a⁴ẽeñ—— 
(if 92 — 4% = =— = „that is, 2 


A XK 4 141 247 
divides 28 by FXa+ink—Þ, And if the 
ſeveral values of the quantities u, &, I, L anſwer 
to thoſe conditions, or coincide, it is a proof 
that they have been rightly aſſumed; and that 
adding to the given equation the quantity 


» * kx +1", it will be completed into the 


* * +3p +2 It 


— 


—— * + * = 3 - a7 
Eight EPR SETS cc K 1 
” - . — 
— = 
, 
mee 2 3 _ — . 
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It was ſaid that Q will always be ſome diviſor 
of as — . Fer as an', and taking 
from both £r* = * Dre, ſeeing 
1 | the remaipder . — a A x -A. + 
4 rn 1. A + p2nkl, 
: has 9 in every term; the thing is manifeſt, 
| I is needleſs to be particular as to the ſeveral 
| limitations in the Rule, ſeeing they follow eaſily 
from the algebraical expreſſions of the quan- 
ities. You are not, for inſtance, if you ſeek 
a ſurd diviſor, to take 2 a ſquare number, for 
if # is a ſquare number, n X kx + | would be 
rational. Or if u is a multiple of a ſquare, as 

N m, then, at leaſt, m X ks +1 would be 

acbb, and » would be depre ſſed to . 


© -. Let us examine one caſe, when p is even 
And r odd; and by the Rule n muſt be an odd 
| number, a multiple of 4 more unity. 

I. Seeing Þ — r- Tap, or g + Leap =r, of the 
numbers g and Zap one muſt be even and the 
other odd, that their ſum r may be odd. If f 
is odd, its divifor » muſt be odd likewiſe. 
"Suppoſe 8 to be even, then 2p, and conſe- 
quently 7 and a are both odd. But if a is odd, 


26 6 — 2 4 will be half an odd number, and 
2 its diviſor is odd. 


In this caſe, Q is half an odd number. For 
let it be an integer, p9 will be an even num- 
f ber. But if Lis an integer, ſo muſt I, becauſe 
. St 
|| | i 


e. 4 


— — tho + — - 


——ũ——— <<de "x 
— Ws 


— — — — —— — — 
— RT —— e „ 
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5 + nÞ| ; and 2»k! muſt be even. And 
r + 2nk1 (an odd number) =p an even num- 
ber, which is abſurd. _ 
2. Let & repreſent any number in general, 
Jan odd nuwber; then I ſay, * every odd 
number is a multiple of four, more or leſs unity,” 
that is, [=4N + 1. The ſquare of an odd 
number is 4N + 1,” (that is ſome multiple of 
4, more unity ;) and © if from ſuch a ſquare 
there be taken any.multiple of 4, the remainder, 
if greater than unity, will be 4N + 1.”. 
Hence it follows that #= 4N + x. For ſee- 
ing n = 2 — 53 becauſe} and © are the halves 
of odd numbers, we have, according to the pre- 


TR P48 
7 —— : , or without the 


common denominator z x = Þ — 4s, that is, 


nXx4N+1=4N+ 1, and conſequently, 
=4N + 1. For it is not 4 V 1 but 4N＋ 1 
that can give the product 4N + 1.“ 


ſent notation, 


In 


* In the former Editions, there were here inſerted two 


Rules for the Caſe of O: which, though true, Mr. T Zo- 
mas Simpſon has, in his Miſcellaneous Trafs, publiſhed 


1757, ſhewn to be unneceſiary. In his, therefore, they 
are omitted, J | 


It is only to be regretted that Mr. Simp/ox ſhould, 
through inattention, have placed this inaccuracy, not to 
the account of the Editor, as he ought to have done, but 
to that of Mr, MaCLavrin. The whole explanation 
of Sir Jaac's Method of Reducing Equations by means of 
Surd Diviſars, is (pag. 213.) profeſſedly a Supplement; as 
likewiſe the Addition to Chap. 14. Pars. I. And the 

Edi- 
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In like manner the other limitations may 
be determined: and what has been ſaid may 
lead 'to the invention or demonſtration of 

fimilar Rules for the higher equations of 
even dimenſions, if any one pleaſes to take 
the trouble. 


CHAP. VII 
Of the Reſolution of Equations by 


Cardan's Rule, and others of that 
kind. 


I 75. E now proceed to ſhew how an 


expreſſion of the root of an equa- 
tion can be obtained that ſhall involve only 
known quantities. In Chap. 11. Part. I. we 
ſhewed how to reſolve ſimple equations; and 
in Chap. 13. we ſhewed how to reſolve any 
quadratic equation, by adding to the fide of the 
equation that involves the unknown quantity, 
what was neceſſary to make it a complete ſquare, 
and then extracting the ſquare root on both ſides. 
In § 27 of this Part, we gave another method 


Editor thought he had, in his Preface, ſufficiently inti- 
mated that a few ſuch infertions had been made, and the 
_ reaſon why: though he cannot recolle& any others worth 
mentioning ; if it is not 55 123, 124, of Part II. b 
0 
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of reſolving quadratic equations, by taking away 


the ſecond term : where it appeared that if 


Kere x=$p + Vir" = 4+ 


$ 76. The ſecond term can be taken away out 


of any cubic equation, by F 25; ſo that they all 
may be reduced to this form, 3 * +qx#+r=0. 


Let us ſuppoſe that x I; and i + qa + 7 


24 + & + 34'b + gab* + * + 4x + r = @* + 3a6 
xa+b+Þ + qx+r = 0 + 3abx+Þ * 
(by Wee 1 =—=D)=&+Þ o 


But b= -, and 522 == 2 and conſe- 


2 
quently, 152 +r=0; or, 4 + r@ + = 


27a | 27 
Suppoſe & , and you have 2* 2 = Lo 3 


AY 
which is a quadratic whoſe reſolution gives 3 


Nie, 


ue es, and 


in which ex- 


Rs e 


preſſions there are only known quantities. 


$ 77- 
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5877. oY values of x . 8 found a little 
differently, ms : | 10 


Sinee 2˙ = Ar * aL, h I. een 
ahnt 4 4. * =+ 47 4/7, 1+ 45 47 and 
„ — - 4" — 9 = =— - be ie, ban 


. Fer +, unde . 


. — 7 7 e 9 * +£ | 


which gives but one 'valb6 of x, becauſe Allen 


in the value of à the ſurd fn 7 4 27 f is po. 


ſitive, it is negative in tlie value of b, 2 tkere 
is only the difference of this ſign in their Va- 
lues. So that we may eonclude | 


ATTY Jr FLV oor * 


27 


i 79. KC The 1 of * may * . 
without exterminating the ſecond term. 


Any cubic equation may be reduced td this 
form, 


& — -” 


x — 35 — 3Þ# — 2r 8 
1 A o, 
0 1h 884 


2 vid. Phil. Tranſ. 309. 


which 
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which, by ſuppoling x = 2 + p; will be reduced 
0 342 = 37 o, in which the fecond 


term is wanting. Bat by the laſt article, fince 
„** 342 — 27 = O,, It follows that, | 


FI Wo 


2 = re 1 LOT (if you 
ſuppoſe th that the cubis raot. of the binomial 


Fa Roo Om par n) E m þ YR 1m —/ 


2m. And lincex=2z +27, i ga that 


x = See 1% 279 He Be: 2p 


3 79. But as the Se root af any, quantity 
js twofold, ** the cbbe root is, threefold,” and 
can be expreſſed three different was. 

Suppoſe the cube root of unit_ is. required, 
and let y* =. ory — 4 * q. then Fince unit 
itſelf is a cube root of 1, one of the values of 


is_I, ſo that the equarion Y.—1L=q ſhall divide 
th firſt equation 2 7 1 2 o, and the « quotient 


J, +3+ I =orelolved, gives = SELEV 1 


forhatthe thice-<apreivne R 2 — 


1 — 


and — Abd, in gederal, the cube 
yhov: ck any. quantity 4? may be 4, or 


6 


4 . n er ſo that the 


ober root of the binowial 14 A may be 


m +2 77. as we ſuppoſed above, or. — 55 — 


* 


: "— 
0% « + 4 | 
* 


| ds. 
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* .m +/n, or — STEIN ' And 
hence we have three expreſſions for * wits 
1 x=p+2m © 
2*, * P „ 


3˙. 1 22 5 5 23 
and theſe give the three. 1 woe: A the Propoſed 
cubic equation. 
EXAM P L E Is 
§ 80. Let it be required. to find the roots of 
the equation a? — 12x* + 41x — 42 =. 
Comparing the coefficients of this Equation 
with thoſe of the general equation 


e T3} =2r 

3 + 323 — e. you bind, 
4357 

1. r e b — 2 Ka 


1. 35 — 39 (= 48 — 300 = 41 —„— 1 
„ 2p9—p'—2r (= = 36—2r) =—42 +1 =3; 
— conſequently, oY 2 9— 2 == 


279 27 


EA Now the 
* root * 0 binomial. is found to be 
—1 +Y— (= m +vn)*. | Whence, 


. 1 1 

25. x=p—m—v/SIn=4+1—/4=5—2 3 
3'- z=p—Mm+ /—31=5;+2=7, N 
0 Section 131. Part J. 


80 
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So that the three roots of the propoſed equation 


are 2, 3, 7+ 
You may find other two expreſſions of the cube 


27 


viz. = 3 + 2 at 2 IE, but 


theſe ſubſtituted fas m Tn give the Gone Va- 
lues for x, as are already found. 
E-XAMPLE H. 

In the equation * + 15x* + 84x — 100=0, 
you find p = — 3, q = — 3, 7 = 135, and 
Ir =125 + 18252, whoſe cube root 
is 3+y12 ; ſo thatx(=p42m)=—5+6=1. 
The other two values of x, viz, — 8 + /— 36, 


root of 3 + — , befides — 1 + 24 7 


my 


— 8s, are impoſſible. 
After the fame manner. you will find that the 
roots of the equation x* + * — 166 * + 660 =0, 
are — 15, 7 Ng. The Rule by which we may 
diſcover if any of the roots of an equation are 
zmpoſfible, ſhall be demonſtrated afterwards. 
y 82. The roots of biquadratic equations may 
be found by reducing them to cubes, thus. 
Let the ſecond term be taken away by the 
Rule given in Chap. 3. And let the equation 
that reſults be | 
REY PW n 
And let us ſuppoſe this biquadratic to be the 
product of theſe two quadratic equations, 


Q * + 


—— r= 
—— — L — - 


- =_ * - «2 2 2 2 wa _ — — — my 2 
* " = 4 = * — — * * - 
5 " 8 * » = -” * 
8 2 EP - ——_— _— | 
— Nl ˙ IRE RIPE prot —ͤ 2 2 2 —— —o— | b 
; — „„ ” == 


* , . ⏑— 


. - 
3 222 —— ⁵— —ę—— 7 T 
2 — „ e „% 2 


1 
* a "= * - ut... Mi. 


— —_ — 


U— — — 


— rr 
” = ” — 
- = op oy ——— _—_— — — — — —_—_—_— ——— — * 
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* TeX TF o 
— — 


* * +f e 
| 3x} xx 1 2 * * o. 
2 


Where e is the coefficient. of x in both equa- 


tions but affected with contrary ſigns; ; becauſe 
when the ſecond term is wanting in an cqua- 


tion, the ſum .of the affirmative roots muſt be 
equal to the fum of the negative. 


-Compare now the propoſed equation with the 
above product, and the reſpective terms put 


equal to each other will give f + g -e, 
eg—ef=r,fg=s. Whence it follows, that 


FA, and gf = 


4g and confe- 
: quently f+8+8—/(= 4 = =q+e+5 


9+f+< | 
and g = Ig —, the lame way, ny will 


q+—£ 
Lad, by ALE WY Sc. =— 6 , and 


2 


xe (80 e and 


multiplying by 40%, and ranging the terms, you 


have this equation, 

+294 4 f —45X& o. 
Suppoſe e* = y, and it becomes y* + 207 
| = q* 
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— — 
7*—45 X y—1*=0, a cubic equation whoſe roots 


are to be diſcovered by the preceding articles, 
Then the values of y being found, their ſquare 
root will give e (ſince y = e*) 1 and having e, 
you will find F and g from the equations 

1171 == 17/72 . 
72 * 2 7 2 — {a 2 , Laſtly, exe 
tracting the roots of the equations x* + ex + f= o, 
* —ex + g = ©, you will find the four roots of 
the biquadratic 244. x*#qx* + rx +5 = 0; for either 


1 ke = Vie or, te Vie g. 


C83. Or if you want to find the roots of 


the biquadratic without taking away the ſecond 
term; ſuppoſe it to be of this form, ; 
* — 4 — 29:7 ,,— 87 —4S] _ 
+ 47” 3% «> ma F 5 1885 
and the values of & will be 


— ———— — * — 


„ PV 4 — 5 


, where 
Due ＋ 74 += 


18 quan to the root of the cubic, 
* 2 p* x I 2 pr a 
The demonſtration is reduced from the laſt 
article, as the 78th is from the preceding. 
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4A TRITATISE of Part Il. 


Of the Methods by which you may 
approximate to the roots of au- 
meral Equations by their limits. 


884. HEN any equation is propoſed 


to be reſolved, firſt find the li- 


mits of the roots (by CHap. - 5.) as for example, 


if the roots of the equation x* — 16x, + 55 =0 
are required, you find the liniics are o, 8, and 
17, by Y 48; that 1s, the leaſt root is between 
o and 8, and the greateſt between 8 and 179, 
In order to find the firſt of the roots, I con- 


ſider that if I ſubſtitute o for x in x* — 16x + 55, 


the reſult is poſitive, viz. + 55, and conſe- 
quently any number betwixt o and 8 that gives 
a poſitive reſult, muſt be leis than the leaſt root, 
and any number that gives. a negative reſult, 
muſt be greater. Since o and 8 are the limits, ! 
try 4, that is, the mean betwixr them, and ſup- 
poſing x 4, x — 16 + 55 = 16. — 64 + 55 = 
from which I conclude that the root is greater 
than 4. So that now we have the root limited 
between 4 and 8, Therefore I next try 6, and 
ſubſtituting it for x we find x* — 16x + 55 = 36 
— 96 + 55 == 53 which reſult being negative, 
I conclude that 6 is greater than the root re- 


quired, which therefore is limited now between 4 
| | and 


and 6. And ſubſtituting 5, the mean between 
them in place of x, I find K* — 16x + 55 
=25 — 80 + 55 = o; and conſequently 5 is 
| the leaſt root of the equation. After the ſame 
manner you will diſcover 11 to be the greateſt 
root of that equation. 


$ 85. Thus by dimipiſhing the greater, or 
increaſing the leſſer limit, you may diſcover the 
true root when it is a commenſurable quantity. 
But by proceeding after this manner, when you 
have two limits, the one greater than the root, 
the other leſſer, that differ from one another but 


by unit, then you may conclude the root is 
incommenſurable. 


We may however, by continuing the ope- 
ration in fractions, approximate to it. As if the 
equation propoſed is x 6x + 7 = o, if we ſup- 
poſe x = 2, the reſult is 4 — 12 +. 


— ww 1, 


which being negative, and the ſuppoſition of 


x = © giving a poſitive reſult, it follows that 
the root is betwixt o and 2. Next we ſuppoſe 
x = 1, whence x*—6bx +7TE=zI—6+7=+2, 
which being poſitive, we infer the root is be- 
twixt 1 and 2, and conſequently incommenſu- 
rable. In order to approximate to it, we ſuppoſe 


* I, and find **—6x +7 =2i—g9+7= —z 


and this reſult being politive, we infer the root 
muſt be betwixt 2 and 11. And therefore we 


1 try 


— 5 oa OS N 


wn tay ou ̃ a 


4 FS 
— 25 „ * 2 
- + 


. 
, —_— x 
— — — * 


N 
LI 


DTT” — 


P gene ea 5 


- — — 
= _ _ - 


- 2 op — = — — — 


3 08 


A „„ 


TJ 
2” Pang "4 * * oy 


- : — 2.54 2 5 
„ own es Sootet 
* — 2. — - — — — 
os = 


232', AMA TaxzarTiet of | Part IT, 


—— 


: 


” — 


"F? - 
— 


— RT — . >> w_ 


—ͤ . ²˙ m 4 +. 


LY 
| 
4 
P 
4: 
| 
I 
Is 
7 
1 
1 
j 
1 


try 1 25 and find af — 6x + 7 f ＋ 4) 


| — 18 ds to + T3 — 2, which is nega- 


tive; ſo that we conclude the root to be betwixt 
11 and 11. And therefore we try next 13, 
which giving allo a negative reſult, we conclude 
the root is Wein 14 (or 14) and 14. We tty 
therefore 12, and the reſult being poſitive, we 
conclude that the root mult be W th and 
I +3, and therefore is nearly 132 


§ 86, Or you may approximate more eaſily 
by transforming the equation propoled into an- 
other whoſe roots ſhall be equal to 10, 100, or 
1000 times the roots of the former (by § 29.) 
and taking the limits greater in the ſame pro- 
portion. This transformation is eaſy ; for you 


are only to multiply the ſecond term by 10, 100, 


or 1000, the third term by their ſquares, the 
fourth by their cubes, &c. . The N of the 
laſt example is thus transformed into x* — 600x 
| + 70000 = o, Whoſe roots are 100 times the 
roots of the propoſed equation, and whole li- 
. mits are 100 and 200. Proceeding as before, 
we try 150, and find x* — 600x + 70000 = 
22500 — 90000 + J0000 = 2590, ſo that 150 
is leſs than the root. You next try 195, which 
giving a negative reſult muſt be greater than 


- the root: and thus proceeding you fihd the 


root to be betwixt 158 and 159: from which 
you 
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you infer that the leaſt root of the propoſed equa- 
tion * — 6x + 7 = © 1s betwixt 1.58 and 
1-59, being the hundreth part of the root of 
** — 600X + JOOOO = ©, 

6 87. If the cubic equation * — 15x* + 63x 
— 50 So is propoſed to be reſolved, the equa- 
tion of the limits will be (by 5 48) 3 — 30x 
+ 63=0, or x* — HO + 21 = o, whoſe roots 
are 3, 73 and by ſubſtituting o for x the value 


of x — 15 + 63x — 30 is negative, and by 


ſubſtituting 3 for x, that quantity becomes po- 
fitive, x = 1 gives it negative, and x = 2 gives 
it poſitive, ſo that the root is between 1 and 2, 
and therefore incommenſurable. You may pro- 
ceed as in the foregoing examples to approximate 


to the root. But there are other methods by 


which you may do that more eaſily and readily; 
which we proceed to explain. 

$88. When you have diſcovered the value of 
the root to leſs than an unit (as in this example, 
you know it is alittle above 1) ſuppoſe the diffe- 
rence betwixt its real value and the number that 
you have found nearly equal to it, to be repre- 
ſented by 7; as in this example. Let x=1 + f. 
Subſtitute this value for x in this equation, thus, 


FTT 
— 153* =—15— 2of 157 

+ 63x = 63 ＋ 637 

0 2280 


. > " Py ” mad 
r ago > eh < 


Q 4 Now 


— 15% *+63x—50=—1+36f—1 27 ＋ . 
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Now becauſe-f is ſuppoſed lefs than unit its 
powers. /e, , may be neglected in this appro- 
ximation; ſo that aſſuming only * two firſt 


terms we have — 1 + 36f =o, or, f=—=.027; 


30. 


ſo that x will be nearly 1.027. 

You may have a nearer value of x by con- 
ſidering, that ſeeing — 1 + 36f — 12f* 70 
it follows that 


2 FO TT, T7 (by ſubſtiruring 3 = for . 


55 
nearly 5 — 2 . O2 80g. 


30 — 12 K 6 ＋ 38 X35 — 4622 5 
$ 89. But the value of f may be corrected 
and determined more accurately by ſuppoſing 
g to be the difference betwixt its real value, and 
that which we laſt found nearly equa] to it. 
So that F . o2803 + g. Then by ſubſtituting 
this value for f in the equation 
5-127 + 36f—1 =o, it will ſtand as follows, 


I= 0,00002:0226 +0.002357g +0. 0849g +5 
—12f*=— 00942816 —0. 672728 — 12g 
+36f = 1.00908 + 36g 


— 1 r 


=0 


== 0.0c03201374+35-329037g—11-9195g*+,*=0, 
Of which the firſt two terms, neglecting the 
reſt, give 35.329637 x g = 0.0003261374, and 
— 0003261374 | | 
"IT 320045 — 9-0006092312 7. So that 
f=0.02803923127; and x =1+f= 1. 02803923127 
which is very near the true root of the equation 


that was propoſed, 3 
If 


— — — 
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If ſtill a greater degree of exactneſs is re- 


quired, ſuppole 5 equal to the difference be- 
twixt the true value of g, and that we have al- 


ready found, and proceeding as above you may 
correct the value of g. 


$ 90. For another example; let the equation 
to be reſolved be * — 2x — 5 = o, and by 


ſome of the preceding methods you diſcover one 


of the roots to be between 2 and 3. There- 


fore you ſuppoſe x = 2 + , and ſubſtituting 
this value for it, you find 


* = © 
— 0 


n 
ER 
= 1 +10f +6f* +f*; 


from which we find that 1of = 1 nearly, or 
f= 0.1. Then to correct this value, we ſup- 
pole F = 0.1 + g, and find 


F 0.001 + 0.032 . 32. + 2 
6f*= 0.06 + 1.2 g +6. g* 


— I =-—TI. 


= 0.061 +11. 232 +6. 32* +2 
ſo that g = A 27 


Then by ſuppoſing g = —.0054 + b, you 
may correct its value, and you will find that the 
root required is nearly 2.09455 147. 


= - 0.0054 


iof = 1. +10. g 1 


§ 91. 
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$ 91. It is not only one root of an equation 
that can be obtained by this method, but, by 
making uſe of the other limits, you may dif. 
cover the other roots in the ſame manner, The 
equation of & 87, K — 15x* + 6zx —50 So, 
has for its limits o, 3, 7, 50. We have already 
fopnd the leaſt root to be nearly 1.02 8039. If 
it is required to find the middle root, you pro- 
ceed in the fame manner to determine its neareſt 
limits to be 6 and 7; for 6 ſubſtituted for x 
gives a poſitive, and 7 a negative reſult, There. 
fore you may ſuppoſe x = 6 + f, and by ſub. 
ſtituting this value for x in that equation, you 


find f* + off - 9 + 4 = o, ſo that f= = 


nearly. Or ſince f = = = it is (by _ 
ituting — for f) f = — = = r, whence 
9— 2 — 605 


* 2 6 + go 5 Which value may ſtill 


be corrected as in the preceding articles. After 
the ſame manner you may approximate to the 
value of the higheſt root of the equation. 

$ 92. In all theſe operations, you will ap- 
proximate ſooner to the value of the root, if 
you take the three laſt terms of the equation, 
and extract the root of the quadratic equation 
conſiſting of theſe three terms.” 

Thus, in $ 88, inſtead of the two laſt terms 
of the equation fi — 12f* 4 36f — 1 o, if 
you 
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you take the three laſt and extract the root of the 
quadratic 127. — 367 + 1 = o, you will find 
f = 028031, which is much nearer the true 
value than what you diſcover by ſuppoſing 
367 — . 

It is obvious that this method extends to all 
equations. 


593. By aſſuming equations affected with 
general coefficients, you may, by this method, 
deduce. General Rules or Theorems for appro- 
ximating to the roots of porpoſed equations of 
whatever degree,” 


Let ffi —pf* + gf —r = 0 repreſent the equa- 
tion by which the fraction F is to be deter- 
mined, which is to be added to the limit, or 
ſubtracted from it, in order to have the near 


value of x. Then gf — 1 = 0 will give 7 - 


i 


— + 


But ſince f = 7 by ſubſtituting - for 


VIZ, 
1 17 FEED * Xr 
5 + F 
7 7 


After the ſame manner, if it is a biquadratic, 


by which f is to be determined, as“ - + f 


—rf+$s=0, then F being very little, we ſhall 
have f = 75 which value is corrected by con- 


ſidering 


f, we have this Theorem for finding f nearly, 


li Tov 
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fidering that f = ſubſtitut- 


5 
NT (by 
ing - for f) = — , whence we have 


this Theorem for all biquadratic equations, 
Joy . 
f= — s + ps*'r — gar? + © 
$ 94. Other Theorems may be deduced by 
aſſuming the three terms of the equation, and 
extracting the root of the quadratic which they 
form. 

Thus, to find the value of F in the equation 
f* —pf*f +af —r = © where f is ſuppoſed to 
be very little, we neglect the firſt term f?, and ex- 
tract the root of the quadratic r — gf + r =o, 


or of f* . e aac and we find 


2 — 
f== 4 - + = EXT 4þr nearly, 


But this 8. of * may be corrected by ſup- 
poſing it equal to , and ſubſtituting m? for f 
in the equation. —Pf* + af -r =o, which will 
give m- +gf—r=0o, and pf fr 
= 0; the reſolution of which quadratic equation 
qEVEF —apr + 4pm? 

2p 


ſ 


„very near the 


gives 5 


true value of f. 

After the ſame manner you may find like 
Theorems for the roots of biquadratic equa- 
tions, or of equations of any dimenſion whatever. 


9 95.4 
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$93. In general, let * + py" . + 
ra®—3 + Sc. + A =o repreſent an equation of 
any dimenſions x, were A is ſuppoſed to repre- 
ſent the abſolute knowr term of the equation. 
Let & repreſent the limit next leſs than any of 
the roots, and ſuppoſing x = & + f, ſubſtitute 
the powers of K + f inſtead of the powers of 


x, and there will ariſe k + f" +#p Xx £ + f""* + 
q N rx. + 7 3, Sc. + AZ Oz or 
by involution, diſpoſing the terms according to 
the dimenſions off. 
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where neglecting all the powers of F after the 
firſt two terms, you find 


_ 
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whence particular Theorems for extracting the 

roots of equations may be deduced. 
$ 96. © By this method you may diſcover 
Theorems for approximating to the roots of 
pare 
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pure powers 3 as to find the x root of any num- 
ber A; ſuppoſe & to be the neareſt leſs root in 
integers, and that & + 4 E 477 true root then 


ſhall &* + AK —— — 2 Se. = #1 


and aſſuming only the two firſt terms, 


f= ==: : of, more nearly, n the three 
aA | 


firſt terms, 
| | ** Ret q ; 
f=—= r. an (raking ==) 
nk" T*. ＋ 
. 42 8 Ah” 157 
A hb” 
—1 rn er 
* 98. r Bn Sik 2277 Raw ha 
(putting n = 4—#") = £ = : ; which 
nk" + * n 


is a rational Theorem for approximating to 8 
You may find an irrational Theorem for it, 
by aſſuming the three firſt terms * the power 


of x +, viz. k" 4 


For nk"""f + n x = Sheng — Fe þn — mz 
and en this quadratic equation, you find 
Zn 1 

7 8 


n Xn - IX 4˙72 + 
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In the application of theſe Theorems, when 
A near value of F is obtained, then adding it 


to &, ſubſtirute the aggregate in place of F in 
the formula, and you will by a new operation, 
obtain a more correct value of the root re. 


quired ; and, by thus proceeding, you may ar. 
rive at any degree of exactneſs. 


Thus to obtain the 1 0 root of 2 . fuppak 
= Is and f (S TI == = T = 0.24, 


In the ſecond place, foppols k = 1.2, and f 
will be found, by a new operation, equal to 
_ 0009921, and. confequently, V = 1.259921 
nearly. By the irrational Theorem, the ſame 
value is diſcovered for a. 


CHAP. 
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"CHA P. of a ap 
of he | Method of rr by which 


you may approximate to the roots 
of literal A eee 


1 * 


9 97. J. there” be only two enters, » end. 2, 


in the propoſed equatioh, ſuppoſe a 
equal to unit, and find the root of the numeral 


equation thatcariſes from the ſubſtitution, by 
the rules of the Jaſt, chaptef. Multiply theſe 
roots by a, and the products will give the roots 
of the ptopoſed equation |» . > 157th | ji 
Thus the roots of the. equation ** — 16 x + I 
35 = © are found, in F 84, o be 5 and 11. 3 I 
Abd therefofe the roots bf the equation | 
3 16a + 553 = o will be 3 me 1 in, 
The roots of the equation & + 4 — 24 = a 
are found by enquiring what: are the roots bf ö 
the numeral equation x3 + x 2 =o, and ſince _ 
one of theſe is 1, it follows that one of the roots 0 = 
of the propoſed. Aion is 43 the other tuo | 
are. imaginamy. wat r ln il | 
$ 98. If the equation to Sb reſolved involves 
more than two letters; as x* 4+ a*x# = 24? + a 0 
* = ©, then the value of x may be exbibited {i 
in a ſeries. having its terms compoſed of the 
d of 4 and by with A reſpective coef 
a 10 10% Ne eine; 


* 
- : - 
— - 
— , 2 {apy ere rai x. 
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ficients which will ee canverge the 1 the leß 
y is in reſped of a, i the terms are continually 
nun ile by the pemers of g., and diviged 7 
thoſe of a.” Or, « will converge the ſooner 1 

greater y is in reſpen of a, if the terms be con- 
tinually multiplied by the Powers of 4, and divided 
by thoſe of 0 Since when y is very little in 


reſpett o. of a, the terms Shs A 2 2 85 A., &e, 


decreaſe very avi, Ik y vaniſh in: reſpect 
of a, the bn m nin NN in reſpect of 


the firſt, ſince = 3 & 4. And after the 
fame manner - Þ ranihey in reſpect of the tern 
1 . 81.2 | 


A ee LNG it, e e 
ut when, y is vaſtly great In, ;reſped oh a, 


then a is vaſtly great i in reſpect of - =, and — 
— 22 ** ; 37.3 4019 10 IG 75 


85 of 73 fo, that the n 412 7 5 ; 


> Acc. in this caſe Arca very ſwiftly. In 


either caſe, the ſeries converge ſwiftly that con- 
fiſt of ſuch terms; and a few of the firſt terms 
: * give a gear value of the root required, 
9 99. If a ſeries for x is required from the 

£ 0 equation that ſhall converge the ſooner, 
- the leſs y is in reſpe& of a; to find the firlt 
term of this ſeries, we ſhall ſuppoſe 9. t0 + 


niſh z. and extracting the root of the equation 
* 


af 


Ir 


— 
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* + 0x ** = ©, conliſting of the remaining 
parts of the equation that do not vaniſh with. y, 
we find, by 8 97, that x a; which is the true 
value of x when y vaniſhes, - but is only near its 
value when y does not vaniſh, but only i is very 
little. To get a value ſtill nearer the true value 
of x, ſoppoſe the difference of à from the true 
value to be p, or that x 24 49. And ſub- 
ſtituting 2 + p in the given equation for * 
ou will find, Ki | 


CE NOT + 30 5 + rr 
T= ap _ | 
9 287 = — 232 | 

Haji =p +apy 
77 N Reag“. 


— _— ——— * . — 


Ni 


24 ＋ Tp ＋ 
e le. 


nö fine: by ſuppoſition, y and p are very 
little in reſpon of a, it follows that the terms 
4% p, a*y, where y and p are ſeparately of the NM 
kaſt dimenſions, are vaſtly: great in reſpect of I 
the reſt; ſo that, in determining a near value [| 
of p, the reſt may be neglected: and from | 
44% + a*y = o, we findp = — iy, 80 that | 
* a ＋ E A 4%, nearly. { 
Then to find a nearer value of p, and con- 1 
ſequently of x, ſuppoſe p = — iy + 9, and ſub- 
ſtituting this value for it in the laſt equation, | ii 
you will find, | 4 
IA . R 2 . ol 
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e e eee 
N 8 = 5 — 2994 + 399? | | 


5 GY 9 10h. + a9 Gs OUT 
[| ko a = 12 a*y 21 © on a 2 


| = — | 4ulov: an 


ne 277 + af? Tz 7 77 13 
. 
| 0 n 1 
| And ſince, by the ſuppoſition, q is very little 
in reſpect of p, which is nearly = = — 1, there- 
fore q will be very little in teſpect of y; and 
conſequently all the terms of the laſt equation | 
will be very little in reſpect. of theſe two, viz, 
— 4 ay*, + 44*q, where y and ꝗ are of leaſt 
dimenſions ſeparately : Peu the term 
— kay is little in reſpect of 404, becauſe y is 
very little in respect of a; 1124 it is little in 
reſpect of — 9, becauſe 4 is little in — 
of y. 
| Neglect therefoer the other terms and fup- 
poſing — 17 0 + 44˙ = o, you will have 


5 


2 2 67 * 2 ſo that S % L f * 


And by proceeding 1 in the ſame manner you will 
; 2 4 644 51 45 | 163844˙ 
"ls h 
5 100. When it is required to find a ſeries 


for that ſhall converge ſooner, the greater ) is 
| „ #0 in 


\ 


in reſpe& of any quantity a, you need only ſup- 


poſe 4. to be very little in reſpect of y, and 
proceed by the ſame reaſoning as in the laſt 
example on the ſuppoſition * 70 being * 
little. 

Thus, to find a value for æ in the equation 
* — a*x + a —y* = © that ſhall converge the 
. ſooner the greater y is in reſpect of a, ſuppoſe 
1 to vaniſh, and the remaining terms will give 
* — =0©0, or x . So that when y is vaſtly 
. it appears that x = neatly. 

But to have the value of x more accurately, 


put x + FB, then 
= „37 +300 +# 
— 4 » — — — 4 ¹ - 4 . 
+ ayx = ay*' $ayp _ 85 


** * = —_ - $56. fda 
S +8/'—ay—'p 
+ ay + ayp: 
where the terms 3y*p +a3* become valtly Seer 


than the reſt, y being vaſtly greater than a or 
7; and conſequently p = — 4a nearly. 

Again, by ſuppoſing P==38 +86 you will 
transform the laſt equation into 


— x70 375 q+ 374" = . 


4 > 7 — aq 
| — 74*q | 
where the two terms 34% — 4 muſt be vaſtly 


R 3 3 than 
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| 
- 
* 2 - = 
_ * = " - pe ww m * _ — — — — - - - I . — Is 4 
— . — . —ð — —— erp - 
4 OG OA OC I <> „ ro wee Es VOPR. TY AR Ceo um . — 
_ -” p_ — _ - = - * * be 4 4 


—  — — —A— — — 


greater than any of the reſt, a Ae vaſtly leſs 


48, 
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than; v. and 7 vaſtly: less 5 chen a, by the rn 


ntion; ſo that 327 — 4˙ 2 0, and 285 


nearly. By proceeding in this manner, you may 
correct the value of y, and An that 


8a r . 


2435 


oppoſe to be taken 15 „ of 4. 


'$ 101. In the ſolution of the firſt Example 
thoſe terms · were always compared in order to 
determine p, 9, , &c. in which y and thoſe 
quantities , q, r, &c. were ſeparately-of feweſt 
dimenſions. But in the-ſecond Example, thoſe 
terms were compared in which à and dhe guns 
tities 2, 9, 7, &c. were of leaſt dimenſions ſe- 
parately. And theſe always are the proper terms 
to be compared together, becauſe they become 
vaſtly greater than the reſt, in the reſpeCtive 
hypotheſes. 


In general; to detonate the -firſt, , or any, 
term in the. ſeries, ſuch terms of | the equation are 
0 be ,aſſumed together only, as will be found to be- 
come 2 5 greater than the other terms , that is, 
which give a value of x, which ſubſtituted for 
it in all the terms of the equation ſhall raiſe 
the dimenſions of the other terms all above, 
or all below, the dimenſions of the aſſumed 
terms, according as y is ſuppoſed to be vaſtly 
little, or vaſtly great in has. an of a. 


Thus 


Thus to determine the firſt term of a con- 
verging ſeries expreſſing the value of 3 x in the laſt 
equation * — 4% + ayx — = o, the” terws 
ayx and — 5 are not to be compared _—, 


1122 


for bey would give * = E, which ſubſticuted 


for x, the equation becomes | 
27 „ So 
vhete the firſt term is of more 8 than 
the aſſumed terms ayx, - and the ſecond! of 
fewer: ſo that the two firſt terms cannot be ne- 
glected in reſpect of the two laſt, neither when 
9.18 very great nor very: little, compared with a. 
Nor are the terms &, ayx, fit to be compared 
together in order to obtain the firſt term  # ö 
ſeries for x, for the like reaſon. 
But & may be compared with — ax, as alſo 
& with 9. for that end. Theſe two give 
the «firſt term of a feries that TOQYRr es the 
ſooner the leſs y is; as & = y* gives the firſt 
term of a ſeries that converges the ſooner the 
greater y is. The laſt ſeries was given in oy 
preceding article. The com paring x* with — 


| 
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— 
% ——— ?xrꝛ225.. — c a 


— VW 


| | 

4 

gives theſe two I bs FF I 
” : 8 | 
of — Go — 27 — &c. 1 
iy 15 + 195 128 i 

3% 609 | 

+ 7 + +2 125 = + 255 1284? 9 

The co comparing — a with — gives | i 
| 3 + 5 i 

== See tf gc i 

a a a 7. 8 1 


— 
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And theſe fries give three valves of x when 

» is very little; the laſt of which is itſelf alſo 

very little in that caſe, as it appears indeed from 

the equation, that when y vaniſhes, the three ya. 

" Ives of x become 4 4, —s, and o, Peru 

when y vaniſhes, the equation becomes x? 412 
= 0, whoſe 1995s are 4. — 4, O. 


8 102. It appears ſufficiently from what we 
have ſaid, that when an equation is propoſed in- 
-9 " Ln x-and y, and the value of is required 

in a converging ſeries, the difficulty of finding 
the firſt term of the ſeries is reduced to this; 
* to find what terms aſſumed in order to deter- 

mine a value of x expreſſed in ſome dimenſions 

of y and a will give ſuch a value of it, as ſub. 
ſtituted for it in the other terms will make them 

all of more dimenſions of , or all of leſs di- 
IN menſions of y than thoſe aſſumed terms.” 


To determine this, draw BA and AC at right | 
angles to each other, complete the parallelo- 
gram ABCD and divide it into equal ſquares, 
as in the figure. In theſe ſquares place the 
powers of x from A towards C, and the powers 
of y from A towards B, and in any other ſquare 
place that power of x that is directly below it in 
the line AC, and that power of y that is in a 
parallel with it in the line AB; ſo that the in- 
dex of x in any ſquare may expreſs its diſtance 
from the line AB, and the index of y in any 

ſquare 
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ſquare may expreſs its diſtance from the line 
"AC. Of this ſquare we are to oblerve, 
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1. That the terms are not only in geome- : 
trical progreſſion in the vertical column AB, or 
the horizontal AC, and their parallels; but al- 
ſo in the terms taken in any oblique ſtraight 
line whatever; for in any ſuch term it is ma- 
niteſt that the indices of y and x will be in arith- 
metical progreſſion, The indices of y, becauſe 
/ thoſe terms will remove equally from the line 
AC, or approach equally to it, and the indices 


of 


A HDF Partly 


of 2,40 any pen ec are 2s their diſtance 

rom Tong line AC. The indices of will ald 
be in arithmetical progreſſion, becauſe theſe'term; 
equally, remove from, or approach to the line 
AB. Thus for example, in the terms „, 5 


„K“, ya), the | indices- of * decreaſing by the 


common difference 2, while the indices of x in- 


creaſe in the progreſſion of the natural num. 
bers, the common ratio of the terms is os It 
9 3 8 _— = PR * ; . , Is e y 


follows, 


2. From the laſt obſeryation, that © if any 
two terms be ſuppoſed equal, then all the terms 
in the ſame ſtraight line with theſe terms, vill be 
equal ;“ becauſe. by ſuppoling theſe two terms 
equa], the common ratio is ſuppoſed to be aa. 
tio of equality; and from this it follows, that 
if you ſubſtitute every where for x the value 
that ariſes for it by ſuppoſing any two terms 
equal, expreſſed in the powers of y, the dimen- 
ſions of y in all the terms that are found in the 
ame ſtraight line will be equal” but “the di- 
menſions of y in the terms above that, line will 
be greater than in thoſe in that line;“ and 
<« the dimenſions of y in the terms below the ſaid 
line will be % than its dimenſions in that line.” 
Thus, by ſuppoſing y' = y #*, we find x =), 
or x = y*;' and ſubſtituting this value for x 
in all the ſquares, the dimenſions of y in the 
terms 57, y*x, „*, y, which are all found in 

| | the 
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the ſame ſtraighf line, will be 7, but the di- 
menſions in all the terms above that line will 
be more than 7, and in all the terms below that 
line will be leſs than 7. | 

4103. From theſe two obſervations we may 
eaſily find a method for diſcovering what terms 
ought to be aſſumed from an equation in order 
to give a value for æ which ſhall make the other 
terms all of bigber, or all of lower dimenſions 
of y than the aſſumed terms: viz. © after all 
the terms of the equation are ranged in their 
proper ſquares (by the laſt article) ſuch terms 
ate to be aſſumed as lie in q ſtraight line, ſo that 
the other terms either lie all above the ſtraight 
line, or fall all below it.“ | x 

For example, ſuppoſe the equation propoſed is 
* —ay*x + y*x* + a*'yx* — ax* =o, then mark- 


ing with an aſteriſk the ſquares in the laſt ar- 


ticle which contain the ſame dimenſions of x and 
y as the terms in the equation, imagine a ruler 
ZE to revolve about the firſt ſquare marked 
at y', and as it moves from A towards C, it 
will firſt meet the term ay x, and while the 
ruler joins theſe two terms, all the other terms 
he above it: from which you infer, that by ſup- 
poling theſe terms equal, you ſhall obtain a va- 
lue of x, which ſubſtituted for it, will give all 
the other-terms of higher dimenſions of y, than 
thoſe terms: and hence we conclude that the 
value of x deduced from ſuppoſing theſe terms, 

equal, 


„ 


. 
: 
- 
„7 —2U“ëẽ el „„ — — ——- K ð * K eres re og te ‚—H—Up' D¹ui2ñ . —— — — — —— — —— 
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8 Viz. zL is the firſt term of a ſeries that 
will con verge the ſooner the leſs y is in reſpect 
of a. 
I the ruler be made to revolve about the {ame 
ſquare the contrary way from D towards C, it 
will firſt meet the term y, and by ſuppoſing 
9 ＋ * = o, we find y = x, which gives the 
firſt term of a ſeries for x, that converges the 
ſooner the greater that y is. And this is the ce- 
Jebrated Rule invented by Sir Tac Newton for 
© this purpoſe. 
$ 204. This Rule may be extended to equa-. 
tions having terms that involve powers of x and 
y with frafional or ſurd indices z © by taking 
diſtances from A in the lines AC and AB pro- 
portional to theſe fraftions and ſurds,” and 
thence determining the ſituation of the terms 
_of the 8 equation in the parallelogram 
ABCD. | 
It is to be obſerved alſo, that when the line 
joining any two terms has all the other terme 
on one fide of it, by them you may find the fiſt 
term of a converging ſeries for x, and thus 
various ſuch feries can be deduced from the 
ſame equation,” As, in the laſt Example, the 
line joining y* x and yæ has all the terms above 
My and therefore ſuppoſing — ah + a 71 o, 


| 


— 


r 


r 


— = . = —— We . 
as #-* het a ab e 
- 


we find x = — and x = 21, which is the firſt 
WEE” 


ter vel 
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term of another converging ſeries for x. Again, 
the ſtraight line] joining q and x* has all the 


other terms above it, and therefore, ſuppoſing | 


a 7 ar =o, we find ay = =" and x u. , 
the lirſt term of another ſeries for x, converging 
alſo the ſooner the leſs y is. There are two 
"ſeries converging the ſooner the greater 7 is, to 
be deduced from ſuppoſing )* = — , or 
* Sat“. And, to find all theſe ſeries, de- 
ſeribe a pohgen Zabed, having a term of the 
equation in each of its angles, and including all 

the other terms within it, then a ſeries may be 
found for x, by. ſuppoſing any two terms equal 
that are placed 1 in any two adjacent angles of the 


polygon,” 

8 105. If the ruler ZE be made to move 
parallel to itſelf, all the terms Which it will 
touch at once will be of the ſame dimenſions of 


y: for they will bear the ſame proportion to one 


another as the terms in the line ZE themſelves. 

The terms which the Ruler will touch firſt will 

have fewer dimenſions of y, than thoſe it touches 
afterwards in the progreſs of its motion, if it 
moves towards D; but more dimenſions than 
they, if it moves towards A. The terms in the 
ſtraight line ZE, ſerve to determine the firſt 
term of the converging ſeries required. Theſe 
with the terms it touches afterwards ſerve to 
derermine the ſucceeding terms of the converg- 


ing 
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ing ſeries; all the reſt vaniſhing compared with 
theſe, when y is very little and the ruler moves 


from A towards D, or when y is vaſtly great 


and the ruler moves from D towards A 

8 106. The ſame Author gives another me. 
thod for diſcovering, the firſt term of a ſeries 
that ſhall converge the ſooner the leſs y iz, 
« Suppoſe the term where y is ſeparately of 


feweſt dimenſions to be Dy; compare it ſuccef- 


fively with the over terms, as with Ey" x", and 


obſerve WES — is found e z and en | 


ting - = , Ay" will be the firſt term of a 
TO ch at mall converge * the ſooner the leſs y is 


for in that caſe Dy and Ey“ will be wok 


greater than any other terms of the propoſed 
equation. Suppoſe By * is any I. term of 


the equation, mn -74 the Kuppoſition, — . <> '=1) 


is greater than =< —, and conſequently, multi- 


plying by k, you find nk greater than J e, and 
nk + e greater than I; now if for x you ſubſtitute 
Ay”, then B = EA , which heiefore will 
vaniſh compared with Dy! (ſince ax e is greater 
than I) when y is infinitely little. Thus there- 
fore all the terms will vaniſh compared with 


Dy“ and Ey“ which are ſuppoſed equal; and 


conſequently they will give the firſt term of a 
| leries that will converge the ſooner the leſs y 1s. 


§ 107» 
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x 
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x 107. if you obſerve « when © 


is found 


leaft of all, and ſuppoſe it equal to u, then will 


19 


Ay" 1 be the firſt term of 4 ſeries that Will con- 
yer e the ſooner the greater y is.” For in that 


caſe Dy and E 12 will be infinitely greater than 
7 5 becauſe — (= n) being Jeſs than 8 


it follows that ak i is Teſs than / —6, and uE + elefs 
an I, and conſequently F I, (= 2 
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wah leſs than Dy. > when is very great. 


After the ſame manner, if you compare any 


teriw Dy/x*, where both x and y are found, 
with all the other terms, and obſerve where 


Lon "is found erung of leaſt; a0 ſuppoſe 


102 


. =, thi may Hy" be thi firſt term of a 


+333 YilgiiicÞ 5 


converging ſeries, Fo "ar ſuppoling that 955 
any other term of the equation, if“ FIT > (= 5 


is greater chan 2 ab — then (halt nk — nb be 


greater than "Ry and kA egreater than / + nb. 
| But nk + e are the dimenſions of in Fy*x* when 

* 2 Ay x and + nh are the dimenſions of y in 
Fm therefore Fy*x* is of more dimenſions of y 


than Ey"x", and therefore vaniſhes compared to 
ir when y is ſuppoſed infinitely little. bh the 


þ 
— 4 is leſs than - 


N 7 then 


ſame manner, i ——— 


will 
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— — x — - — een — 
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vin Ey“ be infinitely greater than WA 175 when 
5 is infinite 
$ 108, When the ket tetin ( of the fe. 
ries is found by the preceding method, then by 
| ſuppoſing * = Ay" + p, and ſubſtituting this bi. 
nomial and its powers for & and its powers, 
there will ariſe an equation for determining 
the ſecond term of the ſeries. This new equa- 
tion may be treated in the ſame manner as the 
equation of x, and by the Rule of 8 103, the 
terms that are to be compared in order to ob. 
tain a near value of p, may be diſcovered; by 
- means of which terms p may be found : which 


ſuppoſe equal to By*”, then by ſuppoſing 


P HHN A, the equation may be trans- 

formed into one for determining 9 the third 
- term of the ſeries, and by protreding in the 
ſame manner you may determine a8 | many t terms 


of the ſeries as you pleaſe; finding x = Ay" + 
By #7 + Cy" #2 I Dy e where the di- 
menſions of q aſcend or deſcend according. as 7 
is poſitive or negative; and always i arith- 
metical progreſſion, that this value of & being 
ſubſtituted for it in the propoſed equation, the 
terms involving y and its powers may fall in 
with one another, ſo that more” than one may 
always involve the ſame dimenſion of y, which 
may mutually deftroy each other and make the 
Whole equation vaniſh, as it ought to do. 


It 
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It is obvious that as the ditnenſions of y in 


TN, Dye, &c. are in an 


arithmetical progreſſion whoſe difference is , 
the ſquare, cube, or any power 5 of Ay" + 


BY T" + Cy" T2? ＋ Dy" F 3” 4 Sc. will conſiſt of 
terms wherein the dimenſions of y will conſtitute 
an arithmetical progreſſion having the ſame com- 


mon difference r; for theſe dimenſions will be 


51, 50 + r, In + 27. 5n + zr, &c. Therefore, 


if in any term .Ey"x* you ſubſtitute for x the 
ſeries Ay" + „* + Cy t7 + Dy" +3 &c. 


the terms of the ſeries exprefling Ey"x* will 


conſiſt of theſe dimenſions of , vis. m + u, 


n nA r, m + 5n + ar, m + 5n + 3r, &c. 1 
by a like ſubſtitution in any other term as Fy*x*, 


© dimenſions of y will be e + uk, e+nk+r, 
e+nk +2r, e+ nk + gr, &c. The former ſe- 


ries of indices mult coincide with the latter ſeries, 


that the terms in which they are found may be 


compared together, and be found equal with 
oppoſite ſigns ſo as to deſtroy « one another, and 


make the whole equation vaniſh. 


The firſt ſeries conſiſts of terms ariſing by 
adding ſorne multiple of 7 to m + In, the latter 
by adding ſome multiple of r toe + ]; and that 
theſe may coincide, ſome multiple of r added 

to m + 5# muſt bz equal to ſome other multiple 
of added. to e + nk. From which it appears 
that the difference of n T ande ak is always 


8 a2 mul- 


* 
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a multiple of r; and conſequently that r is 4 
diviſor of the difference * dimenſions of y in 
the terms Ey"x* and Fy*s", ſuppoſing x = 4". 
It follows therefore © that 7 is a common diviſor 
of the differences of the dimenſions of, y in the 
terms of the equation, when you have ſubſti- 
tuted Ay" for x in all the terms.” And if r be 
alſumed. equal to the great common diviſor 
(excepting ſome caſes afterward to be mentioned) 
you will have the true form of a ſeries for x. 
And now the dimenſions 5˙% y* , an tel, 
y* +3” &c. being known, there Nena «ah; 
by calculation, to determine. the general eo- 
efficients A, B, C, D, &c. in order to find 
the ſeries Ay" + By" +” + n D 
&c. x. | 


§ 109. This leads us to Sir [aac Newton's 
ſecond general method of ſeries z which conſiſts 
in aſſuming a ſeries with undetermined coeffici- 
ents expreſſing x, as Ay” + By* F” + Cy" TY + 
&c. where A, B, C, &c. are ſuppoſed as yet 
unknown, but z and r are diſcovered by what we 
have already demonſtrated; and ſubſtituting this 
every where for x, you muſt ſuppoſe, in the 
new equation that ariſes, the fum of all the 
terms that involve the ſame dimenſions of y to 
vaniſh, by which means you will obtain particu- 
lar equations, the fr/# of which will give 4, 
the ſecond B, the third C, &c. and theſe values 
; | being 
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B, C, &c. the ſeries for x will a obtained as 
far as you pleaſe, 


Let us apply, for example, this method to 
' the equation (of F 98) x + A= 245 + ayx - 
= 0. Suppoſe it is required to find a ſeries 
converging the ſooner the leſs y is: its firſt 


term (by § 99 or 102) is found to be a, fo 


that » =o. Subſtitute @ for x in the equation, 
and the terms become a & 4 — 24 + a*'y — y*, 


and the differences of the indices are o, 1, 2, 33 
whoſe greateſt common meaſure is 1, ſo that 


r=1. Aſſume therefore x = 4 + By + Cy" 


4 Dy, &c. and ſubſtitute this ſeries for x in 
the equation. Then 


* = 4) + 3 4'By + 3AB*'y* + BVM c. 


+ 234 Cy* +$3A Dy +&c. 

+ 64BCy + &c, 

Ta =&A+@&By + &f Cy + df Dy? +&c. 
+ ayx = aAy + aByY* + aDy* +&c. 


— 245 = 24 


/. ˙ · nf ew RPG 


Now ſince x + a*x + ayx =- 24 =» o, it 
follows that the ſum of theſe ſeries involving y 
muſt vaniſh, But that cannot be if the coef— 
ficient of every particular term does not vaniſh, 
For every term where y is infinitely little, is in- 


finitely greater than the following terms, ſo that 


S 2 if 
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being ſubſtituted in the aNumed ſeries for A, 
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5 quently C = 877 And, by n in the 
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if every term does not vaniſh of itſelf, the ad- 
dition or ſubttaction of the following terms 
which are infinitely leſs than i It, or of the pre- 


ceding terms which are infinitely greater, can- 


not deſtroy it; and therefore the whole cannot 
vaniſh, It appears therefore that 4* + a* 4 — 
24 So, is an equation for determining A, and 
gives A = & 

In order to determine B, you muſt ſuppoſe 
the ſum of the coefficients affecting y to vaniſh, 
Viz. 34B T4 +24 X y = ©, or, ſince Aga, 

I | 


40 By + a*y = ©, and B — . 


4 

To determine C, in the ſame manner ſup- 
poſe 24B*y* + 3A*Cy* + a*Cy* + aBy* = o, or, 
ſubſticuting for 4 and B their values already 


found, _ 15 40 — * = O, and conſe. 


130 
5120 
4 11 * + es * &. as we found before 
in § 99. 

$ x10. By this method you may transfer ſe- 
ries from one undetermined quantity to another, 
and obtain Theorems for the reverſien of ſeries, 

. Suppole that x = ay + by* + cy? + dy* c. 
and it is required to expreſs y by a ſeries con- 


ſame manner, 22 ſo that x 4 15 


fiſting of the powers of x. It is obvious that 


when 
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when x is very little, y is alſo very little, and 
that in order to determine the firſt term of the 
ſeries, you need only aſſume x = ay, And there- 


fore y = = ſo that à . By ſubſtituting — _ 


for y, you find the dimenſions of & in the 11150 
will be rx, 2, 3, 4, &c. ſo that r = 1 alſo. 
You may therefore aſſume y = Ax + Bax? + 
Cx + Dx* + &c. And by the ſubſtitution of 
this value of J you will find 


ay = : GAx+aBo* + aCs + Ge. 


$44 bA x* +2b ABY + - / 
4 * CA*x* + Sc. 
Se. N n Se. 


_ the firſt term- n already found to be 
— you have A= — —; and ſince aB + A. So, 


it follows that B = — 2. After the ſame 


.... 


a* 


1=S=7 n 7 * + Sc. 


§ 111. Suppoſe again you have ax + bx* + 
cx) + dx! + Sc. =gy + by* + iy* + ky* Sc. to 
find æ in terms of y. You will eaſily ſee, by 
$ 103, that the firſt term of the ſeries for x 


Is =, that 1 = 1, 1 1. Therefore aſſume 


* Ay + By + Cy Sc. and by ſubſtituting 
8 3 this 
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this value for x and bringing all the terms to 
one ſide, you will have 


ax =aAy + aBy* + aCy + He. 


e + 2bABy + Se. 
Cx? IS c + Se. 
Se. Ec. 
— 0 9 


—by = .* 2 — * 
— 1 = 0 — iy 


Ec. | | | Sc. 
From whence we ſee, firſt, that 424 g, and 
42 = 25. That ag ＋ 54 — U =o, and 


1K. 3˙. That C 2A —i=0, 


and therefore C= —2 — — — And thus the 


three firſt terms of the ſeries Ay + B * + Cy Se. 


are known“. 


58112. Before we conclude it remains to clear 
a difficulty in this method that has embarraſſed 
ſome late ingenious writers, concerning “ the 
value of r to be aſſumed when two or more of 
the values of the firſt term of a ſeries for ex- 
preſſing x are found equal;”. a correction of 
the preceding Rule being neceſſary in that caſe. 
And the author, of that correction having only 
collected it from experience, and. given it us 


„ See Mr. Dy Moi vre, in Phil, Tranſi 20. 
with 
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vithout proof, it is the more neceſſary to de- 
monſtrate it here. 


It is to be obſerved then, that in order that the 
ſeries 4) + By + Cy" t + Dy" +I Oc. 


may expreſs x, it is not only neceſſary that when 


it is ſubſtituted for , in the propoſed equation 
Dy' + Ey"x* + Fy* x* = o, the indices m + ns, 

m TuS Ar, + ns + 2r, &c. ſhould fall in with 
the indices e + n, e+nk+r, e+ nk + 2r, &c. 
in order that the terms may be compared toge- 
ther to determine the coefficients 4, B, C, &c. 
but it is alſo neceſſary, that in the particular 
equations for determining any of thoſe coeffi- 
cients, as B for example, thoſe terms that in- 
volve B ſhould not deſtroy each other. Thus 
the equation 34.5 — 34.5 — aA = o can never 
determine B, becauſe 34 5 — 34.53 = o, and 
thus B exterminates itſelf out of the equation; 
beſides the contradiction ariſing from — 4A = o, 
when A perhaps has been determined already to 
be equal to ſome real quantity. 


In order to know how to evite this abſur- 
. ity, let us ſuppoſe that the firſt order of terms 
in the propoſed equation are, as before, Dy, 
Ey“x', &c. and if Ay" is found to be the firſt 
term of a ſeries for x, then the dimenſions of 
y in the firſt order of terms, ariſing by ſubſti- 
tuting in them Ay” for x, will be m + u, and 
the dimenſions of y ariſing by ſuoſticuring 


. Ay" 


— ww 


* 
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Ay" + By" CY &c. for x will be m4 
m+ns +r,m+n$+2r,&c. Suppoſe that Fy*xt 
is the next order of terms and, by the ſame 
ſubſtirution, the dimenſions of 7 ariſing from 
it will be 


(becauſe H * — Hex Ay & r + Cy += I 
Z kFEBA*CyFOETI &e.) e+nh, 
e+nk+r,e+nk + 2r, &c. Now it is plain, 
that e + ut muſt coincide with ſome of the 
dimenſions mm + ns, m +ns +7, m + ns + 2r, &c. 
that the terms involving them may be compared 
together. And therefore, as we obſerved in 
$ 108, r muſt be the difference of e + uf and 
m + ns, or ſome diviſor of that difference. In 
general, r muſt be aſſumed ſuch a diviſor of that 
difference as may allow not only e + u to 
coincide with ſome one of the ſeries m + 15 
m TN Ar, m +18 + 27, &c. but as may make 
all the indices of the other orders beſides e + nk 
like wiſe to coincide with one of that ſeries; 
that is, if Gy Tx“ is another term in the equa- 
tion, 1 muſt uf ſo aſſumed that the ſeries f + nh, 

f + 75 Tr, f + nh + 2r, &c. ariſing by ſub- 

ſtitutiog in it 4 + By*T" + Cy" T*" &c. for x, 
may coincide ſomewhere with the firit ſeries 
m + ns m+ns+r, m+ ns + 27, &c. And 
therefore we ſaid, in $108, “that 7 muſt be aſ- 
ſumed ſo as to be equal to ſome common diviſor 
of the differences of the indices 4 18, e uk, 
ub, which ariſe in the propoſed equate 
J 
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by ſubſtituting in it for x the firſt term already 


known Ayl.“ For by aſſuming r equal to a com- 
mon diviſor of theſe differences, the three ſeries 


m+ns,m+ns+r,m4ns+2r,Mm+15 zr, &c. 
e +nk,eank+r,e+ nk+2r,e+nk+3gr,&c. 
f + nh, f+nh+r,f+nb+2r, f + nh + gr,&c. 


will coincide with one another, ſince ſome mul- 
tiples of r added to my + , will give e + t and 
all that follow it in the Jecond ſeries, and ſome 
multiples of added to m + 2s will alſo give 
f + nb and all that follow it in the zhird ſeries. 
It is alſo obvious, that, if no particular reaſon 
hinder it, r ought to be aſſumed equal to the 
greateſt common meaſure of theſe differences, 
For example, if the indices m + 25, 'e + nk, 
f + nb, happen to be in arithmetical progreſſion, 
then 7 ought to be aſſumed equal to the com- 
mon difference of the terms, and the firſt of 
the ſecond ſeries will coincide with the ſecond of 
the firſt, and the firſt of the third ſeries, will co- 
incide with the ſecond of the ſecond ſeries, and 
with the third of the firſt, and ſo on. 


$ 113. Theſe things being well underſtood, 
we are next to obſerve that after you have ſub- 


firſt order of terms in the equation, the terms 
that involve m + u, dimenſions of y will deſtroy 


one another; for x — 4y* muſt be a diviſor of 
| the 


ſtituted Ay* + By" T" + Cy" tz &c. for x in the 


1 — — 
— x _ ak — R . 1 — ©. bi” s : 1 
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the aggregate of theſe terms, fince they give 


Ay“ as one value of x : let x — Ay" P repreſent 
that aggregate, and, ſubſtituting for & its value 


Ay" + By" 7+ Cy" ©" &c- that aggregate be 


comes Ay" + By* *” + Cy" © &c. — AP 


SB + Cy" &c. P. Now the loweſt 


_ dimenſion in x — Ay" x P was ſuppoſed to be 
m + 45, whence the dimenſion of P, in the ſame 
terms, will be m + A- n, and the loweſt dimen. 


fon in By" . Cy"+ * ＋ Oc. P will be n+ x 
+ m + ns —n=# + ns + r, Suppoſe again that 
| #200 values of x, determined from the firſt order 


'of terms, are equal, and then * Ay"V will be 


a diviſor of that aggregate of the firſt order of 


terms. Suppoſe that aggregate now x — Ay") P, 
which by ſubſtitution of 4y"+ r . 


for x will become By" +rþ Cy" tr +666 
in which the loweſt term will now be of m "ps 7 
dimenſions, fince in x Ay x P the loweſt 
term is ſuppoſed of m + ns dimenſions ; and 
conſequently, in theſe terms, the ons of 
P itlelf is w + 15 — 2. | 

1, general, if the number of — ks of x ſup- 


poſed equal to Ay” be p, then muſt x — Abe 


a diviſor of the aggregate of the terms of the firſt 


order. And that aggregate being expreſſed by 


&— Ay")? X P, in the loweſt terms, the dimen- 
ſions 
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fons of yin P will be m + »s — pn, that in 
y— A 7 * they may be m + 25, as we always ſup- 
pole. Subſtitute in Xx — Ay"* X* P for x — 4 
its value By” I + Cy" Y + Sc. and in the 
refult By*+" + Cy"T ® + Sc. P the loweſt 
dimenſions of y will be py + pr + m + ns — pn 
nN Ae. 

$ 114. From what has been ſaid we conclude 


order of terms of the equation propoſed the 
ſeries Ay* + By* T + Cy*+® Sc. the firſt 
term of which Ay” is known, and the valyes of 
x whoſe number is p are found equal, then the 
terms ariſing that involve m.+ u, mM + 15 + ro 
'm+ ns + 27, &c. till you come to m + u + pr, 
will deſtroy each other and vaniſh ; ſo that the 
firſt term with which the terms of the ſecond or- 
der e + nk can be compared muſt be that which 
involves m + ws + pr; and therefore ſuppoſing 


e+nk =m+ 05 + Pr, 9 1 2 *the 
higheſt value you can give r muſt be the difference 
of e + ut and m + , divided by p the number of 
equal values of the firſt term of the ſeries.” 
If this value of r is a common meaſure of all 
the differences of the indices, then is it a juſt 
value of x; but if it is not, ſuch a value of 7 
muſt be aſſumed, as may meaſure this and all 
the differences; that is, “ ſuch a value as may 


be 
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that when you have ſubſtituted for x in the firſt. 
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be the greateſt common meaſure of the leaſt gif. 
ference divided by p (viz. FEI) 100 
of the common meaſure of all the differences,” 
For thus the. indices mm + ns, m+ns +7, m4 n; 
+ 27, &c. will coincide with e + ak, e + nk 4 r, 
＋ uk + 27, &c. and with f + ub, 71254. 
FTT 2r, &c. and you ſhall always have terms 


to be compared together ſufficient to determine 


B, C, D, &c. the general coefficients of the 
ſeries aſſumed for x. 


\ I 115. To all this it may be added, that if 

x — Ay be a diviſor of the aggregate of the 
terms of the ſecond order Fy*x*, &c. then, by 
ſubſtituting for x the ſeries Ay" + By” cyl 
+ Ec. there vaniſh not only as many terms of the 
ſeries involving m + ns, m+ns+r, m+ ns +21 
&c. as there are equal values of the firſt term 
Ay'; but the terms involving e + u dimenſions 
of y vaniſh alſo; and therefore it is then only ne- 
ceſſary that e + nk + 7 coincide with #m + ns + pr, 


ſo that, in that caſe, you need only take 
e + nk — m — ns 


7 = — gere And if & — 49 be a 
diviſor of the aggregate of the ſecond order 


of terms, then the terms after ſubſtituting for 
x the ſeries Ay" + By* +” + Cy &c. ) which in- 
volve e+nke+nk+r,e+nk+ nk + 27, &c. will va- 
niſh to the term e + nk +p—1Xr; . 
| UP» 


*. 


ſoppoling e + nk + Þ— I X77 = + 15 + Pr, you 
have rg e + #k —m— 3s, that is, to the leaſt dif- 
ference of the indices m + #s, e + nk, f + nh, &c. 


many values of the firſt term of the ſeries equal 
as there are units in g. Or, if that does not 
happen, 1 muſt be taken, as formerly, equal 
to the greateſt common meaſure of the diffe- 
rences. | 


e P, the ſecond by æ — Ay" x 9, the 
third by x — Ay x L, &c. and ſuppoſe that 


of y, the loweſt term that will remain in the fe- 
cond will be of e + n + gr, and the loweſt term 
remaining in the third of f + 2h + lr dimenſions 


terms x — * x P, the loweſt dimenſions of 
y are mn + 7s + pr, we ſhall find that, in the ſub- 
lequent orders, the loweſt dimenſions of y in the 
terms x— Ag") x = BH Cy Nc x © 

— CO muſt 


provided that difference be a meaſure of the 
other differences; although there may be as- 


F 116. Suppoſe that the orders of terms of 
the equation can be expreſſed the irt by 


Zyꝰx is one of the firſt, Fy*x* one of the ſecond; 
EL“ one of the third, and ſo on: then it is 
plain that, ſubſtituting for » the ſeries Ay” + 


By" + + Cy" T?” &c. the loweſt term that will | 
remain in the firſt will be zz + ns + pr dimenſions 


of y. For by the ſame reaſoning as we uſed, in 
F113, to demonſtrate that, in the firſt order of 
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muſt be e + nk — gn + gn +9r= e+ n+ gr 
and fo of the other terms x = Ay" L the 
loweſt dimenſions muſt be f + nb + br. The 
indices, therefore of the n Give do not Vas 
niſh NEW | 


em + ark an. Wine 
3 3 % e+nk+qr, + 
e ee 


if v be taken equal to — 3 — —, then will 


— 


m pr ande uk + gr coincide: and if at 
the ſame time ᷑ be a diviſor of f + 7h — 1m ns, 
and be found in it a number of times' greater 
than p -I, or if 7 be les than L Et 
then 7 will be rightly aſſumed. In general, © take 

all the quotients — == — — 2 = S _— | 
and either the leaſt of theſe, or a number whoſe. 
denominator, exceeding p — q by an integer, 
meaſures it and all the differences f + nh — 
m — 1s, gives 7;” ſuppoſing p, q, and ! inte- 
gers. But if p, 4, and / are fractions, you are to 


e take 7 ſo that it enen to _ 8 


7 
n : 


— and ſo that ; and M may be 


integers,” Suppoſe, for example, m + ns =>, 


2 = 
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Ak, q=Szf+nb 
g: then putting ——— — — r= 
q+nt—m—ns 2 Lf + nb=m—ns 2 
PEE ITE pot = 7+ 3P 


M= — ＋ K; whence it is eaſily ſeen that 5 

and 11 are the leaſt integers that can be aſſumed 
WY WED RY ns 

for K and M. And that r = TTT = 5 and 


therefore 1m+15+ pr = 2, e+ nk + ar = 725 and 


| nber. That is, the terms of the firſt 


ſeries whoſe dimenſions are m + us p + > FK x r, 


m4ns+p+Mxr fall in with the firſt terms 
of the ſecond and third ſeries reſpectively *. 


* See on this ſubject, Ce//on. Epiſt. in Animady. D. 


Meivrei. Taylor Meth. Incr, Stirling Lin. iii. Ord. 
Er de Append, Elem. —ͤ— S/ewart on the 
Quadrature of Curves, 
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CHAP. Xl. 


Of the Rules for As the num- 
ber of impoſſible Roots in an 
equation. | 


I 117. HE number of Fey roots i in 
an equation 5 73 for moſt part, 
| | be found by this 
| | EN BY RULE. 


8 Wri rite 5 a ſeries of frattions wieh þ MENT 
nators are the numbers in this progreſſion 1, 
2, 3» 4, 5, &c. continued to the number which 
expreſſes the dimenſi on of the equation. Di- 
| vide every frafiion in the ſeries by that which 
precedes it, and piace . the quotients in order 
| over the middle terms of the equation. And 
if the ſquare of any term multiplied into the 
2 fractien that ſtands over it gives a product 
| ; greater than the reftangle of the tuo adjacent 
| terms, write under the term the ſign +, but if 
that proguft is not greater than the reflangle, 
| write —; and the ſigns under the extreme 
| terms being +, there will be as many ima- 
| ginary rools. as there are changes of the 
figns from + to —, and from — o +. 
— Thus 
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. Thus, the given equation being 2? + px* + 
30˙ — q = ©, I divide the ſecond fraction of 


the ſeries =, 5 —, by the firſt, and the third 


by the ſecond, 24 b the quotients D and = 
over the middle 1 in this manner; 


1 + 54 + 32x —q=0. 

1— 4 1 
Then becauſe the ſquare of the ſecond term 
e into the fraction that ſtands over it, 


that is, be * p*x* is leſs than 3 **. the rectan- 


gle under the firſt and third terms, I place 
** the ſecond term the ſign — : but as 


Y * op*x* (= 3 N) the ſquare of he third 


term multiplied into its fraction is greater than 
nothing, and conſequently much greater than 
— pqx* the negative product of the adjoining 
terms, I write under the third term the ſign 
+. I write + likewiſe under * and — q the 
firſt and laſt terms, and finding in the ſigns 
thus marked two changes, one from + to —, 


and another from — to +, I conclude the equa- 


tion has two impoſſible roots. 
In like manner the equation x? 4* + 4x — 
6 = © has two impoſſible roots; 
'F I : 
* — 4x* + 4x — 6 03 
WW 


T | and 


"7 


* 
——___—__ Ry 
IT 
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add the equation ws — 6x" — 3#—2 So the 
— number . 


For the ſeries of fractions E, 2. 2 2 yields, 


by dividing them a8 the Rule directs, the fractions 
8 8. $4. 2 to be placed. over the terms. Then 


the > cg of the fecond term, :which is nau bing, 
multiplied by the fraction over it being Null 
nothing and yet Breater than — 6* the negative 
product of the athacent terms, 1 write under 
oy the term * is wanting, the ſign +, and 
proceeding as in the former examples, I con- 
clude, from the two changes that happen i in the 
ferres + T f — +, that the Equation has two 
0 of its roots impoſlible. 1 
The ſame way we diſcover two impoſſible 
roots in che equation hte 
9 a „ 4 28 
4. + 4 2 6 4 8 0. 
th: + py * 1 


8 When two or more terins are wanting in the 
equation, under the firſt of ſuch terms place the 
ſign —, under the ſecond +, under the third 

—, and ſo on alternately ; only when the two 


terms to the right and left of the deficient terms 
J have 
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have contraty ſigns, you are always to wtite the 
ſign + under the laſt deficient term. 
As in the equations 


+ 2 L A +0 =0 
+ +=+- + 
x" T —a"=0 
+ +=++ +. 


the firſt of which has four impoſſible roots, ang | 9 
the other /wo. Thus likewiſe the equation 


1 
5 3 3 18 
7 * | T, TT 4 
Hart T 3 2K &KfK· * *# 32 0 . 


has fx impoſſible roots. 


Hence too we may diſcover if the imaginary * 
foots lie hid among the affirmative, ot among 
the negative roots. For the figns of the terms 
which ſtand over the ſigns below that change 
from + to — and = to +, ſhew, by the num- 
ber of their variations, how many of the impol- 
fible roots are to be reckoned affirmative ; and 
that there are as many negative imaginary roots 


as there are repetitions of the ſame ſign. As 
in the equation 


* — 4 ＋ 4 —2x* —5x—4=0 
7 nie rats £80 tn ns x 
the ſigns (— +, ) of the terms — 4xt + 4 
ax which ſtand over the ſigns + = + point- 
1 2 ing 


— :. ——ñ — —ͤ̃ —X—̃ — 
— 
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ing out two affirmative roots“, we infer that 
two impoſſible roots lie among the affirmative: 
and the three changes of the ſigns in the equa- 
tion (+ — + — — ) giving three affirmative 


roots and two negative, the five roots will be 
one real affirmative, two negative, and two ima- 


ginary affirmatives. If the equation had been 


a 4. 4 — 25 — 5x —4 = 

T T Sg. 5. » 
the terms — 4x* — 4x* that ſtand over the firſt 
variation + , ſhew, by the repetition of the 
ſign —, that one imaginary root is to be 
reckoned negative, and the terms — 2x* — 5x ' 
that ſtand over the laſt variation — +, give, 
for the ſame reaſon, another negative impoſ- 


ſible root; ſo that the ſigns of the equation 


(+ ———— — ) giving one affirmative root, 
we conclude that of the four 9 roots, 


two are imaginary. 
This always holds good, unleſs, which ſome- 


times may happen, there are more impoſſible 
roots in the equation than are diſcoverable by 
the Rule.” 

This Rule hath been inveſtigated by ſeveral emi- 
went Mathematicians in various ways; and others, 


ſimilar to it, invented and publiſhed +, But the 


Ses F 1 
+ See 8 ili ing's Linea iij. Ord, Muton. p. 59. Phill. 
85 4 Ne 394, 404, 408. 


original 


WG 
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original Rule being, en account of its fimplicity 


and eaſy application, if not preferable to all others, 
at leaſt the fitteſt for this place, it is ſufficient to 
direft the Reader where he may find the ſubject 
more fully treated; and to add the demonſtration 
our Author has given of it lowards the end of his 
Letter to Mr, Folkes, Phil. Tranſ. Ne 408, as 
it depends only on what has been demonſtrated in 
Chap. 5. concerning the limits of the roots of equa- 
tions. | 

$ 118, Let ar + px So be any adfected 


quadratic equation: z and, "by $ 88, Part J. its 
; = 
roots will be — 2 p + Th 444: whence it 


is plain eg os ſign of q in the given equation 
being +, the roots will be impoſſible as oft as 
449 is greater than p*, or 4 leſs than a x . 
$ 119. It was ſhewn, in general (F 45.... 50) 
that the roots of the equation x" — Ax + 
| Bx""* — Cx"—3 &c. = o, are the limits of the 


roots of the equation nm" 1 — M — 1 X AX + 


n — 2 X BT &c. S o, or of any equation that 


is deduced from it by multiplying its terms by any 


arithmetisal progreſſion I d, | + 24, | 3d, &c. 
and converſely the roots of this new equation wi. 
be the limits of the roots, of the Propoſed equation 
e. = ©» © 
And that if any roots ef the equation of the 
limits are impoſſible, there muſt be ſame roots of 
the propoſed equation impoſſible. 
— 3 8 120. 


— — ws ny 


— — 
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5. 120. Let * Ax + Bx (CS o be a 
cubic equation, and the equation of limit 
** — 24x +B =o. If the two roots of this 
2 are imaginary, there are two imaginary roots 


of the given equation #* = Ax* + Bx -C =o, 


by the laſt Art. But, by the preceding Art. 
this happens as oft as 347 is lefs than B; and, 
in that caſe, the given equation has two imagi- 
nary roots. 


Again, multiplying the terms of the equa- 


tion by the terms of the progreſſion, o, — 1, 


2, = 3, We get another equation of the limits 
Ax — 2Bx + 3C = ©; whoſe two roots, and 
conſequently two roots of the given equation, 
are imaginary when 4B* is leſs than Ax Co 


Hence likewiſe the biquadratic * Ax + 
Bx — Cx + D So, will have two tqaginary 
roots, if two roots of the equation 4x? — 3Ax* 
+ 2Bx Sc be 1maginary ; or if two roots 
of the equation Ax* — 2Bx* + 3Cxr —4D OO 
be imaginary. But two roots of the equation 
4* — 3 Ax + 2Bx CS o muſt be imagi- 
nary, when two roots of the quadratic 6x* — 
3Ax + B So, or of the quadratic 3As* — 4 Bs 


+ 3C =o, are imaginary, becauſe the roots of 


theſe quadratic equations are the limits of the 
roots of that cubic, and for the ſame reaſon 
two roots of the cubic equation Ax - 2ÞBx + 
3Cx —4D = © muſt be imaginary, when the 
roots of the quadratic 3 A* — 4Bx + 30 = =O 

"Of 
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or of the quadratic Bx* — 3Cx + 6D S o ate 
impoſſible. Therefore two roots of the biqua- 1 
dratic & — Ax* + Bx* — Cx + DS o mul be , 
imaginary when the roots of any one of theſe 1 
three quadratic equations 6 — 44x + B o, | 
34x —4Bx Co, Bu: — 3Cx + 6D =0 | 
become imaginary : ; that is, when .4* is leſs | 
than B, 5 : leſs than AC, or 3C* leſs than BD. 10 


5 121. By proceeding in the ſame manner, | 
you may deduce from any equation 1 = Ax ix 
+ Bux""* CNY Kc. S o, as many quadratic 
equations as there are terms excepting the firſt = 
and laſt, whofe roots muſt be all real quantities, „ 
if the propoſed equation has no imaginary roots. | 
hl. quadratic deduced from the three firſt terms 


A -B will manifeſtly have this 4 


— ———— 


. n N iX —-2 * 2 Kc. XxX * — 
n—IX1—2Xn—3Xn—4&. Xx Ax + 1 
1 2 e A4Xx = 5 &c. Xx Bo, 5 19 
continuing the factors in each till you have as iy 
many as there are units in » — 2. Then divid- 7 
ing the equation by all the factors 1 — 2, 1 — 3, 1 


1 4, &c. which are found in each coefficient, 1 


the equation will become „ X - 1 X #* — 
n—1X2Ax 4+ 2 x 1 Xx B =o, whoſe roots will 
be imaginary, by $118, when» x 1 INA N45 
exceeds u— 11* x 44*, or when' B exceeds 


71 — 1 


DDr EC CP—_— Lo 
1 * 
_— — — = 
* 3 — 


4* : ſo that the propoſed equation muſt 
EE 14 have 


2 
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have ſome imaginary roots when B exceeds 
n—T 
" 5 A'S 

ſame manner from the three firſt terms of the 
equation Ax — 2B + 3Cx""3 &c. = 0, 
will have this form, 9—1 x #—2 x #— 3 &c. 
* Ar — 1 — 2 * 3 1 4 &c. * 2Bx + 
n —3X1—4Xu—5 1— &c. c 30 o, which 
dividing by the factors common to all the terms, 
15 reduced to I X — 2 c A —1—2 X 
4Bx + 6C = o, whoſe roots muſt be imaginary 


when — X — * B is leſs than AC; and there- 


4. The quadratic equation deduced in the 


fore in that caſe ſome roots of the propoſed 
| equation muſt be imaginary, _. 
$ 122, In general, let Dx" "Ti — Ex" + 
5 „ be any three terms of the equation, 
| | A + Bx""* &c. = o, that immediately 
| Follow one another; multiply the terms of this 
| equation firſt by the progreſſion u, # — 1, #—2, 
&c. then by the progreſſion 2 — 1, #—2, #— 3, 
| &c. then by 1 2, #— 3, 1— 4, &c. till you 
have multiplied by as many progreſſions as there 
are units in y—r— 1 : then multiply the terms 
of the equation that ariſes, as often by the pro- 
_ preſſion o, 1, 2, 3, Cc. as there are units in 
7 — 1, and you will at length arrive at a qua- 
dratic of this form; 


j 1 IXI Mr, IK 2 &c, 
| xx f K Xx A &. x Di 


— 


2 
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INI rz „r &c. 


XrXT—IXr—2Xr— 3 &. x Ex 


41 — r — I X 1—1—2 Xt —3 * ——4 
and dividing by the factors n—r—1, —7—2, 
Sc. and r—1, 1 — 2, Sc. which are found in 


each coefficient, this equation will be reduced to 


nr ＋IX M= Xx2ꝛ2Xx IX Dx —1—rX2XxXY 
X2Ex+2X1Xr +1X 3 whoſe roots muſt 


Ts 
be imaginary, by $ 118, when ———x—— 


js leſs than DF, From which i it 1s manifeſt, that 
if you divide each term of this ſeries of fractions 
n n-—T X-—2 ec i &c. g=# + 1 1 — 1 
3 "Brink Sa "pF Ss 
by that which precedes it, and place the quo- 
tients above the terms of the equation x" — 


AX" BY - C &c. go, beginning with 


the ſecond: then if the ſquare of any term mul- 


tiplied by the fraction over it be found leſs than 
the product of the adjacent terms, ſome of the 
roots of that equation muſt be imaginary quan- 
tities. 


$123. An equation may have impoſſible roots 
although none are diſcovered by the Rule : be- 
- Cauſe, * though, real roots in the given equation 
always give real roots in the equation of limits; 
yet it does not follow, converſely, that when the 


roots of the eguation of limits ate real, thoſe 
of 


X E* 
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of the equation from which it is produced muſt 
be ſuch likewiſe. T hus the cubic 


3 x + m | 
9 ö 


has two of its roots imaginary, m 89 n, 
m , the third being + q* and yet in 
the equation of limits 34. — 4m + 29 X * + 
m + 29m +1 o, if n — f. exceeds 3, the 
roots of the equation of limits will be real. Or 
if the other equation of limits 2m + q x * 
—2xm+2m+uiXxv+39Xm * +Fn=0 
is found by multiplying by the progreſſion o, 
— I, — 2, — 3 It will have its roots real as oft 


as m. + 29m TN exceeds 2m +4X3q4Xm +1, 
And the like may be ſhewn of higher equa- 
Lions, 


$ 124- The reaſon why this Rule, and per- 
N haps every other that depends on the compari- 
f ſon of the ſquare of a term with the rectangles 
| of the terms on either ſide of it, muſt ſome- 
times fail to diſcover the impoſſible roots, may 
appear likewiſe from this conſideration : that the 
number of ſuch compariſons being always leſs 
by unit than the number of the quantities g, 
m, n, &c. in the general equation; they cannot, 
include and fix the relations of theſe quantities, 
on 
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on which the ratio of greater or leſſer inequality 


of the ſquares and rectangles depends; no more 
chan equations fewer in number than the quan- 


cities ought can fyrniſh a determinate ſolution 
| of 4 problem. 


MMK N MM NMMO 

CHAP. XII. 
Containing a general demonſtration 
of Sir Iſaac Newton's Rule for 


finding the ſums of the powers of 
the roots of an equation“. 


1 ET the equation be x — 4 Xx x — 6 Xx 
$—CX X— 4 X &c. = o, or, 

„ + 22 * RE 1 

.. . IXI + Ke LX + M * 

It is known that A +5 +c +4 + &e, 
B S a ＋ 4 + ad + bc + bd + cd &c. 
C=abc Tad + bed &c. Dr abed + &c. 
the parts or terms of the coefficients 4, B, C, 
D, &c. being of 1, 2, 3, 4, Sc. dimenſions ; 
that is, containing as many roots or factors as 


there are terms of the equation preceding them, 
reſpectively. + 


" See Aricth Univer, pag. 157. And Chap. I. 


915-17, of this Part. 


CASE 


the exponent of the equation, 
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CASE I. 
Let r be an inder equal to n, or greater ü 
u, then, multiplying the equation by & , ar 
ſubſtituting ſucceſſively a; b, * d, &c. for x n, 
* obtain 


a + Bon mm 26 K IE | 
. . L. Ma” Oy 


Bb wn AV + 330 ACE. © 

# 2 LHC | = 

c rf E + es OW 

eee 
&c. 


Whence, by tranſpoſition and addition, this 
Theorem reſults, that, in this caſe, „ the ſum 
of the powers of the roots, of the exponent 7, 
is equal to the ſum of their powers of the ex- 
ponent r 1 multiplied by A, minus the ſum 
of their powers of the exponent r — 2 multi- 
plied by B, + the ſum of thoſe of the exponent 
7 — 3 multiplied by C, and ſo on.“ 

It remains to find the ſums of the powers of 
the roots, when the exponents are /eſs than 1 


{ 


e E II. 
If vis leſs than , and I be the coefficient 
in the equation, of the dimenſions r ; that is, if 
HI be taken ſo that the number of terms preced- 


ing it in the equation be equal to r, or the num- 
ber 
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ber of factors in its parts abcdefgh, abedefgi, c. 
equal to r, then the Theorem may be expreſſed [ 
in the following manner. 


a” +6” + c- + + &. 


——— 
= - 


_— as — 2 5 2 
22 — —é— — 7 
—— : 
* — 


. error po A. 
— - 
* rern : 1 ** > —— 
$a — —— — p — — . —— — 
— = = 
t G 


_ 7 _ - 
= 


are — Bs 
+ e de þ=* 1 + * 
=d + Co XA. c >x B + 3 EXC. 


1 ; 4 —2 5 + 4—3 

+ &. 7 — dec. + &c. 

FS PEW Wt FW Wig WI an,” 7 

The caſe when = i is eaſily demon- 
ſtrated; for, e the equation by 4, we 


„ | 
1s Ar ＋ BX C Go L += 2 — o. uo 
Whence | W 


21. ee 


* ns —— — 


— 3 
o q 
2 — —— "I 
% ; 


„ 
- 
= 


DO en AV BU L 3 = O 


"Ie Ac * Bc“ 8 ER a + == 
&c. bee 
and becauſe L = — =+X 74 * 7 + 80 
we ſhall have a 2 1 + Joey + yu 


7 — 31 + 24 

wh as — 3 73 ( + 5 —4 

ces ” 6 a= XB ng (FX Cen 
+ &c. 2 &c. J + &c. 


FC >. 


__ — — — 
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6 When r = = 2, the demonſtration is de. 
Red Nom hanes, that eB CPF 
= A* — 2B (pag. 142.) as follows. © 
By & 32. transform the given equation, 213. 
* 1 + BX — Cr . | =0ii 
| the 1 - | N 


; o WF 
Ci. "B 4 I . 
92 2 — 2 — e 
4 W +2 GE AM .. +4 : : 


j the roots , 6, 7 J, &c. of which new ©qua- 


« # 


| tion ſhall * reſpedtvel equal to the recipro- 


cals = T =. > &c. of the roots of the 


; original equation. 

[þ Divide now the original equation by **, and 
in the quotient fubſticute for-x' the roots a, l, 
c, d, e. ſucgeſſively, ſo Taal you have 


42 Aa-! ＋ Fa- 25. * 3 
ee 3 5 


nne 35 cl 
L = 0, 
eee | 
| 7 EE NED Bee CS: ons 
le KEY 3 
e 

| Add all theſe equations together, and for 
1 1 2 ſubſtitute its value. r, and it will be 


7 155 6 7 
| ET 6 
j 


AM 
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Chap. 12. 
8 N 
4 +61 1 
Lens | x 4 Len 
+8c,— &c. 5 2 Fes Ko.. 
es 3 BR e 
E -A L. lth [= 
| —&c. } | (+ &c.J 
But by the principle _— _ pag. 142, 


4 


++ +& = . whereſore, 


by multiplication and tranſpostion, it will fol- 


low that | | . 
| 2 | + af 
= TY 48. {_ 
2K N L+ Mx 4 * {= 
+ &c. 


Which equation being ſubtracted from the pre- 
ceding, there remains 


a” — ty + a= SJ 
+ þ” aw YL + 82 25 * 
+ au * . 2. 
+ &c. — &c. + &c. 
we | | | | 
4 TE | x 1.4, * K = o. Which was 
(- &c. | 
to be proved. 


But to ſhew it univerſally, we may uſe the 
following Lemma: | 
«© That 


- _- 2K i. 
* ” 
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« That if A is the coefficient of one dimen, | 


, ion, or the coefficient of the ſecond term, in 
an equation, G any other coefficient, the co. 


efficient next after it; the difference of the di. 


menſions of G and A being r — 2: if likewiſe 
A xC repreſent the ſum of all thoſe terms of 
the product. 4 x G in which the fquare of any 

root, as 4, or &, or 4, &c. is found; 79s 
will # X G 15 4-1 „. 

This is a particular caſe of Prop. VI. concern: 
ing the impoſſible” roots in Phil, Tranſ. N“ 405; 
which, by continuing the Table of Equations 
in pag. 140, and obſerving how the coefficient 
are formed, may be thus demonſtrated. 

Let the coefficient of a term of the equation, 
as D(=abcd + #bce + af &c. + Bede beif 
&c.) be multiplied by A (TTA e 
and, in the product 4 x D, ſetting aſide all the 
terms, A „ D, in which a%;- , c, &c. are 
found, any one of the remaining terms will 
ariſe as often as there are factors i in the terms of 


the following coefficient E. Thus the term 


abcde will ariſe five times: becauſe it is made up 
of any one of the five roots (or terms of 4) 


a, b, c, d, e, multiplied i into the other four that 
make a term of D: the like is true of every 


other term, as Bed f, bedef, &c. each of which 
will ariſe ve times in the product A x D. And 


the fum of theſe terms abede + abedf A &c, 
making vp the coefficient E, it follows that 


3 Ax 


A DAX DVS SE, or A & D'= AD— 58, 
And the ſame holds of any two coefficients 
G, H, whoſe dimenſions are 1 — 1 and 7 re- 
ſpectively. 3% 

To apply this to the preſent purpoſe, it is to 
be obſerved, that, in each of the coefficients 
A, B, C, D, &c. except the laſt M. which is 
the product of all the roots a, b, c, d, &c. we 
may diſtinguiſh two ſeveral portions or mem- 
bers, in one of which any particular root, as a, 
is contained, but in the whole remaining por- 
tion of the ſame coefficient, that particular 
root (a) is wholly abſent. Now if, for bre- 
vity's ſake, we denote that portion of any. co- 
efficient wherein any root, as a, is contained, 
by annexing the ſymbol of the ſaid root with 
the ſign + in an uncus to the ſymbol, as C, of 


the coefficient: (thus G * q and if we denote 


the remaining portion of the ſame coefficient, 
from which the ſame' root à is totally abſent 


by annexing the ſymbol of the ſaid root with the 
ſign — in an uncus to the ſymbol & of the ſame 


coefficient ( thus 61 ") it will appear that (if 


G be any coefficient and I the — co- 
efficient) 


G Gt TY ACL ae ao” 75 
6 G % 60) meant? 30 
&c. &c. | 

U | Divide 


- 
_ — — — — - * — = * 
" - * — 2 ——— o - * ——— a _ — — A = 
» - * — — — — 
* 1 * 2 — — — — — = — — 
0 A r 12 * 2 8 440 — ah 8 ** >» 3 - od __ * 
E242 9 5 — 
5 — 2 7 - — 1 0 
— — 2 — ö — - N 8 — — * 
- . ” * : — — 
8 — 
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Divide now the equation propoſed by pane. 
and it will become 


x” — Ar + BJ=" _ — ca. — . | 
E F So, 


in which ſubſtituting a, 5, , &c. lucceſſively 
for x, we obtain | | 


a” — A + B = C 
1 

b — AV + oy 052 
enen e 


c — Ac + 1 erer | 
| 280 


But, by the notation here uſed, and explained 
as above. 


1 - * 8 
"Wet 'a 12 
7 + H 19 
E H 
7 7 a | f 
IL xXx (2 Fre \ 
vr fog FO. | 
| * 
— cd — 3 &c, . 
42 2 44 : 


Whence 
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Whence + 
e 
A 
Gb —H+5 E 
e Ie Be 
Cc 


&c. 


293 


— 


1 


ice 


etre 


And the ſum of theſe = AC * + 3675 
Git © + Sc. = (by this notation) A Xx G = 


by the lemma) 
+ 8 _\- 
n 
+c x GLA. 
+ &c. 


4 


Compare this laſt concluſion with that which 
followed ' from dividing the propoſed equation 


by r“, and ſubſtituting for æ the roots a, 6, 


%, &c. and you will have 


2* a=! | 44 
33 OS Ants 3 
+ &c. &c. + &c. 

| + a 
„ ETSY YT . 8G — TH 

+ &c, 


which was to be demonſtrated, 
U 2 


0 * 
— 
= 


RY 


. CI peu" 7 I. wot — 
” 
= 


— 
* 2 e 
_ 
7 ot i, „ 
s 
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From theſe two Theorems Sir Jſaac Newtons 
Rule manifeſtly follows. | 


But, to illuſtrate the reaſoning here uſed by 
ſome examples + ſuppoſe r = 3, then we are 
to take C tor N, becauſe three terms only pre- 
cede C in the equation æ· AHA + BA 


Cx"3 + &c. = 0; and we are to prove that 


BY 8 FO of 
+65 | + 
4 FAN 
+ 4* + af 


+ &c. + &c. 
That this may appear, obſerve that 
a TCO Sc. g Yee. 
Xa+#b+c+d4+ Sc. - Xx TC＋T 4e. 
UN TAI Sc. -G 4 ＋TTA As. 
-A Xa+d + c+ &c.—&c. = (becauſe A B'= 
aXab+Hac+ad+&.+bxab+bcy bd+0&t 
 4cXac+be+de+E&r.+dXad+bd de. 
+ Cc.) =# +6 + d Sc. x A- A 
(by the Lemma) = &* + Fre +@ + Se. 
XA — 4 + 30. 


In like manner, at ＋ e 4 + Ee, = 


N Ge. X a + 7 pare 2 
a +++ + Sc. Xab+ac+ad TC 


T Sc. Ta“ x be+ Ned Sc. h. Xact 0d + 
MIT + &c. 
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+&c. TG LS. Ed . e 
＋ Cc. +&. 4 +6 +6 + 4 + &c.x A $4 
4 + ＋ e ＋ d, ＋ Sc. xB + AC 1 
Te ＋ Sc. x A- ＋ Tea: 
＋ Sc. x B+a+b+i+d+&c.x0—-4D. 


| End of the SE cop PAR r. 5 


TREATISE 


FTF... OK 


FA RL: 3 


Of the Application of Algebra and 
Geometry to each other. 


ssssssssssssssssssssssss 


GH A F. I. 


. Of the Relation between the equations 


of Curve Lines 'and the figure of thoſe 
Curves, in general. 


$1. N the two firſt parts we con- 
| | ſidered Algebra as independent 
+$$4 of Geometry; and demonſtrated 

its operations from its own principles. It 
remains that we now explain the uſe of Al- 
gebra in the reſolution of geometrical problems; 
— 
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or reaſoning about geometrical figures; and 
the uſe of geometrical lines and figures in the 
reſolution of equations, The mutual inter- 
. courſe of theſe ſciences has produced many ex- 
tenſive and beautiful Theories, the chief of 
which we ſhall endeavour to explain, beginning 
with the relation betwixt curve lines and their 
equations. 0; INT 
$ 2. We are now to conſider quantities as 
repreſented by lines; a known quantity by a 
given Jine, and an unknown by an undetermined 
line. _ | 
But as it is ſufficient that it be indetermined 
on one ſide, we may ſuppoſe one extremity to 
be known, 


8 


C 
Thus the line AB, whoſe extremities A and {| 
B are both determined, may repreſent a given = 
quantity: while AP, whoſe extremity P 1s un- | 1 
determined, may repreſent an undetermined 
quantity. A leſſer undetermined quantity may 
be repreſented by AP, taking P nearer to A; 
and, if you ſuppoſe P to move towards A, then 
will AP, ſucceſſively, repreſent all quantities +1 
leſs than the firſt AP; and after P has coin- 4 
cided with A, if it proceed in the ſame direc- 4 
tion to the place p, then will Ap repreſent a ne- ; 
gative quantity, if AP was ſuppoſed poſitive. 
| U 4 wigs 


. 
8 - 
@ e — 1432 r 222 +4 Vo 4a , . 
— — = 
33 — ; 1 
# on — — a 
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If AP repreſent x, and Ap = AP, then will 
Ap repreſent — x; and for the ſame reaſon, if 
AP repreſent (+ a, ) then will As (S AB) re- 
preſent (— a). 
§ 3. After the ome manner, if PM repre. 
ſent-+ y, and you take Pm, the continuation 


of PM on the other ſide, equal to PM, then 
will Pn repreſent — y: for, by ſuppoling M to 
move towards P, the line PM decreaſes; when 
MM comes to P, then PM vaniſhes; and after M 
has paſſed P, towards m, it becomes negative. 
$ 4. In Algebra, the root of an equation, 
when it is an impoſſibe quantity, has its ex- 
preſſion; but in Geometry, it has none. In 
Algebra you obtain a general reſolution, and 
there is an expreſſion, in all caſes, of the thing 
required; only, within certain bounds, that ex- 
preſſion repreſents an imaginary quantity, or 
rather, ** is the ſymbol of an operation which, 
in that caſe, canuot be performed; and 2822 
only 
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only to ſhew the geneſis of the quantity, and 
the limits within which it is poſſible. 

In the geometrical reſolution of a queſtion, 
the thing required is exhibited only in thoſe 
caſes when the queſtion admits of a real ſolu- 
tion: and, beyond thoſe limits, no ſolution 
appears. So in finding the interſections of a 
given circle and a ſtraight line, if you determine 
them by an equation, you will find two gene- 
ral expreſſions for the diſtances of the points of 
interſection from the perpendicular drawn from 
the center on the given line. But, geometri- 
cally, thoſe interſections will be exhibited only 
when the diſtance of the ſtraight line from the 
center is leſs than the radius of the hen 
circle, 

$ 5. © When in any equation there are two 
undetermined quantities, x and y, then for each 
particular value of x, there may be as many 
values of y as it has dimenſions in that equa- 
tion.“ | 


Mr : MT 
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So that, if AP (a part of the indefinite line 


AE) repreſent x, and the perpendiculars PM 
repreſent the correſponding values of y, then 


there will be as many points (M,) the extremi. 
ties of theſe perpendiculars or ordinates, as there 
are dimenſions of y in the equation. And the 
values of PM will be the roots of the equation 
ariſing by ſubſtituting for x its particular value 
AP'in any caſe. | 
From which it appears, how, when an equa- 
tion is given, you may determine as many of 
the points M as you pleaſe, and draw the line 
that ſhall paſs through all theſe points4 3 * which 
1s called the /ocus of the equation.” 


$ 6. When any equation involving two un- 
known quatities (x and y) is propoſed, then 
ſubſtituting for x any particular value AP, if the 
equation that ariſes has all its roots poſitive, 
the points M will lie on one ſide of AE: but 
if any of them are found negative, then theſe 
are to be ſet off on the other ide of AE to- 
wards m. 


If, for x, which is ſoppoſed undetermined, 
you ſubſtitute a negative quantity, as Ap, then 
you will find the points M, m, as before: and the 
lecus is not complete till all the points M, n, 
are taken in, that it may ſhew all the values of 
y 2 to all the poſſible values of x. 
n -10- any caſe, one of the values of y 

Vvioaniſn, 
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yaniſh, then the point M coincides with P, and 
the locus meets with AE in that point,” 

« Tf one of the values of y becomes infinite, 
then it ſhews that the curve has an infinite are: 
and, in that caſe, the line PM becomes an 1 
aſymptote to the curve, or touches it at an in- | 
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finite diſtance,“ if AP is itſelf finite. g 

« If, when x is ſuppoſed infinitely great, a 44 
value of y vaniſh, then the curve approaches to f 
AE produced as an aſymptore.” | 
« If any values of y become impoſſible, then | 
ſo many points M vaniſh.” 
$ 7. From what has been ſaid it appears, that j 
whea an equation is propoſed involving two un- H 
determined quantities (x and y) “ there may be 
as many interſections of the curve that is the lo- 
cus of the equation, and of the line PM as there 
are dimenſions of y in the equation; and as 
many interſections of the curve and the line AE 
as there are dimenſions of x in the equation.” (| 


% 


If you draw any other line LM meeting the 


ſame curve in M, and the line AE in the 
given 
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theſe values 75 and 2 — _ and it is obvious 


iven angle ALM. Suppoſe LM = «, and 

L = 2; then the equation involving # and 
2, ſhall not riſe to more dimenſions than ꝙ and 
* had in the propoſed equation, or, than the 
ſum of their dimenſions in any of its terms,” 
For, fince the angles PLM, MPL, Pl, 
are given, it follows that, the ſines of theſe 
angles being ſuppoſed to one another as J, m, n, 
PM; ML (Y: 4) :: I: ; and conſequently 


y=Z: and that PL : ML : 1: mn, ſo that 


PL = = and x = AP(= AL — PL) = 2 — . 
Subſtitute, for y and x, in the propoſed equation 


(fince « and z are of one dimenſion only in the 
values of y and x) that in the equation which 
will ariſe, z and u will not have more dimen- 
ſions than the higheſt dimenſion of x and y in 
the propoſed equation, or the higheſt ſum. of 
their dimenſions taken together in the terms 
where they are both found : and conſequently, 
„LM drawn any where in the plane of the 
curve will not meet it in more -points than 
there are units in the higheſt dimenſion of * 
or y, or in the higheſt ſum of their dimenſions, 
in the terms where both are found.” Now 
the dimenſion of the cquation or curve being 
denominated from the higheſt dimenſion of x 
or y in it, or from the ſum of their dimenſions 
1 Ext | where 
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where they are moſt ; we conclude; that * the 
number of points in which the kurse can meer 
with any ſtraight line, is equal to the number 
that expreſſes the dimenfion of the eurve. 

It appears alſo from this article, how, when 
an equation of a curve is given expreſſing the 
relation of the ordinate PM and abſciſſe AP, 
you may transform it, ſo as to expreſs the rela- 
tion between any other ordinate ML and the 
abſciſſe AL, by ſubſtituting for y its value 
lu 


nu 
—, and for * its value 2 — —. 
N 


Or, if you would have che abſciſſe begin at 
any other point B, ſuppoſidg AB =e, ſubſtitute 


for x not 2 — =, but . 5 
m m 


& 8. Thoſe curve lines that can be deſcribed 
by the reſolution of equations, the relation of 
whoſe- ordinates PM and abſcifles AP can be 
expreſſed by an equation involving nothing but 
determined quantities beſides theſe ordinates and 
abſcifſes, are called 60 geometrical or wx. ron 
curves.” 431 
They are divided into erders itrorkling; to 
the dimenſions of their equations, or number 
of points in which they can interſect a ſtraight 
line. 

The ſtraight lines themſelves conftituts the 
fir order of lines; and when the equation 
exprefling the relation of x and y is of one 


dimenſion 
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dimenſion only, the points M muſt be all found 
in a ſtraight line conſtituting a given angle with 
AE... : 

Suppoſe, for example, that the equation given 


is ay — br — cd = o, and that the locus | is re- 
-quired. 


Since y = 2 24 4 it falling, that, APM be. 


ing a right angle, if you draw AN making the 


angle NAP ſuch that its coſine be to its ſine 
as atob; and drawing AD parallel to the or- 


dinates PM, and equal to <, through D you 


draw DF-parallel to AN, DF will be the locus 
required. Where you are to take AD on the 
fame fide of the line AE, with PN, if 4x and 
cd have the ſame ſign, but on the contrary ſide 
of AE if they have contrary ſigns. 


Fg. Thoſe curves whoſe equations are of 
two dimenſions conſtitue the ſecond order of 


lines, and the firſt kind of curves. Their in- 


terſections 


terſections with a ſtraight line can never exceed 
two, by 8 7. | 

The curves whoſe equations are of three di- 
menſions form the third order of lines, or ſe- 
cond kind of curves: and their interſections with 
a ſtraight line can never exceed Three. And, 
after the ſame manner, the curves are deter- 
mined that belong to the higher. ordert. to in- 
finity. 'Þ : 

Some curves, if they were completely de- 
ſcribed, could cut a ſtraight line in an infinite 
number of points; but theſe belong to none 
of the orders we have mentioned; they are not 
geometrical or algebraio curves, for the rela- 
tion betwixt their ordinates and abſciſſes can- 
not be expreſſed by a finite equation involving 
only ordinates and abſciſſes with determined 
quantities, 


FT 10. As * the roots of an equation become 
impoſſible always in pairs, ſo the interſections of 
the curve and its ordinate PM muſt vaniſh in 
pairs,” if any of them vaniſh, | 3 


Let PM cut the curve in the points M and 
u, and by moving parallel to itſelf come to 
touch it in the point N; then the two points 
of interſection, M and m, go into one point 
of contact N. If PM ſtill move on parallel to 
itſelt, the points of interſection will, beyond 
N, 
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N, become . as the roots of 


— 


1 


BY. 


an equation: 1 become: © equal and then ins 
. 9 1 


ITE „6 


rn ae whoſe dimenſions are odd aibeR 
have always one real root. at leaſt ; and cople- 
quently, for every value of x, the equation by 


which y is determined muſt, at leaſt, have one 


real root: ſo that as x (or AP may be increaſed 
in infinitum. on both ſides,” it follows that M 
_ go off in infinitum e on both fides, without 
imit. 20 
© Whereas, in the curves whoſe Aimdnfiotts d it 
even'numbers, as the roots of their equations 
may become all impoſſible, ' it follows that the 
figure” of the curve may be Aike a cirels or oval 
8 15 that 
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that is Hmited within certain bounds, 542205 
which it cannot extend. 

$ 12. When two roots of the equation by 
which y is determined become equal, either e the 
ordinate PM touches the curve,” two points 
of interſection, in that caſe. going into a point 
of contact; or, the point Mis a pundtum du- 
plex in the curve ; * two of its arcs interſecting 
each other there: or, 4 ſome oval that belongs 
to that kind of curve becoming infinitely little 
in M, it vaniſhes into what is called a Punitunm 
conjugatum.” Cam 

If, in the equation, y be ſuppoſed'= =o, then 
« the roots of the equation by which x is deter- 
mined, will give the diſtances of the points 
where the curve meets AE from A,” And, 
if two of thoſe roots be found equal, then either 
« the curve touches the line AE;” or, „ AE 
. paſſes through a punllum duplex in the curve.“ 
When y is ſuppoſed = o, if one of the values 
of x vaniſh, the curve, in that caſe, paſſcs 
through A.“ It two vaniſh, then either “AE 
touches the curve in Az” or, © A is a puncium 
duplex.” 

As a en duplex 1s determined from the 
equality of two roots, ſo i is a pundtum triplex de- 
termined from the equality of zhree roots. 

913. A few examples will make theſe obſer· 
vations very plain. Suppoſe it is required to 
deſcribe the line that is the locus of this equa- 

3 tion, 


| 
| 
j 
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tion, y* = ax + ab, or y*—ax — @b = o. Since 
y Vax—+ ab, and fince à and b, are given in 
variable quantities, if you aſſume AP (= x) of a 
known value, it will be eaſy to find Vax +73, 
and ſetting off PM on one fide £qual to V Y, 
and P on the other equal to PM, the points 
Magd n will belong to the locus required, 
| And for every poſitive value of AP you will 
| "thus obtain a point of the locus on each ſide, 
* he greater AP (= x) is taken, the greater does 
"the. ax + ab become, and ney PM 
and Pm become the greater 
If AP be ſuppoſed infinitely great, PM and 
Pm will alſo become infinitely gtrat; and con- 
ſequently the locus has two infinite arcs that 
go off to an infinite diſtance from AE and from 


| AD. If you ſuppole x to vaniſh, y == + Vab; 
ſo that y does not vaniſh in that cake 4 bur paſſes 


through D and 4, taking AD and Ad = Vat 
a mean proportional betwixt a and . 

If you now ſuppoſe that the point P moves 
to the other ſide of A, then you muſt, in the 
equation, ſuppoſe x to become negative, and 


13 Vab -ax; ſo that y will have two values 
as before, while x is leſs than 2. But if AB = b, 
and you ſuppoſe the point P to come to B, then 
ab =ax, and y=+= Va a = O. That is, 
PM and Pm vaniſh; and the curve there meets 


the line AE. If you ſuppoſe P to move from 
A 


er PI 9 ft" oy EEE 
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A beyond B, than & becomes greater than 5, 
and ax greater than ab, ſo that ab — ax being 


N 

3 | 
IT 0 

LL 


negative, VA ax becomes imaginary, and 
the two values of y become imaginary; that 
is, beyond B there are no ordinates that meet 
the curve, and conſequently, on that fide, the 
curve is limited in B. 


All this agrees very well with what is known 
by other methods, that the curve whoſe equa- 
tion is * = ax + ab, is a parabola whoſe vertex 
is B, axis BE, and parameter equal to 2. For 
ſince BP x, and PM = y, if BF be equal 
to a; then the rectangle BN (= 4 = ax) will 
be equal to PMg (;) which is the known 
property of the parabola. And it is obvious, 
that the figure of the parabola 1s ſuch as we 
| X 2 have 
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have determined this locus to be from the con. 
| ſideration of its equation. 
| $ 14. Let it be required to deſcribe the line 
| that is the locus of this equation, xy + ay + 9 
be + bs 

a + c + * 

Here, it is plain, the ordinate PM can meet 
the curve in one point only, there being bur 
| one value of y e to each value of x, 


= bc ＋ by, or y = — 


When x =o, then y == , fo that the curve 


does not paſs through i If x be ſuppoſed to 

increaſe, then y will increaſe, but will never be- 
c+ x 

5 and 

a + c + is always greater than c + x. If x 

be ſuppoſed infinite, then the terms @ and © va- 

niſh compared with x, and conſequently y = þ 


come equal to &, ſince y = 6 x 


— 


— * — * - — — 7 * — . — 80 N — 2 
AY WRT A N jr * * - 
8 - D — 22 - 1 — 


* = &; from which it appears, that taking 


AD 3; and drawing GD parallel to AE, it 

will be an ahmptote, and touch the curve at an 
infinite diſtance. 

lf x be now ſuppoſed begebe, and AP 

be taken on the other fide of A, then ſhall 


CC — X 


{ INN and if x be taken, on that 


ſide, c, then ſhall y=5 x — = 0; ſo that 
the curve muſt paſs through B, if AB = c. 
If x be ſuppoſed greater than c, then will - 


become negative, and the ordinate will become 
negative 
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negative and lie on the other ſide of AE, till x 


becomes equal to a , and then y =6 x == 


or infinite; ſo that if AK be taken = a + c, the 
ordinate KL will be an aſymptote to the curve. 
If x be taken greater than a +c, or AP greater 


than AK, then both c — xand a + c— x become 
. « & 2 

negative; and conſequently y ( x ——— 

becomes poſitive; and fince & — c is always 


þ 4 3 oreater 


: * 
k 22 —ç —— — — 2 + 
* 2 rr 2 2 
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greater than x - @ — c, it follows that y will be 
always greater than 5 or KG, and conſequently 
the reſt of the curve lies in the angle FGH, 
And, as x increaſes, ſince the ratio of x — c to 
x — @—c approaches ſtill nearer to a ratio of 
equality, it follows that PM approaches to an 
equality with PN, and the curve to its aſy mptote 
GH on that ſide alſo. 


This curve is the common hyperbola, for 
ſince X c + x +x =) Xa +7£+x, by adding ah 
to both ſides þx a+c+x=5Xa+ +x+ab; 
andb—yXa+c+x=ab; that is, NM x GN 
= GC x BC, which is the property of the com- 
mon hyperbola. And it is eaſy to ſee how the 
figure of the locus we have been conſidering 
agrees with the figure of the hyperbola, 

„ 15. Let it be required to deſcribe the locus 
of the equation cy* — xy* = #* + bx*, Where 
fince y* 8 TPO — — , It fol. 


Co $.. 842 


Jows that PM and Pm.muſt be taken equal, on 
both tides, to v4 CER. But that when x 1s 


3 
taken equal to c, if AB = r and BK be perpen- 
dicular to AB, then BK muſt be an aſymptote 
to the curve, If x be ſuppoſed greater than «, 
or AP greater than AB, then c — & being nega- 


: +4 3 þ 2 ; ; 
tive, the fraction = 3 . will become negative, 
and its ſquare root impoſſible. So that no Pl 
"* . X ; : 0 6 i ; : Fo 0 


\ 
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of the locus can be found beyond B. If » be 
ſuppoſed negative, or P taken on the other ſide 


of A, hen . DEE , the ſign of & 


and x being changed, but not the ſign of B; 
becauſe the ſquare of a negative is the ſame as 
the ſquare of a poſitive, but its cube is negative: 
while x is leſs than 5, the values of y will be 
real and equal; but if x = þ, then the values 
of y vaniſh, becauſe, in that caſe, 

— * + bx* — $7. 4+ þ* 
4 pate = = — 81 and 
conſequently, if AD be taken =, the curve 
will paſs through D, 20G there touch the « or- 
dinate. 


If x be taken greater aw bat = DE — 
0 * 


will become imaginary, ſo that no part of the 
curve is found beyond D. 
If you ſuppoſe y = o, then will a + bs 2 0 


K 


| 
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be an equation whoſe roots are — &, o, o, from 
| which it appears that the curve paſſes twice 
| through the point A, and has, in A, a pundtun 
| duplex. This locus is a line of the third order, 
i! BK is its aſymptote, and it has a nodus betwixt 
| A and D. | 

| If you ſuppoſe 5 to vaniſh in the equation, 
| ſo that cy — & = x?, then will A and D coin- 


cide, and the nodus vaniſh, and the curve will 
have in the point A a cuſpis, the two arcs AN 
the: an 
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and Am touching one another in that point. 
And this is the fame curve which by the an- 
cients was called the ciſſoid of Diocles, the line 
AB being the diameter of the generating circle, 
and BK the aſymptote. | 

For, it BR be equal to AP, and the ordi- 
nate RN be raiſed meeting the circle in N, and 
AN be drawn, it will cut the perpendicular PM 
in M a point of the ciſſoid. So that if M be a 
point in the ciſſoid, AP: PM:: AR: RN:: 


AR: v BR:; BP: HAP, and conſequently 


BP x PMq = AP cub. that is, c Xx Xx y* =: 
which is the equation the locus of which was re- 
quired. 


If, inſtead of ſuppoſing 6 poſitive, or equal 


to nothing, we now ſuppole it negative, the 
equation will be cy* — xy* = x* — bf, the curve 
will paſs through D, as before, and taking 
f K AB = c, BK will be its a- 
2 ſymptote: it will have a 
pundlum conjugatum in A, 

becaule when y vaniſhes, 
| two values of x vaniſh, 
7 and the third becomes e- 


qual to 5 or AD. The 
whole curve, beſides this 


and BK. Theſe are demon- 
ſtrated after the ſame man- 
ner as in the firſt caſe. 


C 16. 


point A, lies between DP 
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$ 16. If an equation is propoſed, as y = a," 
+ bx"—" + cx", Sc. and » is an even num. 
ber, then will the /ocus of the equation haye 
two infinite arcs lying on the ſame fide of AF 
For, if x become infinite, whether poſitive ot 
negative, x* will be poſitive, and a“ have the 
fame ſign in either caſe; and as ax” becomes 
infinitely greater than the other terms bx, 
cx , Sc. it follows that the infinite values of 
y will haye the ſame ſign in theſe caſes; and 
conſequently, the two infinite arcs of the curye 
will lie on the ſame fide of AE, 

But if be an odd number, then when x i; 
negative, x" will be negative, and ax” will have 
the contrary ſign to what it has when x is poſi. 
tive; and therefore the two infinite arcs, in this 
caſe, will lie on different ſides of AE, and tend 
towards parts directly oppoſite. 

Thus the locus of the equation ay = * is 
the parabola. A is the vertex, AE is the tan- 


ww / 


| — 1 
"7 5 
| Cows 
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gent at the vertex; and the two infinite arcs 
lie manifeſtly on the ſame ſide of AE. 


But 


But the locus of the equation a*y x, where 
the index of x is an odd number, has its two 


arcs on different ſides of AE, tending towards 
oppolite parts, as AMK, and Am. This curve 
is called the cubical parabola, and is a line of 
the third order, | 

The locus of the equation a*y= a* is of a 
figure like the common parabola ; and all 
thoſe loci, in whoſe equations y is of one di- 
menſion, x of an even number of dimenſions : 
But thoſe loci are like the cubical parabola, in_ 
whole equations y is of one dimenſion only, and 
x of an odd number of dimenſions.” And this 
Rule is even true of the locus of the equation 
3 = x, which is a ſtraight line cutting AE in 
an angle of 45*; which manifeſtly goes off as 
the cubical parabola does to infinity, towards op- 
polite parts, and on different ſides of AE. 


S 17+ 
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F x7. If the locus of the equation 3x" 4 
15 required. 


m \ 
F 
If » is an odd number, then when x is poſi- 
n+1 


* | a 
tive, y = - 
wy Xx 


but when x is negative, then 


a" ＋ 1 
J== — ſo that this curve muſt all lie in 
x 


the vertically oppoſe te angles KAE, FAe, (as 
the common perbola:) F K, Ee, being oP 
totes. 


— 


But if „ is an even number, then y is always 
Paige whether x be poſitive or negative, be- 


cauſe x”, in this 5 is always poſitive; and 
there· 
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therefore the curve muſt all lie in the two ad- 
e 


| 1 + |} TT 
e 


jacent angles KAE and KAe, and have AK and 
AE for its two aſymptotes. 


818. Let the equation given be 2 — 
4 =a*9*; ſo that y = = V a —= X* X == 
„K If x = o, then y 
| becomes infinite, and 

therefore the ordi- 
nate at A is an aſym- 

ptote to the curve. 

If AB= 5, and P be 

taken betwixt A and 

B, then ſhall PM and 

Pm be equal, and lie 
on different ſides of 
the abſciſſe AP. If 

x = 6, then the two 

values of y vaniſh, 


becauſe 
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| becauſex—# o; and confequently, the curve 
paſſes through B, and has there a punctum du. 
plex. If AP be taken greater than AB, then 
ſhall there be two values of y, as before, having 
contrary ſigns, that value which was poſitive 
before being now become negative, and the ne- 
gative value being become poſitive. But if 
AD be taken = a, and P comes to D. then the 


two values of 5 vaniſh, becauſe Va? Se, = 0 
And if AP is taken greater than AD, then 
a — x* becomes negative, and the value of y 
im poſſible : and therefore, the curve does not go 

beyond D. 


If x now be ſuppoſed negative, we ſhall find 


— X3+x=x. If x vaniſh, both 
+ theſe lon of y become infinite, and conſe- 
- quently, the curve has two infinite arcs, on 
each ſide of the afymptote AK. If x x ne 
it is plain y diminiſhes, and if x becomes = 
- y vaniſhes, and conſequently the curve hs 
through E, if AE be taken = AD, on the op- 
poſite ſide. If x be ſuppoſed greater than a, then 
becomes impoſſible ; and no part of the curve 
can be found beyond E. This curve is the con- 
choid of the ancients. 
If 4 = b, it will have a caſpis in B, the nodus 
betwixt B and D vaniſhing. And if à is leſs 


than þ, the point B will become a puniZum con- 
jugatum. 


From 


1 


Chap. 1. ALGEBRA. 321 


From what has been ſaid an error may be 
corrected of an Author in the Memoirs de Þ Acad. 
Royale des Sciences, who gives this curve no 
infinite arcs, but only a double nodus. Some 
other errors of the ſame kind may be cor- 
rected in that Treatiſe, from what we have 
ſaid. | ts. r ec | 

$ 19. If the propoſed equation can be reſolv- 
ed into two .equations of lower dimenſions, 
without affecting either y or x with any radical 
ſign, then the locus ſhall conſiſt of the two /oct 
of thoſe inferiot equations. Thus the locus of 
the equation y*.— 2xy + by + £ — bx = o is 
found to be two ſtraight lines cutting the ab- 


NM 


oi MO fc > 
ſciſſe AE in angles of 457, in the points A and 
B. whole diſtance AB = 6, becauſe that equa- 
tion is reſolved into theſe twoy—x =o, and 
„AX So. N | 

After the fame manner, ſome cubic equations 


can be reſolved into three ſimple equations, 
and then the locus is three ſtraight lines; or 


may be reſolved into a quadratic and ſimple 
: equation, 
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equation, and then the locus is a conic ſeckion and, 2 
aftiraight line. 

In general, “ * curves of: tha en or- 
ders include all the curves of the inferior or. 
ders; and whatever is demonſtrated generally 
of any one order, is alſo true of the inferior 
orders.” So, for example, any general proper. 
ty of the conic ſections hold true of two ſtraight 
lines as well as of a conic ſection. Particularly 
that * the rectangles of the ſegments of paral. 
els bounded by them, will be always to one 
another in a given ratio.“ The general proper. 
ties of the hnes of the third -order are true of 
three ſtraight lines, or of any one ſtraight line 
and a conic ſection. And, as the general pro- 
perties of the higher orders of lines deſcend 
alſo to thoſe of the inferior orders, ſo there is 
ſcarce any property of the inferior orders, but 
has an analogy to ſome property of the higher 
orders; of which it is but a particular caſe or 
inſtance. And hence, the properties of the in. 
ferior orders lead to the diſcovery of thoſe of 
the ſuperior orders. 
$ 20. We have Rt bow to 20des of the 
figure of a locus from the conſideration of its 
equation. And when a locus is to be deſcribed 
exactly, for every value of x you muſt, by the 
reſolution of equations, according to the Rules 


* See the APPENDIX» 


in 
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in Part II. find the correſponding values of y, 
and determine from theſe values the points of 
the locus. 

But there are geometrical conftruFions by 
which the roots. of equations can be determined 
more commodiouſly for this purpoſe. And, as 

by theſe conſtructions we deſcribe the loci of the 
equations, ſo reciprocally when loci are deſcrib- 
ed, they. are uſeful in determining the roots of 
equations; both which ſhall be explained in the 
following Chapter. Then we ſhall give an ac- 
count of the moſt general and ſimple methods 
of deſcribing theſe loci by the mechanical mo- 
tion of angles and lines, whoſe interſections 
trace the curve; or of conſtructing them by 
finding geometrically any number of their 


points. 


0 


_ = r * * * - — 
— 4 ; 1 = 
- n [3 bo — 


„ de. 
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CHAP. II. 
of the Conſtruction of Quadratic 


Equations; and of the Properties 
of the Lines of the ſecond order, 


'F 


"$27 | HE REA equation expreſſing the 

#, nityre of the lines of the ſecond 
order, having. all its terms and coeffcien 
Will be of this forth 3 


2a * ＋ ex- 434. * 
2 0% + by + dx. o. 38. 
e RAR, eee 
Where a,b, c, d, e, repreſent any given quan- 
tities with their proper ſigns prefixed to them. 


If a quadratic equation is given, as y* + py 

+ S o, and, by comparing it with the preced- 

ing, if you take the quantities a, b, c, d, e, and 

x ſuch that ax* + 5 =P, and cx + dx +e=q 

then will the values of y in the firſt equation be 

equal to the values of it in the ſecond ; and 

if the locus be deſcribed belonging to the firſt 

equation, the two values of the ordinate when 

TIF ax +b=pand c + dr +e = 4, will be the 
two roots of the equation y* + py + q = 0. 


And as four of the given quantities a, b, c, 


d, e, may be taken'at pleaſure, and the Hi 
with 
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with the abſciſſe x, determined, ſo that ax ++ 
may be ſtill equal to p, and cx + dx Te =9; 
hence there are innumerable ways of conſtruct- 
ing the ſame equation, But thoſe /oci are ro 
be preferred which are deſcribed moſt eaſily ; 
and therefore, the circle, of all conic ſections, 
is to be preferred for the reſolution of quadratic 
equations, | 


922. Let AB be perpendicular to AE, and 
upon AB deſcribe the ſemicircle BUMA, If 
AP be ſuppoſed equal to x, AB = a, and PM =y, 
then making MR, MR, perpendiculars to the 
diameter AB, ſince AR x RB = RM, and 
AR =, RB = a—y, RM = x, it follows that 
6—=yXy=x, and * — 
B 2e Soo. And, if an 
Nl equation y* —py +4q = o, 
R be propoſed to be reſolv- 
N ed, its roots will be the 
ordinate to the circle, PM. 
M | and PM, to its tangent 
. AE, if 4 p, and x* 1 
A becauſe then the equation 
A: PE of the circle y* — ay + #* 
= 0; at be. changed into the propoſed equa-. 
tion.y*—Py + q o. 
We have therefore this conſtruction for find- 
ing the roots of the quadratic equation y* —-py 
F 15 =0; take AB =p, and on AB deſcribe-a 
1 2 ſemi- 
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ſemicircle then raiſe AE perpendicular to AB, 
and on it take AP V, that is, a mean pro. 
portional between 1 and q (by 13 El. 6.) then 
draw PM parallel ro AB, meeting the ſemj. 
circle in M, M, and the lines PM, PM ſhall be 
the roots of the propoſed equation. | 

It appears from the conſtruction that if 


12 £, or VI rp, then AP = 2 AB, and the 


ordinate PN touches the curve in N, the two 
roots PM, PM, in that caſe, becoming equal 
: to one another and PN. 
If AP be taken greater than z AB, that is, 
when Vis greater than 4p, or q greater than 
2, the ordinates do not meet the circle, and 
the roots of the equation become imaginary : 


as we demonſtrated, in another manner, in 
Part 1I. 


§ 23. The roots of the ſame equation may 
be ike thus determined. - 

Take AB = VA, and raiſe BD perpendicular 
to AB; from A as a center with- radius equal ' 
to Ep, deſcribe a circle meeting BD in C, then 

the two roots of the equation y* — Py +4 o, 
ſhall be AC + CB, and AC — CB. 

For theſe roots are 29 + Mp. — — <> and 


1 -g, and ACA. CBA N 


Vip — 9, and conſequently theſe roots ate 
AC = CB, — 


Chap. ALGEBRA. 327 
The roots of the equation y* + py + q=0 are 


D] 


1 


—_— 


— AC + CB; as is demonſtrated in the ſame 
manner. 


924. The roots of the equation y* — py — 
So are determined by this conſtruction. 

Take AB = 4p, BC = \/q, draw AC; and 
the two roots ſhall be AB = AC. If the ſe- 


1 
Ve 


1 
cond term is poſitive, then the roots ſhall be 
AB = AC, | 
T:3- And 


—— — ——— — — 


328 AjTRxEATISE of Part Ill. 


And all quadratic equations being reducible 
to theſe four forms, 


> << Py _ 12 O, 

1 — 4=0, 

J'—2) —q/=0, 
YS o, 
it follows, thac they may be all conſtructed by 
this and the laſt two articles, 


$ 25. By theſe geometrical conſtructions, the 

locus of any equation of two dimenſions may 

be deſcribed; ſince, by their means, the values 

of y that correſpond to any given value of x 

may be determined, But if we demonſtrate 

that theſe /pci- are always conic ſections, then 

they may more eaſily be deſcribed by the me- 

thods that are already known for deſcribing 
- theſe curves. 

In order to prove this, we ſhall enquire what 

equations belong to the different conic Seations ; 

and, as it will appear that there is no equation 

of two dimenſions but muſt belong to one or 

other of them, it- will follow that they are loci 

of all equations of two dimenſions. | 


$ 26. Let CML be a parabola; AE any 
line drawn in the ſame plane; and let it be re- 
quired to find the equation exprefling the re- 
lation betwixt the ordinate PM forming any 
given angle with AE, and the abſciſſe AP 
begin- 
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beginnipg at A any given point in the line AE. 


/ ** 
——— | M / | F 
, (7 
, 4 0 4 
74 a — F 
A. P | E 


Let CF be the diameter of the parabola 
whoſe ordinates are parallel to PM. Draw 
AH parallel to CF meeting PM in N; and 
AD parallel to PM meeting CF in D. Becauſe 
the angles HAE, APN,- ANP, are given the 
lines AP, PN, AN, will be in a given ratio to 


each other: ſuppoſe them to be always as a, 6, 
tc; let AD'= 4d, DC = EV and ſeeing AP (= ) 


PN:: a; 8, PN = x; likewiſe AP: AN: 


r 1 Ln And GM = PM — PN 


NG = == d. But CG = DG — 


© £7 Eh = DC 
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DC = AN —DC=<=x—e. If now the e. 


rameter of the e CF be called p, then, 
from the nature of the parabola, þ xCG= GMg: 


and conſequently, P N =x — = p — —x 0; 


from which this equation follows, | 


2b 3 26d) q 


0 


Whence, if any equation is propoſed, and ſuch 
values of a, &, c, d, e, p can be aſſumed as to 
_ make that equation and this coincide, then the 
locus of that equation will be a parabola. The 


conſtruction of which may be deduced from 
this article. 


$ 27. In this general equation for the para- 
bola, the coefficient of x* is the ſquare of half 
the coefficient of xy; and, © when any equa- 
tion is propoſed that has this property, the locus 
of it is a parabsla.” For, whatever coefficients 
affect the three laſt terms, they may be made to 
agree with the coefficients of the laſt terms of 
the general equation, by 1 proper values 
of P, c, and e. 

It appears alſo, that « if the locus be a a pa- 
rabola, and the term xy be wanting, the term 
* muſt alſo be wanting.“ And, if any 
Equation of 1 two. dimenſions be propoſed that 
wants 


( 


— 
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wants both the terms, xy and *, it may be 
always accommodated to a parabola. 

C28, The general equation for the ellipſe is 
deduced from the Property of the ordinates of 
any diameter, in the ſame manner; the con- 
| ſtruction of the figure being the ſame as in 

926. Only, in place of the parabola, 
Let KML be an ellipſe whoſe diameter is 
2 e its ordinates parallel to PM, and 


let © be the center of the ellipſe. Suppoſe 
CL = 7, and the parameter of that diameter 
=7, then GMg: CLq—CGq::p: 27. But, as 


in $26, GM = y 272 and CG = Ire; 


155 2 
13 » / — 25 — 4 * Ty — * 4 


7 oj 
2ce . 3 
r — #: ; whence this equation: 
2 bY. | bd 
WTA =20 +=) + 
= ſ „ + 51 
po . 
21 a* . 
＋ 27 
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And if any equation is propoſed that can be 
made to agree with this general equation, by af. 
ſuming proper values of a, b, c, d, p and e; 
then the locus of that equation will be an ellipſe. 

529. In the general equation for the ellip/;, 
the terms x* and y* have the ſame ſign: and 
the coefficient of x* is always greater Than the 


ſquare of half the coefficient 'of xy, becauſe - 
= + Los is is greater than 2. And although the 


term 85 be wanting, 70 the term x* muſt re. 
main, its coefficient, in that caſe, being — 


which muſt be always real and poſitive. On 
the other hand, if an equation is propoſed in 
which the coefficient of x* exceeds the ſquare of 
half the.cocfficient of xy; or, an equation that 
wants xy, but has x* and - 7 „ of the fame ſign, 
its locus muſt be an ellipſe.” 

S 30, In the hyperbola, as GM: CGg — 
CLg::p: 2t; when f is a firſt diameter, the 
equation that ariſes will differ fram the equation 
of the ellipſe only in the ſigns of the values 


of CG and CLq, and conſequearly \ ml: have 
this form, ; 


RT 7073p TG d ö 
3 IN 
* TO 1 3 
— 2 
t 
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if + be a ſecond diameter, then 2 will be 


negative. 


* 
v 
- 


. a , / 
7 
- — m2 . . — — 
. — 4 — 
d % 


In this equation, it is manifeſt that the coef- 
ficient: of the term & is leſs than the ſquare of 
half the coefficient of xy; and, that when the 
term xy is wanting, the term x* muſt be ne- 
gative. And, reciprocally, * if an equation is 
propoſed where the coefficient of x* is leſs than 
the ſquare of half the coefficient of xy; or 
where xy is wanting and y* and x* have con- 
trary ſigns, the locus of that equation muſt be 
an byperbola.” 


§ 3le 


b 
4 
£ 8 


r,. . ̃ꝓAi!bh é ͤ . SE 
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§ 31. The equation of the hyperbola when its 
ordinates PM are parallel to an aſymptote does 
not come under the general equation of the 
laſt article. Let CF and CL be the ahmptotes 
of the hyperbola, and let PM be parallel to I. 


2 


Then CG x GM will be equal to a given rectan- 
gle (which ſuppoſe ga). Then, CG = DG — 


DC Ire, GM =y —_—} and con- 


— 


— 


1 6 ce 2 . 
ſequently y _—_— * rer N 4: whence 
this equation, 


8 „5 ea 7440 
— — 2 — : — — — 
2 yy T C 70 . 7 
* OY O. 
%s 


Where only one of the terms y?, *, can be 
found with xy; and where xy will be found with- 
out either of theſe terms, if AE and AH coin- 


cide, that is, if AE is parallel to the aſy mptote 
DF. 


It 
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It appears from this, that * if an equation 
is propoſed that either has xy the only term of 
two dimenſions z or, has xy and either & or 5 
beſides, but not both of them, the locus of the 
equation ſhall be an hyperbola, one of whoſe 
ahmptotes ſhall be parallel to y or x. according 
as it is * or x' that is wanting in the equa- 
tion.” 


$ 32. From all theſe compared together, it 
follows, that “e locus of any equation of two 
dimenſions is a conic ſection.“ mg 
For if the term xy is wanting in-the equation, 
and but one of the terms *, x* is found in it, 
the locus ſhall be a parabela; by F 27. 
If xy is wanting, and a*, *, have the ſame 
ſign, then the locus is an ellipſe. F 29.— But, 
when they have different ſigns, it is an hyperbola. 

o. | 

4 xy is found in the equation, and af, y*, 
are both wanting, or either of them, the locut is 
an hyperbola, 31. | ö 
If both x* and y* are found in it, having con- 
trary ſigns, the locus is ſtill an hyperbola. 
If )“ and x* have the ſame ſigns, then, accord- 
ing as the coefficient of x* is greater, equal, or 
leſs than the ſquare of half the coefficient of xy, 
the locus ſhall be an ellipſe, parabola, or per- 

bola. § 27, 29, 30. 
In any caſe therefore the locus of the equa- 
tion is ſome come ſection. 


§ 33. 
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$ 33- Theſe may all be demonftrated more 
directly from the conſideration of the general 
equation of the lines of the ſecond order in 
8 21. Fer it is obvious tam by $ 25: Part ll. 


G F 
the ſecond term of that general equation may be 
exterminated by aſſuming zZ=y * — 7 - 


, and 
it will be transformed into 


+> | D 
has 


— — 


which, by cranſpoſing the laſt term, 1 


ee ve 


Let MK be the locus of the equation: and 
if AH be drawn fo that HE be to AE as Za to 
unit, and AD, parallel to PM, be = £6, and 
through D the line DF be drawn parallel to 
AH, meeting PM in G, then ſhall GM (= PM 
+ PN + NG = y + Jax + 1b) = 2. And 11 

AH =f, then DG AN IS. 


Suppoſe DG = 2, and x = =. Inſtead of x 


/ 
ſubſtitute 8 and the equation that reſults 
will expreſs. the * of GM and DG, of 
this form, . = 
K X 4 „ 
Which will be an Hyperbola, parabola, or ellipſis, 
according as the ter . 4 nothing, 


or negative, That is, according as 5 Is greater, 
equal to, or le than c. But à was the cocth- 
cient of xyz from which ir appears, that © the 
locus is an ellipſe, parabola, or hyperbola, ac- 
cording as the coefficient of x* is greater, equal 
to, or leſs than the — of half the coeffi- 
cient of 7 


It appears alſo, that ye if the term xy be 1 want- 
ing, or 2 o, then the locus will be an ellipſe, 
parabola, or hyperbola, according as the term cx* 
is pofetfoe; nothing, or negative.” 


Hence 
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* 2 


lines PM, it follows that if any parallels, as 


Hence likewiſe, if the term x“ be wanting, 
and the term xy not. wanting, —_ the term 


being poſitive (becauſe 175 is always 


poſitive, whatever 4 or F be) © the locurmuſ be 
an hyperbola.” 


Note, That part of the ho: on the other 
ſide of AE, which is marked with ſmall letters, 
anſwers to the caſe when the coefficient of y 95 in 
the general equation, VIZ. ax + b, 1s negative, 


$ 34. The lines of the ſecond order have ſome 
general properties which may be demonſtrated 
from the conſideration of the 8 equation 
repreſenting them. 

The general equation of § 21. by extermi- 
nating the ſecond term can he transformed into 
the 1 | | 

wall 8 : 
Tl + - 5 «+ — . 
From which we os 


e —E x | u* + 2 ＋ 5 


Where the two * 15 2 are . n and 
have contrary ſigns, ſo that the line DF, on 
which the abſciſſes are taken, muſt biſect the 
ordinates, and conſequently, is a diameter of 
the conic ſection. And, as this has been de- 
monſtrated generally, in any ſituation of the 


Mn, 
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Mm, Mm, be drawn. meeting a conic ſection *, 
there is a line BF which can biſect all theſe pa- 
rallelss And conſequently if any two parallels, 
Mm, Mm; are biſected in G and g, the line G 
that biſects theſe two, will bifect all the othe 
lines parallel to them, terminated by the curve; 


« Which is a n e * all the conie 


ſections. : 

There is one caſe which muſt be excepted, 
when PM is parallel to an aſy mptote, becauſe 
in that caſe it meets with the « conic {ection only 
in one point. 1 Fr 


§ 25. In the general equation of 762 27, if you 


ſuppoſe y=o, there will remain cx* + dx eo, 


by which the points are determined: where the 
curve meets the abſciſſe AE. 


Suppoſe it meets it in B and D, and that 


AB A, and AD = B. Then ſhall — — 


— i be the two roots of the anne x* Tr 25 


* Ti 


+£=0z a menos FEA XEED = x 


2 2 as TritQ J: BIAÞ 
rat l Bp, and x +B= DP; 


supply the figure, | | 
213 | Z | FUR.” £3 


* 
9 — * of - — 
9 - » 9 
- 


— —— ——— —— — —T—— — — 
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therefore BP x DP A 4 2. Nov, ity 


wanifeſt from. the nature of eayations, that if 


PM meet the curve in M and , the. reftangle 
of the roots PM and Pn ſhall, ba- equal to 
cx + dx ++ the laſt term of the equation 


of 1 + oxy + 
+ * + ds | =o. 
— 0 4 *** + e 4 


We have't therefore PM X P Ser. +dx +1 
and 4 BP x DP = + Ss 18 TN 


198 


2 1. 5 is, 46 the 8 of he Lai 


PM, Pm is to the rectangle of the ſeem ents > 
the abſeifies, as, in a given ratio, $7 
Which is another' general 3 of the mes 


s to 


of the ſecond, aden. 

In a ſimilar manner "No ahalogous properties 
of the lines of the bigher orders are demon- 
ſtrated  * 


5 36. There are many different ways of de- 
ſcribing the lines of the ſecond order, by mo- 
tion. The following is Sir Jaac Newtor's. 


+ Let the two points C and 8 be given, and 
the Rigs line AE 1 in ms me 77 Let bg 


2 * 
0 1 the e 


+ See Grometria Orgawica, Prop. I. 


LI z# 
WS -« as 


given 
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given angles FCO, KSH, revolve about the 
points C and 8 as poles, and let the interſec- 


tion of the ſides CF, SK, be catried along the 


ſtraight line AE, and the interſection of the 
ſides CO, SH, will deſcribe a line of the ſecond 
8 e 
Let the ſides CF, SK interſect each other in 
and the ſides CO, SH; in P; let PM and 
be perpendicular on CS. Then draw PR, 
Q; PT, QL; fo that CUQ=CRP FCO; 
and SLQ = STP RSD. 


The angle RCP = CQU, ſince RCP makes 
two right ones with RCQ and QC. So that 


the triangles CUQ and CRP will be ſimilar; 
And after the ſame manner you may demone 
ET 2 ſtrate 


342 A TREATISE of Part III. 


ſtrate that the nge * STP a are e mila; 
whence, 


CR : PR:: Q: e 
and ST : PT ;: L: 


Suppoſe CS = a, CA = B, tis 05 of the 
angle FCO to its cofine as d to @; lin. angle 
CAE to coſin. as c to a, and ſin. KSH to coſin. 
as e to a. Put alſo PM =y, CM x, QN e z. 

Then RM: PM:: a: d, PR: PM:: Va'+ 6 id, 
AN: N:: fc. So chat RM =, CR (SCM 


— RM) = = =, PR= EOS, 


Likewiſe QU = — 7 A „and CU (= CA 


—AN— —NU) =4— 2z— 2x. And it be- 
ing CR : PR: Nc CU, it follows that 
dx—ay. 5 Ve 41 7 7 +78 


4 -So cat's = _— 


— — 


de — a * Te N wo 


In like manner you will find 8 T = — a _ 25 


AGES: ——, QL = £ ER and SL 


(=AN —AS— — NL) e, But 
it 


FL Xx 


Chap. . ALGEBRA: 343 


it was ST : PT :: : QL: SL, that i Is, a - 4247 
— . : | 


—. 
3 a ec 


7 e | 
Whence NSE = 
- ec + at ar Xe—c+a* yy 
And from the equation of theſe two values of 
x this equation reſults; 


a—bX * 114 1 2 1 

— xy — 

4ae-bexd +dcie) —bexe+d 
En Cf 


— a Nd +6) — ae XJ dc - 4 
where ſince x and y are only of two dimenſions, 
it appears that the curve deſcribed muſt be a 
line of the ſecond order, or a conic ſection, ac- 
cording to what has been already demonſtrated. 

$ 37. As the angles FCO, KSH revolve about 
the poles C and 8, if the angle CQS becomes 
equal to the ſupplement of theſe given angles 
ro four right ones, then the angle CPS muſt 
vaniſh, that is, the lines CO and SH mult be- 
come parallel: and the interſection P muſt go 
off to an infinite diſtance. And the lines CO 


and SH become, in that 218 parallel to one 
of the aſympt-tes. 


In order to determine if this may be, deſcribe 
on CS an arc of a circle that can have inſcribed. 
in it an angle cqual to the. ſupplement of the 
* F CO, KSH, to four right angles. It 


2 3 this 
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this arc meet the line AE in two points N, 3, 
then when Q the interſection of the ſides CF, 


SK comes to ſcher pf theſe points, as jt is cat 


ried along = link AF, the point P will go off 

to infinity, and the lines SH, CO, become pa- 
rallel to each other and to an aþmprote of the 

curve. 
If that arc * euth the line AE, the point 
P will go off to infinity but once. If the arc 
— * cut the line AE nor touch it, the point 
P cannot go off to infinity, In the firſt caſe 
the conic ſection is an hyperbola, in the ſecond 
a parabola, in the third an ellipſe. 
The aſymptotes, when the curve has any, ate 
determined by the following conſtruction. 

Draw NT conſtituting the angle CNT = 
SNA, meeting SC in T; then take SI = CT, 
and always towards oppoſite parts, and through 
I draw IP parallel to SH or CO, and IP will 
þe one aſymptote of the curve, The, other is 
eme in Hake manner, boy bringing Q ton, 

Ang 
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And the tuo aſymptotes meet in the center, 
conſtituting there an angle = NS. KF 
From this conſtruction it is obvious, that 
when the circular are Nu touches the litic 
AE, the angle SNA being then'= SCN, the 
line NT will become parallel to CS; and there- 
fore CT and SI become infinite, that iz, the 
o/ymptote IP going off to infinity, the curve be- 
comes a parabola. 
$ 38. There is anothet general * of de- 
(cribiog the lines of the ſecond voy that de- 
| ſerves our conſideration, | ) 


AP 


F C AMR SB N — 


Inſtead of angles we now uſe three rulers 
DO, CN, SP, which we ſuppoſe to revolve 
about the poles D, C, 8, and cut one another 
always in three points N. Qand P; and car 
ing any two of theſe interſections, as N and i 0, 
along the given ſtraight lines'AE, BE, the third 
interſection P will deſcribe a cobic ſection. 

Z 4 .T brough 
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Through the points D, P, Q: draw DF, 
PM, QR, parallet to AE, meeting CS in F, 


1M; R:ycalf@0 through P dra BH parallel to 
BE meeting CS in l. 

das Then putting PM , CM x, CS=0, CA 
-z2-b, SBN DP = , AF = I. AE d, BE = 
AB (Si- c = fs ſince the — 4 


PMI, "I F B are ſimilar; therefore PH = 
MH E . "SH'= 2 ges. And od 


— 41 4413 4.1055 8 — [ 0 


CA: AN z: CM : PM. AN 5 and ſince 
SB : B: SH : PH.. . . B 5—— 


7 + fy = ad 
But, 4 
. c 
B. Wi: RE : AE. . QR = FFD 
989 
5 = ax + fy — ad? 
Now pp 55 AN : : AF: AR; 
this is, 
by . 2 cfy 
* D DES TIE i 


And multiplying. he extremes and means, 
and ordering t. the terms, it is, 


2228 Gee e 20. 
et +dfi ue 
In which equation, the ſig n of ſome terms 


may vary * vaiying the 8 of che pale 
; | is an 
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and lines; but x and y not riſing to more than 
tyo dimenſions, it appears that the point P al- 
ways deſcribes a conic ſection. Only in ſome 

articular caſes the conic ſeftion becomes a 
ſtraight line. As for example, when D is found 
in the ſtraight line CS; for then DF vaniſhing 
the terms df kx* — adfkx vaniſh, and the remain- 
ing terms — diviſible by y, the equation be- 


COMES, 


MI xy + cdd— Max1+ fxx+badxI4f=o. 


| Which is a /ocus of the firſt order, and ſhews, 
that, in this caſe, P muſt deſcribe a ſtraight 
1. 
; After the ſame manner it appears that if the 
point E the interſection of the lines AE, BE, 
falls in CS, then will P deſcribe a ſtraight line. 
For in that caſe 4 vaniſhes, and the equation 
becomes, 


 bxc—=I—fxy—-fXc=kxsz=0. 


639. Theſe two deſcriptions furniſh, each, 
a general method of deſcribing a line of the 
ſecond order through any five given points where- 
of three are not in the ſame ſtraight line.” 
Suppoſe the five given points are C, S, M, K, 
N; join any three of them, as C, 8, K, and 
let angles revolve about C and S equal to the 
angles KCS, KSC. Apply the interſection of 
the legs CK, SK firſt to the point N, and let the 
| inter- 
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interſection of the legs CO and SH be 0 
ſecondly apply the interſection of the ſame leg: 
CK, SK, to the remaining point M, and let the 


interſection of the legs co, SH be L. Draw 
a line joining Q and 22 and it will be the line 
AE along which if you carry the interſection of 
the legs CO, SH, the interſection of the other 
legs will deſcribe a conic ſection paſſing through 
the five given points C, S, M, K, N. 

It muſt paſs through C and 8 from the con- 
ſtruction: when the interſection of CO, SH 
comes to A, the curve will paſs through 5 

A 
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And when it becomes to Q and L, it paſſes 
though N, M. 


F 40, From the ſecond deſcription we have 
this ſolution of the ſame problem. 

Let C, S, M, K, N be the five given points: 
draw lices j joining them; produce two of the 
lines NC, MS, till they meet in D. Let three 
rulers revolve about the three poles C, S, D, 
viz, CP, SQ, DR. Let the interſection of 
the rulers CP, DR, be carried over the given 
line MK, and the interſection of the rulers 
SQ. DR be carried through the line NK; 
and the point P, the Interſection of the rulers 

that 
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that reyolye about C and S. will deſcribe a cone 
ſection that paſſes through the five points (, 


8, M, K, N. ( 
| $ 41. It is a remarkable property of the co. 

nic ſections, that if you aſſume any number 

of poles whatſoever, and make rulers reyolye d 


about each of them, and all the interſeQions 
but one, be carried along given right lines, that 
one ſhall never deſcribe 'a line above a conic 
ſection;“ if, inſtead of rulers you ſubſtitute 
given angles which you move on the ſame 
poles, the curve deſcribed will Kill be no more 
then a conic ſection. 
By carrying one of the interſections neceſſary 

in the deſcription over a conic ſection, lines 0 
higher orders may be deſcribed, 


CHAP. II. 
of the Conſtruction of cubic and 
 biquadratic Equations. 938 


942. HE roots of any equation may 

be determined by the interſections 

of a ſtraight line with a curve of the ſame di- 

menſions as the equation: or, “ by the inter- 

ſections of any two curves whoſe indices multi- 
plied by each other give a product equal to the 
index of the propoſed equation.“ 

Thus the roots of a kiguadratic equation 
may be determined by the interſections of two 
conic ſections; for the equation by which the 
ordinates from the four points in which theſe 
conic ſections may cut one another can be de- 
termined will ariſe to four dimenſions: and the 
conic ſections may be aſſumed in ſuch a man- 
ner, as to make this equation coincide with any 
propoſed biquadratic : ſo that the ordinates 
from theſe four interſections will be equal to 

the roots of the propoſed biquadratic. 

If one of the interſections of the conic ſection 
falls upon the axis, then © one of the ordinates 
vaniſhes, and. the equation by which theſe ordi- 

| nates are determined will then be of three di- 

menſions only, or a cubic,” to which any pro- 

poled cubic equation may be accommodated. 

So 
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So that the three remaining otdinates Will be 
the three roots of that propoſed cubic. 


$ 43+ Thoſe conic ſections ought to be pre. 


ferred for this purpoſe that are moſt eaflly de. 


ſcribed. They muſt not however be both ci. 


cles; for their interſections are only two, and 
can ſerve only for the reſolution of quadrajir 
equations. 

Yet. the circle ought to be one, as being moſt 
ealily deſcribed; and the parabola is commonly 
aſſumed for the other. Their interſections are 
determined in the following manner. 


NM 


1 
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Let APE be the common Apollonian para- 
ola. Take on its axis the line AB = half of 
its parameter. Let C be any point in the plane 
of the parabola, and from it as a center defcribe, 
with any radius CP, a circle meeting the para- 
bola in P. Let PM, CD, be perpendiculars 
on the axis in M and D, and let CN, parallel 
to the axis, meet PM in N. 

Then will always CPg=CNq + NPg UE. 1.) 

Put CP g a, the parameter of the 1 
= Bh, AD gc, DC=4, AM x, PM = 


Then CNg = Tes, NPq=y74); ad 
Ay + FTA za. That is, 
** K 20x + +y*+2d +& 47%. 

But, from the nature of the parabola, y* = bx, 


and * * ſubſtituting therefore theſe va; 


: 
: 
: 
l - 
: T: 8 
1 
149 
: l 
1 
15 
11 
1 | 
T: : l 
WH 
RL 
- 
: : 
KH. 
: 1 ! 
7 
5 1 
11 
19 
. 
WH 
= 


lues for x* and x, it will be, 

2 * = 22 — + ad- o. 

Or, alike by 57 

„Aab K ad K f. d K N . 
Which may repreſent any biquadratic equation 
that wants the ſecond term; ſince ſuch values 
may be found for a, 5, c, and d, by comparing 
this with any propoſed biquadratic, as to make 
them coincide, And then the ordinates. from 
the points P, P, P, P, on the axis will be equal 
to the roots of that propoſed biquadratic. And 


* xa is the difference of x and «c indefinitely, which- 
ever of the two is greateſt, bn” 


this 


mace GEE DD DT Tr LS 
— - . 
— IT 
Fs FRY 


7 
2 — 
— « ¶lNn — 
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this may be done, though the parameter of the 
parabola (viz. 4) be given: that is, if you have 
a parabola already made or given, by it alone 
you may reſolve all biquadratic equations, and 
you. will only need to vary To & center of your 
circle and its radius. 


44. If the circle deſcribed from the center 
c paſs through the vertex A, then CPg =CAg 


= =CDg + ww that is, a = 4 Þ+ r. and de 


laſt term of the biquadratic ( + d. 41) will 


ariſes the cubic, 


| Ys = ct Fxyt 246" = 0, 
Let the cubic equation propoſed to be reſolved 


be 5's & py * =0. Compare the terms of 
theſe 


vaniſh z therefore, dividing the reſt by y, there 


. 
WJ. m 
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theſe two equations, and vo oi have E 2 Be 
55 and * 2d = == r, or, e 2 


K S 10 | KT, 


0 0 8 oy we Prom which you bare this 


conſtruct on * the cubic 5*; * = fy K * — o, by 

means of any given parabola APE. 

From the point B take in the axis ( . if the 
equation has — p, but backwards if p is poſs 


tive) the line BD = = 75 => then N 0 the perpen- | 
dicular DC = 5 ad Fog Ger n 4 
circle paling through the vertex A. meeting 
the parabola in 2. fo all the ant PM 
be one of the roots of the cubic y*. * =-py 5 r 
20 

The ordinates Sug ſtand on the ſame ſide of 
the axis with the center T are negative or af- 
firmative, according as the laſt term t is nega- 
tive or affirmative ; and thoſe ordinates have 
always contrary ſigns that ſtand on different 
ſides of the axis. The roots are found of the 
lame value, only they have contrary ſigns, when 
is poſitive as when it is negative; the ſecond 


term of the equation being wanting ; which 


agrees with what has been demonſtrated elſc- | 
where, | 


we 


$ 45. In reſolving numerical equari6ns,. you 
may iuppole the parameter $ to be unit; then 


— AD. 


— — —— — 
* 


— — - - 
* 
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AD= — . £9, and DC = 475 and the ordinate 
PM muſt then be meaſured on a ſcale where 


the parameter, or 2 AB is unit. Or, if it be 


more convenient, the parameter may be ſuppoſed 
to expreſs 10, 100, c. or any other number, 
and PM will be found by meaſuring it on 2 


ſcale where the parameter Is 10, 100, Sc. or 
that other number. 


'$ 46. © When the circle meets the parabul 
in one point-only beſides the vertex, the equa. 
tion has only one real root, and the other tuo 
imaginary.” | 
Thus, if the equation has ＋ p, or if D falls 
on the ſame ſide of B as A does, the circlecan 


meet the parabola in two points only, whereof 
A is one; and therefore the equation muſt 


have two imaginary roots; as we demonſtrated 
elſe where. If the circle touch the parabola, then 
two roots of the equation are equal. 

It is alſo obvious, that the equation muſt ne- 
ceſſarily have one real root; becaule, ſince the 
circle meets the parabola in the vertex A, it muſt 


meet it in one other point, at leaſt, beſides A. 


$47. Inſtead of making the circle paſs through 
the vertex A, you may ſuppoſe it to paſs through 
ſome other given point in the parabola, and that 
interſection being given, the biquadralic found 
for determining the interſections, in $ 43, may 
be reduced to a cubic. Let 

e 


* . 
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Let the ordinate belonging to that given 


interſe&tion be g. then one of the values of y 
being g, it follows that the biquad: atic 


will be diviſible by y = g, which will reduce it 
to a cubic that ſhall have the ſecond term. And 
thus we have a conſtruction for cubic equations 
that have all their terms. 


For example, let us ſuppoſe that the para- 


meter is AG, and the ordinate at G is GF meet- 


ing the curve in F. Suppoſe now that the 
circle is always to paſs through E; then ſhall 


CFo(=4) = CHg HF = c.“ Ta 


Sd 2c ⁰ + 2db + 20), and ſubſtituting 
A a 2 | in 


357 


— er 


4 * 
3 Fs 


ow a wag” 
-_ wow 0 
© na CO a4 -- 
* our OF" of /y aun” © 


„ a 


| 


\ tos p m —— 5 
Sw 7 x — 
4 ; —.— 2m r — 
—— 
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1 | in the equation of F 43 this value of a", it 


P + om og 


| becomes in 
** + 2cb 2 2 2 + j 
N * 246 584% 
12 467 


Where c in the! laſt term. "Lip a contrary ſign 
| to what is has in the third, and 7 ; a contrary fien 
to what it has in the fourth. 
This biquadratic has FG, or 8, for one of 
G its roots; and being divided by 5 — 6, there 
ariſes this cubic, 


+ 26* 74 + 2c6* 
+ 24 


having all its terms complete. If C had been 
taken on the other ſide of the axis, the ſecond 
term 5% had been negative. 

Let now any cubic equation be propoſed to 
be reſolved, as 9 +py* +qy —7 S o. And by 
comparing it with the preceding you will find 


x +by = 206} + 245 
* 


th 


7 2b α ,h = 246} 


7 berfire, to onfirit the pripoſed cubic equation 
Y +py* - o, let-the parameter of your 


parabola be _ to p, take, on ibe axis from 
£ be 


% Lit 
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* aa a + 


th votes 4. the Tine AD = 2 27 and e 


l perpendicular DC = = 1 IS and FI 0 


deferibe a circle through F, meeting the parabola 
in. P, fo ſpall the d, PM be a. root of the 
equation. * l 2 

If the eien epd is a > Gteral equation 
of this form * + py* + p * o, having 


all the terms of three dimenſions, then this con- 


ſtruction will only require * 2 1 — £0 n 
DJ aig + r. 


$28: If you ſuppoſe the Fend to pin 
through any Þ oint F taken any where in the 


parabola (04 Fig. preced.) and call the ordinate 
FG Se, then c — 5 +e DM age? nnd ihe 
general inde may have this form, 


* + '2c6 — 2 + 2c6*þ 
+" "35d STEM. —.— 
8 "Xt "i x 

; * Ser. 

But ſince i. e is one & e values of y, 
the equation ill be div ſibl — e, and the 
quotient is fobnd to o be _=y 

* + . — 4 
\ + $ . 
+ e n 

eee ee 


ah F as Which 


350 A TR E A T 1 8 E of Part ll. 


Which compared with y. + Py +24) =P'r=p, 


gives FG a e) Sp, AD (= c) = — n 


and DC = * 4 = 2 = "had by this con, 
ſtruction the roots of a complete cubic equation 
may be found by any parabola whatſoever, 

§ 49. It is eaſy to ſee from F 43. how to 
conſtruct the roots of a biquadratic by any pa. 
rabola, after the ſecond term is taken away, | 
But the roots of a biquadratic may be deter. 
mined by any parabola :”” only they cannot be 
the ordinate on the axis, but © may be equal 
to the perpendiculars on a line parallel to the 
axis, meeting the parabola in F, ED1 in H, and 
PM in L.“ 

Let FG bean ordinate to the axis in G; and 


the ref remaining as before, let FL = «, PL * 


— 
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the parameter = b, VE = FH =, CH e, 
FG e. 

And ſince PMg (= FL + HD?) = AM x 5. 
therefore q Fr 269 e = AG + FL X * 


5 


7 ＋ I Xx and conſequently J.+ 209 = I25 


But CNg + NPg = = CPgq; that is, x _ + 
d = &. And ſubſtituting for x* and x their 


values — 2 . LEE, you will find 

Fran +485 ES. 

2 117 1260 y £4) hates 
+ 5 + a*l* 


which is a complete biquadratic equation. And 
by campariog with it the equation 


„* D +bgy* —b*ry — Þs =o, you will find 


| 3f* + bÞ* — b 
FG (z i U FH (=) S 2 5 ., 


HC (=4) = =, and CP (= 4) = 
VE; +&+@#: which gives a general conſtruc- 
tion for any ſuch biquadratic equation by any 
parabola whatſoever, - If the ſigns of p, q, r. 
or 5, are different, it is eaſy to make the ne- 
ceſſary alterations in the conſtruction. Ex. gr. 
If p is negative, then FG muſt be taken on the 
other ſide of the axis. 

If you ſuppoſe the circle to paſs through 5. 
the equation will become a cubic having all its 


Aa 4 terms: 
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2 Ks | I_AM * 


terms: the laſt term c * ＋ d 4 X07: vaniſh. 
ing, becauſe then + # = . It will have 
this far, 4h 


22 0 in zan San 
Na 1 + 4s e 
25 753 9 jv > 0: 
2 — 243 | 
RN on, PIO > . * 1165092 3: (0. bas 7 * N 
and then „the Conftrüction will give the root 
of {complete cubie Tquatieh,” 


8 30. We have ſufficiently: fie ved. bow the 
roots of cubic and biquadratic equations may be 
conſtructed by the parabola and circle; we ſhall 
now ſhew-how A conic ſections may be de- 
terwirjed by whoſe: Ihterſeions the ſame roots 


„ — 9 - 


may be diſcovered. * | 


Let the equation, propoſed. be 7 + 59 4 
| 299 — Pr = 05 and let us ſoppoſe, that, 5 
1% & ; "then ſhall, we have by ſubſti- 
tution of b* EF , and diwiding by bp, 
—— 
+ 5+ s which has 
its Eg an ebe. Then by fubſticating-(in 


this laſt), 55 for ”, and e ORG all the 


Nan E 


% 


terms by 5 ; you find, ie out ü 


* + pix + gy — 37 2 = 6, an equation to 
2 parabola. Then, adding to this equation 
75 ou” be = o, you will Habe, 72 


4. ** +5" 42 ir ge nean, 


tion to a circle. - . | 3 
9 E x r The 


The roots of = OTE a PE 1 + b*q: 7 
y = o may be determiued by the. interſec- 
tion of any {wo of theſe . loci 3 as for example, 


* 9 * *. > D . 


by the interſections of the dip that is the locus 


of the equation y* += 7 KY 1. — 2 — 0, 


and of the circle which is'the A of _ 


** EIA SI x + 9 br = — o, from which we 
deduce this conſtruction, * 


- 


Let 
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4? L. me & be the axis of an llipfs, equal to 


"I | 


NV br. 1155 tet: G be ibe lauer of the ellipſe, 


and the axis to the parameter as prob. AG, 
raiſe a 1 to the axis, and on it take 


GD = =, and on the other fide in the perpendicular 


ann take GK = IN =_ Let DE and 


KC be parallel to the axis: take KC = 3b —}y, 


and from Cas a center, with the radius VDC +br 
deſcribe a circle meeting the ellipſe in P, and the 
erdinate PM, on the line DE, ſhall be one of the 
roots of the propoſed equation. © 

Let PM (y) produced meet AB in R, and 
KC in N; and calling DM = x, then CPq = 
NP + NCg, that is, 29* +2 b* — £9b + {fp} 


+ br =:b—tp—x\) +» Fin z and therefore, 
1.5 +x* + I of x — br So, the equa- 


tion to the circle, which was to be conſtructed. 
And fince PRg: wo — GRq :: 6: p, there- 


fore y. +: Dl : br n+ —X* :: :b;Þp; and con- 
ſequently, ON ENE > | 
5 2.1 7 + — FEY. Fg «a which 1s 


the equation 1 5 was to r | 

Now that their interſect ons will give the 
roofs required, appears thus. 

For 
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For x* in the firſt equation ſubſtitute the va- 
lue you deduce for it from the ſecond, vix. 


br — E y* — , and there will ariſe ' 


7 — Eg 1 x=0,0r NK Px &. 


that is, * 2 , and * = 2 ; which ſubſtitut- 


1 7* N 
ed for x* * x in the firſt equation, gives 439 
E LY x +99 —br=03 that 1 
is, „ + bpy* + bÞ*gy — br =o. 41 
And if you ſubſtitute them in the ſecond - WAR 
7 there rpg ariſe 14% 
6* r : 4 
5 +7 + Ly—==0, that is, ** þ vi 
bpy* + b*qy — b'r Zo, the very ſame as before; 191 
and thus ic appears that the roots of the equation * | 
* D- So are the ordinates 1 
that are common to the circle and ellipſe, or that 7 | 
are drawn from their interſection. "138 
i W 
End of the TnuizD Part, 4h 
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D 
LIN BA RUM GROMETRICARUM 
Proprietatibus generalibus. 


KEIXE lineis ſecundi ordinis, five ſeQionibus co- 
MW Y nicis, ſcripſerunt uberrime geometræ ve- 
BN teres & recentiores; de figuris quæ ad ſu- 
* periores linearum ordines referuntur pauca 
& exilia tantum ante NEwToNUM tradiderunt. Vir 
illuſtriſſimus, in Tractatu de Enumeratione Linearum 
tertii Ordinis, doctrinam hanc, cum diu jacuiſſet, ex- 
citavit, dignamque eſſe in qua elaborarent geometris 
oſtendit. Expoſitis enim harum linearum proprietati- 
bus generalibus, quæ vulgatis ſectionum conicarum af- 
fectionibus ſunt adeo affines ut velut ad eandem nor- 
mam compoſitæ videantur, alios ſuo exemplo impulit 
ut analogiam hanc five ſimilitudinem quæ tam di- 
verſis intercedit Hgurarum generibus bene cognitam 


& ſatis firme animo conceptam atque camprehenſam 
habere ſtuderent. In qua illuſtranda & ulterius inda- 


ganda curam operamque merito poſuerunt; cum nihil 


lit omnium que in diſciplinis purè mathematicis tra- 


ddantur quod pulchrius dicatur aut ad animum veri in- 


veſtigandi cupidem oblectandum aptius, quam rerum 
tam diverſarum conſenſus ſive harmonia, ipſiuſque do- 
Qrinz compoſitio & nexus admirabilis, quo poſterius 


priori convenit, quod ſequitur ſuperiori reſpondet, 
quzeque 


. 99025 2 5 
D000 


F 
: 

: 

: 

N 


5 5 
5 
4 
. 
: 
: 
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Fig. 1. 


quæque ſirapliciora ſink ad magie ard vs viam cooftane 
anten. ny. 

Linearum tertii diele btopristeres generales a New 
tons traditz parallelarum ſegmenta & aſymptotos ple. 
ræque ſpectant. Alias harum affectiones quaſdam gi. 


verſi generis breviter indicavimus in tractatu de fluxi. 


onibus nuper edito, Art. 324, & 401. Celeberrimus 
Cotefius pulcherrimam olim detexit:linearum geomettj. 
cafuin proprietatem, hucuſque ineditam, quam abſque 
demonſtratione nobis communicavit vir Reverendus D. 


Robertus Smith, Collegii 8. S. Trinitatis apud Cautabrigi- 


enſes præfẽctus, dockrins operibuſque ſuis pariter ac fide 


& ſtudio in amicos clarus. De | bis meditantibus nobis 
alia quoque ſe obtulerynt theoremata generalia; quæ cum 
ad arduam hanc geometriz partem augendam & illu- 
ſtrandam conducere viderentur, ipſa quali in faſciculum 

congerenda & una ſetie breviter d & demon- 
ſtranda eee 5 


4 *, 


—- 


— 
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De Lineis Geometricis in genere. 


$ 1. J . Inez ſecundi ordinis ſectione ſolidi geometrici, 

= coni ſeilicet, definiuntur, unde earum proprie- 
tates per vulgarem geometriam optime derivantur. Ve- 
rum diyerſa eſt ratio figurarum quæ ad ſuperiores line- 


arum ordines referuntur. Ad has deſiniendas, earumque 
proprietates eruendae, adhibendæ ſunt æquationes gene- 


rales co-ordinatarum relationem exprimentes. Repre- 
ſentet x abſciſſam AP, y ordinatam PM figure FMA, 
te a, b, c, d, e, &c. coefñicientes quaſcunque 

invas 


7 Inno one N ww — FE FF mm 23X9 


KA 0 N cee 
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Proprietatious generalibus, 371 
| javariabiles; & dato angulo APM fi relatio co-ordina- 
tarum x & y definiatur æquatione quæ, præter ipſas co- 
ordinatas, ſolas involvat coefficientes invariabiles, linea 
| FMH geometrica appellatur; quæ quidem auctoribus 
quibuſdam linea algebraica, aliis linea rationalis dicitur. 
Ordo autem linez pendet ab indice altiſſimo ipfius x vel 
in terminis æquationis a fractionibus & ſurdis liberate, _ 
vel a ſumma indicis utriuſque in termino ubi hæc ſumma 
prodit maxima. Termini enim æ&*, xy, * ad ſecundum 
ordinem pariter referuntur ; termini &, x*y, xy*, y* ad ; - 
tertium. Itaque zquatio y=ax+6, five y—ax—b=0, 
eſt primi ordinis & deſignat lineam five locum primi 
ordinis, quæ quidem ſemper recta eſt. Sumatur enim Fig. 2. 
in ordinata PM reQa PN ita ut PN fit ad AP ut +8 
ad unitatem; conſtituatur AD. parallela- ordinate PM 
æqualis ipſi ＋ 55 & ducta DM. parallela rectæ AN erit 
locus cui æquatio propoſita reſpondebit. Nam PM 
PN +NM = (a x AP + AD) ax +5. Quod ſi 
æquatio fit formæ y = ax — b vel = ax + b, rea 
AD, vel PN, ſumenda eſt ad alteram partem abſciſſæ 
AP; contrarius enim rectarum fitus contrariis coefhici- 
entium fignis reſpondet. Si valore: affirmativi ipſius x 
deſignent rectas ad dextram ductas a principio abſciſſæ A, 
valores neg4tivi denotabunt rectas ab eodem principio ad 
finiftram ductas; & ſimiliter fi valores afficmativi ipſius 
y ordinatas repræſentent ſupra abſciſſam conſtitutas, ne- 
gativi deſignabunt ordinatas infra abſciſſam ad ten 
partes ductas, 


Aquatio generalis ad lineam ſecundi ordinis ef: hujus 
formæ 


\ 
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& & æquatio generali. ad lineas tertii ordinis eſt ya 


ax TU + cxx —dx TeX y— g — bs 4} 
So. Et fimilibus zquationibus definiuntur linez geo. 
metricez ſuperiorum ordinum. 


§ 2. Linea geometrica occurrere poteſt rectæ in tot 
punctis quot ſunt unitates in numero qui zquationis ye] 
lineæ ordinem deſignat, & nunquam in pluribus. Oc. 
curſus curvz-& abſciſſæ AP de finiuntur pBnendo y=q, 
quo in caſu reſtat tantum ultimus zquationis terminus 
quem y non ingreditur. Linea tertii ordinis ex. gr. oc. 
currit abſciſſe AP cum fx? — g + br -A =o, cujus 
Kquationis fi tres radices ſint reales abſcifla ſecabit cu- 
vam in tribus punctis. dimiliter in æquatione general 
cojuſcunque ordinis index altiſſimus abſciſſæ x equalis ef 
numero qui lineæ ordinem deſignat, ſed nunquam ma. 
Jor, adeoque is eſt numerus maximus occur ſuum cum 
cum abſciſſa vel alia quavis rei. Cum autem æqus 
tionis cubicæ unica altem radix fit femper realis, idem. 
que conſtet de æquatione quavis quinti aut imparis eu- 
juſvis ordinis (quoniam radix quzvis imaginaria alian 
neceſſario ſemper habet comitem), ſequitur lineam terti 
aut imparis cujuſcunque ordinis red am quamvis aſymę- 
toto non parallelam in eodem plano ductam in uno fal- 
tem puncto neceſſario ſecare. Si vero recta fit aſymy- 
toto parallela, in hoc caſu vulgo dicitur curvz occur- 
rere ad diſtantiam infinitam. Linea igitur imparis cujuſ- 
cunque ordinis duo ſaltem habet crura in infinitum pro- 
giedientia. Æquationis autem quadratic vel paris cu- 
juſvis ordinis radices omnes nonnunquam fiunt imagine 
riæ, adcoque fieri poteſt ut rea in plano linee pati 
ordinis ducta eidem nullibi occuirat. 


(3 
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$ 3 Aquatio ſecundi aut ſuperioris cujuſcunque or- 
dinis quandoque componitur ex tot ſimplicibus, a ſurdis 
& fractis liberatis, in ſe mutuo ductis quot ſunt ipſius 
zquationis propoſitæ dimenſiones; quo in caſu figura 
FMH non eſt curvilinea fed conflatur ex totidem rectis, 
quæ per ſimplices has zquationes definiuntur ut in Art. 1. 
Similiter ſi æquatio cubica componatur ex æquationibus 
duabus in ſe mutuo ductis, quarum altera ſit quadratica 


altera ſimplex, locus non erit linea tertii ordinis pro- 


prie fic dicta, ſed ſectio, conica cum rectà adjunAa, 
Proprietatis autem quz de lineis geometricis ſuperiorum 
ordinem generaliter demonſtrantur, affirmandæ ſunt 


quoque de lineis inferiorum ordinum, modo numert 


harum ordines deſignantes fimul ſumpti numerum com- 
pleant qui ordinem dictæ ſuperioris linea denotat. 
Quz de lineis tertii ordinis (ex. gr.) generaliter demon- 
ſtrantur affirmanda quoque ſunt de tribus rectis in eodem 
plano ductis, vel de ſectione conica cum unica quavis 
recta ſimul in eodem plano deſcriptis, Ex altera parte, 
vix ulla aſſignari poteſt proprietas linez ordinis inferioris 
ſatis generalis cui non reſpondeat affectio aliqua linearum 


eſt cujuſvis diligentiæ. Pendet hæc doctrina magna ex 


memorare tantum convenit. 


$4. In æquatione quacunque coefficiens ſecundi ter- 
mini æqualis eſt exceſſui quo ſumma radicum affirmati- 
varum ſuperat ſummam negativarum; & ſi deſit hic ter- 
minus, indicio eſt ſummas radicum affirmativarum & 
negativarum, vel ſummas ordinatarum ad diverſas partes 
abſciſſæ conſtitutarum, æquales eſſe. Sit equatio ge- 
neralis ad lineam ordinis u, 


B b 2 


ordinum ſuperiorum. Has autem ex illis derivare non 


parte a proprietatibus æquationum generalium, quas hic 


Fig. 3. 
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„„ 


ax + 5 


ſupponatur a =y— » , pro) ſubſtituatur ipſius 14, 


- 2 Ng : | 
hrs + _— & in equatione transformata deerit ſe. 


cundus terminus," ; ut ex calculo, ve} ex doQring 
zquationum paſſum tradita facile patet: & hine quo- 
que conſtat, quod per hy potheſim valor quiſque ipſius 
u minor fit vatore correfpondente ipfius y differentiz 


2 , unde ſequitur ſummam valorum ipſius a (quo- 


rum numerus eft 7) deficere a' fumma valorum ipfius 
y (quz ſumma eſt ax + Y) differentia OE : 


+86, adeoque priorem ſummam evaneſcere & ſecun 
dum terminum deeſſe in æquatione qua * definitur, vel 
affirmativos & negativos valores iphus à æquales ſum- 


wy 


X n S ax 


mas conficere. Si ita que ſumatur PQ= = 


Mu, reAz ex utraque parte punQti Q ad curvam 
terminatæ eandem conficient ſummam. Locus autem 


puncti Q eft recta BD quæ n ultra principium A 
productam ſecat in B ita ut aB= = , & ordinatam AD 


ipfi PM parallelam ji in D ita ut ſit Aba x4; ſi enim 


bæc recta . PM occurrat in a Q, erit 
PQ ad PB.(feu — * +3) ut AD ad AB ve] a ad n, adeo- 


que PQ = raſh 7 ut 3 Atque hinc conſtat 


"rectam ſemper duci poſle quæ parallelas quaſvis linea 
geometricæ occurrentes in tot punctis quot ſunt hgure 
dimenſiones ita ſecabit ut ſumma ſegmentorum cujulvis 
paral- 


* . . . a * 
a ww, mn OE: © ed RT og” . ˙ Os ORCS 25 THOR 


ut ſit 
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parallel ex una ſecantis parte ad curvam terminatorum 
ſemper æqualis fit ſummæ ſegmentorum ejuſdem ex al- 
tera ſecantis parte. Manifeſtum autem eſt rectam quæ 
duas quaſvis parallelas hac ratione ſecat ipſam neceſſario 
elfe quæ fimiliter alias omnes parallelas ſecabit. Atque 
hinc patet veritas thearematis Newtonian, quo continetur 


proprietas linearum geometricarum generalis, notiſſime - 


ſectionum conicarum proprietãti analoga. In his enim 
rea quæ duas quaſvis parallelas ad ſectionem termi- 
natas biſecat diameter eſt, & biſecat alias omnes hiſce 
parallels ad ſectionem terminatas; Et ſimiliter reQa 
que duas quaſvis parallelas linea geometricæ occur- 
rentes in tot punCtis quot ipſa eſt dimenſionum ita ſecat 
ut ſumma partium ex uno ſecantis latere conſiſtentium 
& ad curvam terminatarum zqualis fit ſummæ partium 
ejuſdem parallelz ex altero ſecantis latere conſiſtentium 
ad curvam terminatarum, eodem modo ſecabit alias quaſ- 
vis rectas his parallelas. 


5 5. In æquatione quavis terminus ultimus, five is 
quem radix y non ingreditur, æqualis eſt facto ex radici- 
bus omnibus in ſe mutuo ductis; unde ad aliam ducimur 
non minus generalem linearum geometricarum proptie- 
tatem. Occurrat recta PM lineæ tertii ordinis in M, 
n & p, eritque PM x Pm x Py = ff —g3* + bs 4. 
Secet abſciſſa AP curvam in tribus punctis I, K, L; & 
AI, AK, AL, erunt valores abſciſſæ x, poſita ordinata 
jJ=0, quo in, caſu æquatio generalis dat fai— gx* + 
bx—k=0 pro his yaloribus determinandis, ut in Art. 2. 


3 3 „„ 
expoſuimus. ationis igitur & + 0 
Aquationis ig 7777 


tres radices ſunt AI, AK, AL; adeoque hæc æquatio 


B b 3 ſe 


componitur ex tribus x — Al, x — AK, x - AL in 


1 1 
Fig. 1. 


A — — _ — * 


223 a * 
wa dg mod, 


Fig. 4+ 
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| - 2 
ſe mutuo ductis; eſtque 2 22 Boe 


E 
A1 „ T AIK TAL T x AP AR 


* AP< AL =P xKP xLP => x PM „ pn 


X PAH. Factum igitur ex ordinatis PM, Pm, Pu ad 
punctum P & curvam terminatis eſt ad factum ex ſeg. 
mentis IP, KP, LP, rectæ AP, eodem puncto & cur. 
va terminatis in ratione invariabili coefficientis f a 
unitatem. Simili ratione demonſtratur, dato angulo 

APM, ſi rectæ AP, PM, lineam geometticam Cujul- 
vis ordinis ſecent in tot punctis quot ipſa eſt dimenſic. 
num, fore ſemper factum ex ſegmentis prioris ad pun- 
 Qum P & cutvam terminatis ad factum ex ſegmenti 
poſterioris eodem puncto & curva terminatis in ratione 
invariabili. 


§ 6. In articulo præcedente ſuppoſuimus, cum Nu. 
ono, rectam AP lineam tertii ordinis ſecare in tribus 
punctis I, K, L; verum ut theorema egregium red. 
datur generalius, ſupponamus abſciſſam AP in unico 
tantum puncto curvam ſecare; ſitque id punctum A. 
Quoniam igitur evaneſcente y evaneſcat quoque x, ul. 
timus 3 terminus, in hoc caſu, _ I +. 


1 1 a * LE 1 _ 0 — 4 » — 


84 


5 2 tg 

bu X X EE — — XX yp 2 — „ 
Arn br, 1 hb 7 uf 

(ii ſumatur Ag verſih P zqualis 2 & ad punctum a 
- exigatur perpendicularis ab = 2323 I =#:X 


AP x aP* ab* = f x AP x+#P*; unde cum PM x 


Pn * Pp, fit æqualis ultimo termino fx* — g + br, 
a ul 
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ut in articulo præcedente; erit PM x Pm * Py ad 
AP x P“ in ratione conſtante coefficientis F ad unita- 
tem. Valor autem reQz perpendicularis ab eſt ſemper 
realis quoties recta AP curvam in unico puncto ſecat; 
in hoc enim caſu radices æquationis quadraticæ fx* —gx 


+ ſunt neceſſario imaginariz, adeoque 4fh majot 


quam gg, & quantitas 4 h gg realis. Cum igitur 
rea quævis in unico punto A ſecat lineam tertii or- 
dinis, eſt ſolidum ſub ordinatis PM, Pm, Pu ad ſoli- 
dum ſub abſciſſa AP & quadrato diſtantiæ punẽt P a 
puncto dato & in ratione conſtanti. ſuncta Ab eſt ad 


Aa, ſive radius ad coſinum anguli ZAP, ut 4fh ad 


go, & Ab= VS F* Idem vero punctum þ ſemper con- 


venit eidem Gl AP, qualiſcunque fit angulus qui 
abſciſſa & ordinata continetur, 


$ 7. Sit figura ſectio conica, cujus æquatio generalis 
fit y —ax —bXy + eax dx e So ut ſupra; & 
fi æquationis cææx - dx +e=0 radices ſint imaginariz, 
recta AP ſectioni non occurret. In hoc autem caſu 
quantitas 4ec ſemper ſuperat ipſam d; unde cum fit 


* ad 
ax — dr + EZ * A t (f ſumatur 
2c 4c 


BO 2 
Aa = _ & erigatur ab perpendicularis abfciſſe in a 


V 4ec= 44 


ita ut ab = = Py Sc N b + ab* Xx Ps, ſit- 


que PM x Pm = cxx— dx + e, erit PM x Pm ad bP* 
ut c ad unitatem, Itaque in ſectione quavis. conica 
| i recta AP ſectioni non occurrat, erit, dato angulo 

APM, rectangulum contentum ſub rectis ad punctum 
P conſiſtentibus & ad curvam terminatis ad quadra- 


B b 4 tum 


Fig. 5. 


— * * * 
, 
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tum diſtantize puncti P a puncto dato þ in ratione coy. 
ſtanti, quæ in circulo eſt ratio æqualitatis. Manifeſtum 
autem eſt eandem methodum adhvberi poſſe linez quart 
ordinis quam abſciſſa fecat in duobus tantum pungis, 
vel line ordinis cujuſcunque quam abſciſſa ſecat in 


pans binario paucioribus numero qui figuræ ordinem 


88. Hiſce præmiſſis, progredimur ad linearum peo. 
metricarum proprietates minus obyias exponendas eo- 
dem fere ordine quo ſe nobis obtulerunt. Utebamur 
autem lemmate ſequenti ex fluxionum doctrina petito, 
quodque in ttractatus de hiſce nuper editi Art. 717, 
demonſtravimus; harum tamen aliquas per algebram 
yulgarem demonſtrari poſſe poſtea obſervavimus. 
Lemma. Si quantitatibus x,y, z, u, &c. ſimul flu- 
entibus, ut & quantitatibus X, V, Z, V, &c. fit factum 
ex 838 ad ene ex e in ratione con- 


Banti. quacunque, erit — _ + 7 _— — + &c. 


=> 7 7 T4 277 M + Ke. 5 brevitatis gra- 


tia, 2 th; appellamus ſibi mutuo reciprocas, qua- 


12 ; e's a . wu % a . . ' | oak =— ' I * 
rum in ſe mutuo dactarum factum eſt unitas, fic 7 di- 
Titnus reciprecam eſſe ipſius x, & ” ipſius 3. 


98 9. Theor. I. Ocurrat recta quavis. per punctun 
datum ducta lines geometrice rujuſcungue ordinis in 11 

punctis quot ipſa el dimenſſonum; rete figuram in his 
punctis contingentes abſeindant ab alia rectd poſitione data 
per idem puntium datum dut?d Jegmenta totidem hy 
N ſerminata; & herum a rec proca re 
5 ent 
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Fn ſemper conficient ſummam, ode ſamenta ad con- 


antun. 


Sit P ks 3 pA & pa ia quævis duz 
ex P ductæ er utraque curvam ſecat in tot punctis 
A, B, C. & c. a, b, c, &e. quot ipſa eſt dimenſio- 
num. Abſcindant tangentes * BL, CM, &c. et 
ak, bl, cm, &c. a recta EP p 
ducta ee PK, PL, _ os et PI, hs Pm, &c. 


1 
dico fore 5+ bK 41 L ＋ NI + &c. = — Pe + —_ 


= + Ke. atque hanc ſummam manere ſemper ean- 
- | | 


dem manente puncto P & tecta PE poſitione data. 
Supponamus enim rectas ABC, abe motibus ſibi pa- 
rallelis deferri, ita ut earum occurfes P progrediatur in 
rea PE poſitione data; cumque fit ſemper AP x BP 
x CP N Ke. ad aP x P xc in ratione conſtanti per 


Art. 5. tepræſentet AP fluxionem ipſius AP; BP flu- 


xionem rectæ BP, & CP, EP, &c. fluxiones recta- 
rum CP, EP, de. reſpeAivas, ut vitetur inutilis ſym- 


bei multiplicatio, eritque ( per 1 04 


CP F a 
+ a 5 + Ke. ==x + +: D be. Verum cum 


* 


recta A motu ſibi ſemper parallelo deferatur, notiſſi- 


mum eſt AP fluxionem rectæ AP elſe ad EP fluxio- 
nem rectæ EP ut AP 9 PK, N 


Ap EP 81 1 EP CP @ 
S + 7 = FO = FP 
EP 35 b Ep Ep 11 


” Pe? 75 = 7" & 5 = p unde PK T PI. 
5 See + 


trarias partes punfli dati fir ita contrariis / yo Mei- 


Fig. 6. 


r punctum datum P 


————- p —„— 7 


rn 
- 
ö 


Fig. 7. 
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n 
= r 7 7 &c. et 
'm PK 


| 1 
＋ FL 1 F T K. = r If R &. 


Hzc ita ſe habent quoties puncta K, L, M, &c. et 
4, l. n, &c. ſunt omnia ad eaſdem partes puncti p, 
adeoque fluxiones rectarum AP, BP, CP, &c. aP, bp, 
P, &c. omnes ejuſdem ſigni. Si vero, cæteris ma- 
nentibus, puncta quævis M et m cadant ad contrarias 
partes puncti P, tum creſcentibus reliquis ordinatis AP, 
BP, &c. neceſſario minuuntur ordinate CP & cb, 
carumque fluxiones pro DRE ſeu negativis babendz 
ſunt; adeoque in hoc caſu -— PR A 5E =_ Ne. = 
pr 4 77 — = &c. & generaliter in ſummis hiſce 
colligendis, termini iiſdem vel contrariis ſignis affici- 
endi ſunt, prout ſegmenta cadunt ad eaſdem vel ad 
contrarias partes puncti dati P. 


J 10. Si reQa PE occurrat curvz in tot pundtis D, 


D , &c. quot ipſa eſt dimenſionum, ſumma — + 


PK 
fr + — + &e. quam conflantem ſeu invariatam 


manere oftendimus gulli erit ſummæ ſeu aggregato 
I 


55 + PE + — + &c. i. e. ſummæ _reciprocarum 


ſegmentis . PE poſitinge: datæ puncto dato P 


& curva terminatis: in qua, fi ſegmentum quodvis {it 


ad alteras partes puncti E, hujus reciproca ſubducenda 


Ul 


F 11. 
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8 11. Si figura ſit ſectio conica, cui reta PE nul- 
libi occurrat, inveniatur punctum & ut in Art. 7. jun- 
gatur Pb, huic ducatur ad rectos angulos bd rectam 


PE ſecans in d, eritque Pi- + = —— Eſt enim 
PA * PB ad bP* in ratione conſtanti, adeoque (per 


7 
Art. 8.) A's 1 = = = unde (quoniam AP eſt 


ad EP ut AP ad 5 BP 5 EP ut BÞ ad PL, & bÞ 


2 


ad EP ut bP ad up) PE + FI 8 


$ 12. Similiter ſi recta = th occurrat lineæ tertii or- 
dinis in unico puncto D, inveniatur punctum 5 ut in 
Art. 6. recta bd perpendicularis i in junctam bP occurrat 
rectæ EP in d, & quoniam AP x BP x Wy eſt 5 


DP x P: in ratione conſtanti (ibid.) erit I E71 5F 


77 55 on 1 Si autem Pb 3 ſit 


in rectam EP, evaneſcet —. IJ 

$ 13. Aſymptoti linearum geometricarum ex data 
plaga crurum infinitorum per hanc propoſitionem de- 
terminantur ; ez enim conſiderari poſſunt tanquam tan- 
gentes cruris in infinitum producti. Recta PA aſym- 
ptoto parallela curvæ occurrat in punctis A, B, &c. rea 
autem PE curvam ſecet in D, E, I, &c. ſumatur in hac 


recta PM ita ut maT 0 æqualis exceſſui quo ſumma 


55 + = — + — + Ke. ſuperat ſummam 5- PR 


170 + Kc. & * tranſibit per M, ſi vero 
æquales 


Fig. 8. 


F ig. 9. 


Fig. 10. 


— — * - 
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-- +, - equales fint hz ſummæ, crus curvz parabolicum erit, 
kfywptoto abeunte in infinitum. | 


I 14. Ad curvaturam linearum geometricarum unico 

Fig, 11. theoremate generali definiendam, fit CDR circulus cui 
occutrant recta PR in D & R, & rea PC in C & N; 

ſecet tangens CM rectem PD in M, atque manente 

recta DR, ſupponamus rectam PCN deferri motu ſibi 

ſemper parallelo donec coincidant a : D, C, & 

quæratur ultimus valor differentiz MI. — 5055 In recta 

PN ſumatur punAum quodyis 9, occurrat qv parallela 

tangenti CM reaz DR in v; ducatut DQ parallela 

'ipfi PN, & QV (parallela rectz eirculum contingenti 

in D) ſecet DR in V. Erit itaque —— — 55 — 
3 x PM 

PM* x PDx MK 


enten DM x MR=CM*)= TD 


* x FM m MR 
PD x MK FTP x MR x IIb bern 


x MD, ſeu CM", fit ad PM* ut gv* ad Po“) = 
gv* x PM | - 


Fx x MK x PM -+ gv* AI. P XK MR v x PM? 


cujus ultimus valor, evaneſcente PM & coincidentibus 
Tr 


"$9'& Pv cum DV, ap | 11 idem 


eh valor ultitnus keene. Hi 75 fi D & C ſint 


in arcu lines cujulvis <juldem curvature n circulo 


CDR. 


Fig. 12. 8 15. Theor, II. Ex punfto quavis D line geonc- 
rice ducantur duæ qizvis rei DF, DA, guaram 


utrague eam ſecet in tot punctis D, I, E, &c. & D, A, 
. Sc. gat id/a : 2 Len fanum' ; - abſcindarit tan genics 
AR, 


( 


\ : | | | 
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AK, BL, Ec. a refia DE ſegmenta DK, DL, Ge. #1 

Occurrat refla quevis, QV tangenti DT parallela ipfis 

DAG DE in Q, fitque QV* ad DV“ ut m ad 
m 


1; ſumatur in DE refa 118 ita ut IF equalis ſit 
Py 290 
DK 
+ _ + Oe. & circulus ſupra chordam DR de- 4 


; 1 1 | 
exceſſut ſummæ BE T PT + Sc. ſupra ſummam 


ſcriptus rectam DT contingens- erit circulus oſculatorius, 
five ejuſdem curvature cum linea gecmetrica propoſita, ad 
puntium D. 5 b 
Oftendimus enim in Art. 10. (Fig. 6.) generaliter 
| t-: I 1 —_ I 
ſummam FK + PI ÞM + Ac. = PD PN 
+ — + &c. & in Art, prarcedente invenimus valo- 


I , . — — C 


Qv⸗ 4 


incidentibus 


punctis P, D & C, eſſe PV IA = Bi ſi circulus *l 


ejuſdem cutvaturz cum linea geometrica ad punctum D 
ng 

+ — + & Ke. ſive reci #0 
5¹ + &c. — DE 5I. * 1 


rectæ DE occurrat in R. Unde ſequitur fore — = 


I 


DE 
procam ipſi — x DR eſſe æqualem exceſſui quo ſum- q 


ma reciprocarum ſegmentis puncto D & curva termi- 
natis ſuperat ſummam reciprocarum ſegmentis eodem 
puncto & tangentibus AK, BL, &c. terminatis. Quo- 
ties autem exceſſus hic evadit negativus, chorda DR 
ſumenda eſt ad alteras partes puncti D, ſemperque ad- P 
hibenda eſt regula ſuperius deſcripta pro ſignis termino- 
rum dignoſcendis, Si recta DA biſecet angulum EDT 

| | recta 


Fig. 13. 


* 
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recta DE & tangente DT contentum, theorema fit 
paulo ſimplicius. Hoc enim » caſu QV =DV, m=1, 


& Ds =qualis exceſſui quo —- + — + Koe. ſupe- 


DE 
1 1 
rat DD + &c. 


§ 16. Ex eodem principio conſequitur theorema ge- 


nerale quo deter minatur variatio curvaturæ vel menſura 


anguli contactus curva & circulo oſculatorio contenti, 
in linea quavis geometrica; præmittenda tamen eſt ex- 
plicatio brevis variationis curvature, cum hæc non ſatis 
dilucide apud auctores deſcripta fit. Linea quævis curya 
a tangente flectitur per curvaturam ſuam, cujus eadem 
eſt menſura ac anguli contactus curva & tangente con- 
tenti; & ſimiliter curva a circulo oſculatorio infleRitur 
per variationem curvaturz ſuæ, cujus variationis eadem 
eſt menſura ac anguli contatuscurva & circulo oſculato- 
rio comprehenſi. Occurrat rea TE tangenti DT per. 
pendicularis curve in E & circulo ofculatorio in , & 
variatio curvatutæ erit ultimo ut Er ſubtenſa anguli 
contactus EDr fi detur DT; cumque dato angulo con- 
tadtus EDr fit Er ultime ut DT, ut ex Art, 369. 


tractatus de fluxionibus colligitur, generaliter curvature 


Er f 
variatio erit ultimo ut - Bri- Utimur circulo ad cur- 


vaturam ierten figurarum definiendam; verum ad va- 
rationem cutvaturæ menſurand am, quæ in circulo nulla 
eſt, adhibenda eſt parabola vel ſectio aliqua conica. 
Quemadmodum autem ex circulis numero indefinitis 


qui curvam datam in puncto dato contingere poſſunt, 


unicus dicitur oſculatorius qui curvam adeo intime tan- 
git ut nullus alius circulus inter hunc & curvam duci 
poſſit; ſimiliter omnium parabolarum quæ eandem ha. 


bent curvaturam cum linea propoſita ad punctum datum 


(ſunt 
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(unt autem haz quoque numero infinitz) ea eandem 
ſimul habet curvaturz variationem, quæ, non ſolum 


arcum cutvæ tangit & oſculat, ſed adeo premit ut nullus 


alius arcus parabolicus duci poſſit inter eas, reliquis om- 
nibus arcubus parabolicis tranſeuntibus vel extra vel in- 


tra utraſque. Qua vero ratione hæc parabola determi- 


nati poſſit, ex iis quæ alibi fuſius explicavimus facile 
intel igitur. 


Sit DE arcus curvz, DT tangens, TEK reQa tan- 
genti perpendicularis, ſitque rectangulum ET x TK 
ſemper æquale quadrato tangentis DT, & curva SKF 
locus puncti K, qui tectæ DS curve normali occurrat 
in 8, quemque tangat in S tecta SV tangentem TD ſe- 
cans in V. Recta DS erit diameter circuli oſculatorii, 
KX biſecta DS in /, erit / centrum curvaturæ; junAa 
autem V/, ſi angulus SDN conftituatur zqualis angulo 


VD ex altera parte rectæ DS, & recta DN circulo 


oſculatorio occurrat in N; tum parabola diametro & 
parametro DN deſcripta, quzque rectam DT contin- 
git in D, ipſa erit cujus contactus cum linea propoſita 
in D intimus erit atque max ime perfectus ſeu proximus. 
Omnes autem parabolæ alia quavis chorda circuli oſcu- 
latorii tanquam diametro & parametro deſcripta, & 
rectam DT contingentes in D, eandem habent curva- 
turam cum linea propoſita in puncto D. Qualitas cur- 
vaturæ a Newtono in opere poſthumo nuper edito expli- 
cata eſt potius variatio radii curvaturæ; eſt enim ut flu- 
xio radii curvaturæ applicata ad fluxionem curvæ, vel (fi 
R denotet radium circuli oſculatorii & S arcum curvæ 


R , | X 
ut Fo Ipſa autem curvatura eſt inverſe ut radius R, 


We —R 
& variatio curvature ut ' uw eſt menſura an- 


guli 


Fig. 14. 


' 
, | 


330 De LiNBARUM GEOMETRICARUM 


uli contactus cyrva & circulo oſculatorio content. 
Wh autem una ex altera data facile derivatur. Va, 
riatio radii curvaturze in curva quavis DE eſt ut tap. 
gens anguli DVS vel DV/, & in parabola quavis eſt 
ſemper ut tangens anguli contenti diametro per pun. DI 
dum contactus tranſeun:e & reAa ad cufvam perpendi. 
culati. Hæc ex theoremate ſequenti generali deduci 


poſſunt. 


I. Theor. III. Sit D pundtum in linea guavi 
geo metr ic datum, oceurrat Ds diameter circuli ofcults fi 
torii per D duda curve in tot punctis D, A, B, &. 8 
quot "ja oft dimenſionum; ducatur DT curvam contin. 
gen, in D, gue curvam ſecet in punctit I, c. bingriy v. 


1 & occurrat tangentibus AK, BL, Oc. i 

KR, L, Cc. eritque variatio curvature, 2 menſura an- 
guli contactus curva & circulo ofculatorio comprehenſ, di 
recte ut exceſſus quo. ſumma reciprocarum ſegmentis tan. 
gentis DT puncto contatius D & tangentibus AK, BL, 
&c. terminatis ſuperat ſummam reciprocarum ſegmentis 
eodem punto & cur da ter minatis, & Aras ut Ladin 


ä 


— —— 


1 


ec. | | 


| Ducatur enim recta D* curvam ſecans in , i, &c. 
circulum oſculaterium in R; ſitque angulus DT quam 
minimus; hyjus ſupplementum ad duos rectos biſecetur 
recta Das, 80 line geometricæ propoſitæ occurrat 
in punctis D, a, b, &c. & ductæ tangentes ak, bl, &c. 
ſecent dectam D# in PN k, I, &c. eritque per pro- 

1 1 
Di = *F 07H 


forms ge. Unge. B 1 — (live BR Fr) 


DI” 


NO precedentem Bx 


I 
— 
bz 
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l &c, - Proinde coincidentibus rectis 
D 5 


D4 & DK, ſeu evaneſcente mo ADE, exit ultimo 


Re 0 1 * Oy PEP 
=o zqualis BT — By p. — &c. Sit er T 


| perpendicularis tangenti in T, atque occurrat circula 
oſculatorio in r; cumque fit re ultimo ad ReuteT ad 
Re 6 e DS 


De, erit. e 


. Menſura autem anguli contactus De 


curva & circulo oſeulatorio e five variatio cur= 


* 8 


I Ef 
—== adeoque ut — X = _ — 2 


vaturæ, eſt ut 55 3 K 1 


Ke. 


F 18, Variatio autem radii cutvaturæ, five hujus qua- 
litas a Newtono deſcripta, ex priori facillime colligitur. 
Junctis enim SI, SK, SL, &c. erit hc variatio radii 
oſculatorii ut exceſſus quo ſumma tangentium angulorum 
DKS, DLS, &c. ſuperat ſummam tangentium angu- 
lorum DIS, &c, Creſcit autem curvatura a punto D 
verſus e, & minuicur radius oſculatorius, quoties arcus 


De mm circulum OE MINE DR interne, vel cum 


I | A . 
br t 5 1 & c. ſuperat —— 5¹ + &c. at contra minu- 


itur ics a D verſus e, & augetur radius circuli 
oſculatorii, quoties arcus curve De tangit arcum circu- 
larem externe vel tranſit intra circulum & tangentem 
re cum DR ſit 1 minor quam De vel cum 


52 


Ir + &c. ſuperat — 5 TE Pr + &c, 


919. Sumatur Put in a DT recta DV ita 


3 
ut . << — — — - q | 
' dy + — 5¹ + &c 51 &c: jungatur 


C c JV, 


” DK 


DR xD: © DR x ITF © DR x DT 


Fig. 15. 


bus occurrit ab iiſdem harmonice ſecatur. Occurnt 
recta DC harmonicalibus VD, VF, VG, & VL in 


VG, & quarta VL ipſi DI parallela, atque hz qus- 
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V, conſtituatur angulus SPN æqualis DV/ atque 
occurrat recta DN circulo oſculatorio in N; & pars 
bola diametro DN deſcripta, cujus parameter eſt Dx 
quæque rectam DT contingit in D, eandem habebj 
variationem curvature cum linea geometrica Propoſit 
in puncto D. Ex ĩiſdem principiis alia quoque thegr.. 
mata deducuntur, quibus variatio curvaturæ in lineiz 
geometricis generaliter definitur. 


S foo. ww mt. Mts a eco ia 


9 $20. Ut hæc theoremata ad formam magis peome. 
tricam reducantur, lemmata quædam ſunt przmittend, 
quibus doctrina de diviſione rectarum harmonic am. 
plior & generalior reddatur. In recta quavis Dl, ſum. 
ptis zqualibus ſegmentis DF & FG, ducantur a pundo 
quovis V quod non eſt in rea DI tres rectæ VD, VF, 


2 
1 


tuor rectæ, a Cl. D. De la Hire, Harmonicales dicun- 
tur. Recta vero quzvis, quæ quatuor harmonicali. 


punctis D, A, B, C; eritque DA ad DC ut AB ad BC. 


Ducatur enim per punctum A recta MAN ipſi DI pa- 0 
rallela, quæ occurrat rectis VD & VG in M& NN; & R 
ob æquales DF & FG, zquales erunt MA & AN, hg 
Eft autem DA ad DC ut AM (five AN) ad VC, * 


adeoque ut AB ad BC. Manifeſtum eſt rectam, qua 
uni harmonicalium parallela eſt, dividi in æqualia ſeg- 
menta a tribus reliquis. Occurrat recta BH parallel 


ipſi VF reliquis VG, VC, VD in B, K, & H; et * 
que VK ad KB ut FG (vel DF) ad VF adeoque ut p. 
V ad KH, & proinde BK = KH. | 2 
a po 

621. Hinc ſequitur, fi recta quævis a quatuor recti D 


ab eodem puncto ductis ſecetur barmonice, aliam quam- 
| vis 


4 
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vis rectam quæ his quatuor reAis occurrit harmonice 
ſecari ab iiſdem; eam vero quæ parallela eſt uni quatuor 
rectarum in ſegmenta æqualia dividi a tribus reliquis. 
Sit DA ad DC ut AB ad BC, jungantur VA, VB, 
VC, & VD; occurrant rectæ MAN, DFG ipſi VC | 
parallel rectis VP, VA, & VB in M. A, N& D, F 
F, G; eritque MA ad VC ut DA ad DC, vel ABad | 
BC, adeoque ut AN ad VC; MA = AN, & DF 
—FG, &, per præcedentem, tecta quævis quæ ipſis 
VD, VA, VB, VC occurrit harmonice ſecabitur ab 
iiſdem. 1 5 


$22. Ex puncto D ducantur duæ rectæ DAC, Dac Fig. 16. 
rectas VA & VC ſecantes in punctis A, C atque a, c; n. 1. 


junctæ Ac & 4 C ſibi mutuo occurrant in Q, & ducta 
VQ harmonice ſecabit rectam DAC vel aliam quam- 
vis rectam ex puncto D ad eaſdem rectas ductam. Secet 
enim VQ reftam AC in B, & per pundtum Q ducatur 
recta MN parallela ipſi DC, que occurrat rectis 
Da, VA & VC in punctis M, R, & N; cumque fit 
MR ad MQ ut DA ad DC, & MQ ad MN in eadem 
ratione, erit quoque RQ ad QM ut DA ad DC. Sed 
RQeſt ad M ut AB ad BC. Quare DA eſt ad DC 


ut AB ad BC. Hæc eſt Prop. 20ma, Lib. I. ſectionum 
conicarum Cl. De la Hire. 


923. Sit DA ad DC ut AB ad BC, eritque —_ 


lis f 2 . "MYA 30 I 
æqualis ſummæ vel differentie ipſarum = & TE 
prout puncta A & C ſuntad eaſdem vel contrarias partes 


punti D. Sint imprimis puncta A & C ad eaſdem partes 
punCti D, cumque fit DA & BC = DC x AB, i. e. DA x 


DC—DB = DC x DB — DA, vel DA x DB — DC 
SDC x DA — DB erit 2DA x DC = DA x DB + 
Is Cc 2 ; DC 


” I. 0 i — * 
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Sh 
DC x DB, adeoque = 1 8 5. Sint nune 
n. 2 3. puncta A & C ad es partes puncti D, eritqu 


vel DA Xx DB — - DC = DE x DB + DA, - DA y 


Ir + DC = DC x DB — DA, adeoque 58 0 


cum puncta B & C ſunt ad eaſdem partes pungi 


— DA 
D, vel 2 = == — DC Juoties puncta A & J ſunt 


ad eaſdem partes puncti 5. Si igitur, datis puncto 
& rectis VF & VC poſitione, ducatur ex puncto D 


\ \- _ _ -reQta quævis illis occurrens in punctis A bu C, & in 
| * £1 : SLY 
1 en recta ſumatur ſemper DB ita ut Bi 7 =*7 


I TD f . * 
= Do ubi ſupponitur terminos — & 15 liſdem 


vel contrariis ſignis afficiendos eſſe prout puncta A & C 
ſunt ad eaſdem vel contrarias partes puncti D, erit lo- 
cus puncti B ipſa barmonicalis VG que rectam DFG 
rectæ VC parallelam ſecat in G ita FG = DF; qux- 
que tranſit per punctum Q ubi. (duta Dac quæ iiſ- 
dem rectis VF & VC occutrat in 4 et c) junclæ Ac 
et 4 C ſe mutuo decuſſant. 


Fig. 17. 5 24. Si 1 in rea DA ſumatur ſemper Db ita ut 


P - = 82 * * 56 ; ducatur DF parallela rectæ VC--: 


que rectæ VF occurrat in F, & DH parallela rectæ VF 
quæ rectæ VC occurrat in H, & ducta diagonalis HF 


; | ; 2 
erit locus puncti 5; nam ex hypotheſi 57 = pp © 


DB = DB adeoque cum VG ſit locus puncti B eit 


— ad rectam HF, ſi pundta A & C ſint ad 
eaſdem 


* ada 3091 


N. 


eaſdem partes puneti D. 81 autem ſupponatur 5 5 7 2 


57 Jon 50 ali conſtructio inſerviet pro determi- 
nando puncto 5, ſi ſubſtituatur loco rectæ VC alia ve 
redtæ VC oaratlels ad æqualem diſtantiam a puncto 


{ed ad contrarias partes. 


$ 25. Ex puncto dato D ducatur recta quævis DM 


quæ tribus rectis poſitione datis occurrat in punctis a, 


I 
C, E; & ſumatur ſemper DM ita ut =- Dir = = px + 
I 


quoties rectæ DA, DC vl DE ns ad e partes 
puncti D); ſupponatur J pF 5⁷ 8 5 pl. · eritque L 


ad rectam 1 baum per præcedentem; adeoque, 


cum fit 557 = 57 + DE erit punctum M ad po- 


ſitione datam, per eandem. Compoſitio autem proble- 
matis facile ex dictis perficĩtur. Sint VA, VC & vE 
tres rectæ poſitione datæ, & compleatur patgllelogram- 
mum DF VII, ducendo DF & DH rectis VC & VF 
reſpeCtive parallelas, & occurrat recta vE diagonali in 
v; deinde compleatur parallelogrammum Dfv4h ducen- 
40 rectas DF & Dh regis vE & HF parallelas quæ 
rectis HE & vE occurrant in punctis f & h; & diago- 
nalis H erit locus puncti M. Occurrat enim recta DA 
refs HF & Vin L& M; wre ex e 


l I I 2 


Di = DE + DEE Da + bo + pp: Alia con- 
ſtructio ex Art. 22. bebt 


C 3 926 


ST 5 (ubi termini ſunt contrariis fignis _afficiendi 


- ä , . 8 , — l _ 
—— — DE 2 2 1 . — 3 — . 


Fig. 18. 
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926. Recta quævis ex puncto dato D ducta oceurry 
rectis poſitione datis in punctis A, B, C, E, &c. « ;, 
I | 


* . — — X — i 
hac recta ſumatur ſemper 5 B 7 DB 55 


= P- &c, eritque locus puncti M ſemper ad reQam 


poſitione datam. 


Demonſtratur ad modum ptæce- 
dentis. 


§ 27. Theor. IV. Circa datum pundtum P revolvati- 
retia PD gue occurrat lines geometrice cufuſcungus yr. 
dinis in tot punttis D, E, I, Cc. quot ipſa et dimer. 
ſionum, & fi in eadem recta ſumatur ſemper PM ita ut 
P = 15 * _ ＋ Fr = Sc. kgs figna ternins. 
rum regulam ſxpius deſcriptam obſerware ſupponimuz) 
crit locus puncti M linea rela. » 1 | 

Ducatur enim ex polo P rea quævis poſitione data 
PA, quz curve occurrat in tot punctis A, B, C, &, 
quot ipſa eſt dimenſionum. Ducantur rectæ AK, BL, 
CN curvam in his punctis contingentes, quæ occurrant 
tectæ PD in totidem punctis K, L, N, &c. et per 


Art . f Fe &. == F = 
Fey y oe = wr. 77 


p ＋ &c. Unde 551 zqualis eſt huic ſummæ, cum- 


que poſitione detur tecta PA, & maneant rectæ AK, 
BL, CN, &c. dum recta PD circa polum P revolvi- 


tur, erit puntum M ad lineam rectam, per articulum 


præcedentem; quz per ſuperius oſtenſa ex datis tans 


gentibus AK, BL, &c. determinari poteſt. 


I 28. Sicut refta Pm medium eſt harmonicum inter 

| 2 I 3 
— — — —— fi. 

duas retas PD & PE, cum pu = PB + PE 
| | milites 


f 
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militer Pm dicatur medium harmonicum inter rectas 


quaſlibet PD, PE, PI, 1 quarum numerus eſt 7, 
cum p. — 575 7 — I Fr by ꝓ &c, Et ſi ex puncto 
dato P recta quævis ducta lineam geometricam ſecet in 
tot punctis quot ipſa eſt dimenſionum, in qua ſumatur 
ſemper PM medium har monicum inter ſegmenta omnia 
ductæ ad punctum datum P & curvam terminata, erit 
punctum m ad rectam lineam, Erit enim 7 = P 
adeoque Pm ad PM ut ad unitatem; cumque punctum 
M ſit ad rectam lineam, per præcedentem, etit m quo- 
que ad rectam lineam. Atque hoc eſt theorema Cotęſſi 15 


vel eidem affine. 


$ 29. Sint a, b, c, d, &c. radices zquationis ordinis 
, V ultimus ejus terminus quem ordinata ſeu radix y 
non ingreditur, P coefficiens termini penultimi, M me- 
dium harmonicum inter omnes radices, ſeu I. — — 
+ - + a + — Ke. Cum igitur fit V factum ex 


radicibus omnibus a, 5, c, &c. in ſe mutuo ductis, ſit- 


que P ſumma factorum cum radices 8 una dempta | 


in ſe mutuo OS, erit P — = +> 771777 
+ Ke. = = ** , adeoque M = . _ ſi 3 
ſit l cujus radices duæ ſint à et b, erit 


M = 2 


(aſſumpta æquatione generali Gln 


In 
ax — 5 
æquatione cubica cujus tres radices ſunt a, b, c, erit 
3 ase 


2 


conicarum Art. 1 . propofit4) = — en 7 3s 2 


(ſi aſſumatur æquatio ge- 


ab + as + be 


N neralis 


> 

Wi 
1 
* : 


F 
q 
1 
| 
1 


— . — — — 
—— —— —_ —— — * - 


Fig, 19. f 
a = P ductæ, linez geometric in punctis D, E, I, 


— 
— 3 * 
— 
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neralis linearum tertii ordinis ibidem propoſiti) 2 
ee. 
cx x 4 +e 


$ 30. Occurrant rect quævis duæ Pm & Py, ex 


&c. et d, e, i, &c. ſitque Pm medium barmonicum 
inter ſegmenta prioris ad punctum P & curvam termi. 
nata, & P medium harmonicum inter ſegmenta ſimilia 
poſterioris reQtz; juncta m occurrat —_— AP in i, 


eritque PH = == vel PH ad Pm ut Pp ad = —. decet 


enim abſciſſa curvam in tot punQAis B, C, F, Ad quot 

ipſa eſt dimenſionum; cumque ultimus terminus æqus- 

tionis.(i. e. V) fit ad BP X CP * FP x &c. in ratione 

conſtanti, ut ſupra ( Art. 5.) oſtendimus, erit (per Art. 8.) 
x x 


LE Er + Ke. adeoque F. FA = = 5p 


1 I : V © Vs 
Tr T ap © ce. = 77 „ & PH = A” (quoniam 


4 


recta PM — ad = Pm N 75 In ſectionibus coni- 


cis eſt PII ad Pm ut 4 * — 5 ad 2x — 4; & in lineis 
tertii ordinis ut cææ — dx Te ad xx — 29 + 5. 


§31. Si deſideretur propoſitionis præcedentis demon- 
ſtratio ex principiis pure algebraicis petita, ea ope ſe- 
quentis Lemmatis perfici poterit. Sit abſciſſa AP =», 
ordinata PD = , ultimus terminus æquationis lineam 


geometricam definientis V = Ax" + By" + Ca” ; 


+ &c. penultimi coefficiens PS A + bx"* + 
* 73 + &e. et fit Q quantitas que formatur du- 


cendo terminum quemgue quantitatis Vin indicem 1 
14s 
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frus » in hoc termino & dividendo per x, i. e. fit 
Q= n Ar * 1 — I * 8 1 N — 2 X 8 ot 


+ &c, (quæ ipſa eſt quantitas quam _ dicimus.) Du- 


catur ordinata Dp quz angulum quemvis datum ApD 
cum abſciſſa conſtituat, ſintque rectæ PD, pD et Pp ut 
datæ /, r et &; dicatur pD n, Ap = 2, & tranſmu- 
tetur æquatio propoſita ad ordinatam & abſciſſam z; & 
æquationis novæ, cum fit z = AP, terminus ultimus 
v erit æqualis ipſi V, penultimi autem eoefficiens p erit 
Q# + P1/ 
. F 


Cum enim fit PD (= y) ad pD (Si) ut I ad r, erit 
y = = ſit autem Pp ad pD (= 1) ut þ ad r, erit 


:£qualis = 


autem valoribus pro y et x ſubſtitutis in æquatione pro- 
poſita lineæ geometricz, prodibit æquatio relationem 
co-ordinatarum z et definiens. Ad hujus ultimum 
terminum v & penultimum p determinandum, ſufficit 
hos valores ſubſtituere in ultimo V, & penultimo Py, 
æquationis propoſitæ, atque terminos reſultantes colli- 
gere in quibus ordinata à vel non reperitur, vel unius 
tantum dimenſionis; horum enim ſumma dat pu, il- 


” . Ru, 
Jorum v. Subſtituatur pro & ipſius valor z = —in 


quantitate V vel AX“ A Ba": 4 C + &c. et 


1 AR E 


termini reſultantes Az" + + Bz" + 


BZ 24 — a CZE 3 
TT wt — + Cx" ba DIS» — - 2 


e. ſoli ad rem faciunt de qua nunc agitur. Sub- 
iituatur deinde pro x idem valor, & pro y ipfius 
valor 
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valor _ in quantitate Py = as" 11. 4 2051 


+ &e. x y; & termini reſultantes ſoli 


ws . 1 
a; + bz - + & 3 + &c. * — ſunt nobis re. 
tinendi. Supponatur nunc z = x, & ſumma priorum 


fit æqualis V = == & poſteriorum ſumma = . 
| r 


Unde manifeſtum eſt ultimum terminum æquationis 


PI Q. 


novæ v = V, & penultimum pu = : 


Xu. 


32. Sit nunc Pm medium harmonicum inter ſee. 
menta PD, PE, PI, &c. et Pu medium harmonicun 
inter ſegmenta Pd, Pe, Pi, &c. ut in Art. 30. juncta 
um ſecet abſciſſam in H; & ſupponamus Py, ordinatz 
pD parallelam eſſe. Duoatur ps abſciſſæ parallela, quz 
rectæ Pm occurrat in s; eritque Ps ad Py ut PD ad 
D vel ut I ad r, et ys ad Pu ut + ad r. Cumque fit 


| nw k „ 
Pu = ” (per an, præcedentem) PEO? et 


nV „l 1 VI 
ms = P K P F = = F Ff 
nVQ+# | 
— . Eſt autem ms ad u ut PM ad PH, i. e. 
P x ÞP/ = Q&# oy 
VOI nVk 


_ d — ut Pm ad PH; adeoqui 
PxÞ71+ Qs F/ nd 


eke inn ns be oe 


„ RE ® 


igitur valor rectæ PH non pendeat a quantitatibus, , | 
et r; ſed, his mutatis, fit ſemper idem, erit punctum 
ad retam poſitione datam, ut in Theor. 4. aliter 
oftendimus. Quin & valor rectæ PH is eſt quem in 
Art. 29. alia methodo definivimus ; & reQta Hm om- 
| nes 
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finitionem ſectionis harmonicæ in Art. 28. generaliter 


NMT xk 


SECTIO I. 
De Lineis ſecundi ordinis, five ſeftionibus 


coinicis. 


833. X iis quæ generaliter de lineis geometricis 

in ſectione prima demonſtrata ſunt, ſponte 
fluunt proprietates linearum ſecundi, tertii, & ſuperi- 
orum ordinum. Quz ad ſectiones conicas ſpectant 
_ optime derivantur ex proprietatibus circuli, quæ figura 
baſis eſt coni. Verum ut uſus theorematum præce- 
dentium clarius pateat, & figurarum analogia illuſtre- 
tur, operz pretium erit harum quoque affectiones ex 
premiſſis deducere. Doctrina autem conica de dia- 
metris, earumque ordinatis (quibus parallelæ ſunt rectæ 
ſectionem contingentes ad vertices diametri) & de pa- 
rallelarum ſegmentis quæ rectis quibuſcunque occur- 
runt, & aſymptotis, tota facillime fluit ex iis quæ 
Art. 4. et 5. oſtenſa ſunt. 


C 34. Rectæ AB & FG ſectioni conicz inſcripte 
occurrant fibi mutuo in puncto P; ductæ AK, BL, 
FM, GN ſectionem contingentes occurrant rectæ PE, 
per P ductæ in punctis K, L, M, N; eritque ſemper 
= * PI. — PN = 5N (fi recta PE curvæ occur- 


rat in punctis D & E) = Segmentis au- 


— BY 
PD PE- 


tem 


nes rectas ex P ductas ſecat harmonice, ſecundum 45 


Fig. 20. 


11 


Fig. 21. 


Fig. 22s 


[ 


398 De LINEARUM GEOMETRICARUM 


tem quæ ſunt ad eaſdem partes puncti P eadem præpo- 
nuntur ſigna; iiſque quæ ſunt ad oppoſitas partes 
pundti P ſigna preponuntur contraria, Hinc i biſe. 
cetur DE in P, & ex puncto P ducatur recta quævis 
ſectionem ſecans in punctis A et B, unde ducantur te. 
az AK et BL curvam contingentes quæ rectam DE 
ſecent in K et L; erit ſemper PK = PL. Quod ſi 
DE ſectioni non octurrat, ſitque P Punctum ubi di. 


ameter quæ biſecat rectas ipſi DE parallelas eidem 


oacurtit; erit in hoc quoque cn PK = PL. 


Fig. 23. 


8 35. Concurrant reQze AB et FG ſeCtioni conicæ 


_ Inſcriptz in puncto P; ducantur rectæ ſefctionem con. 


tingentes in punctis A et F quæ ſibi mutuo occurrant 
in K, & juncta PK tranfibit pet oeeurſum rectarum 
quæ ſectionem contingunt in punctis B et G. Si enim 


recta PK non tranſeat per occurſum rectarum ſectio. 


nem tangentium in B et G, huic ee in N illi in 


35 al 1 3 
L; cumque FK F FL FR F FN per præce- 


dentem, erit PL PN; & ace puncta Le et 
N contra hypothen.! 


by wy Eadem ratione ater. 1 AG et BF ſibi 


mutuo occurrere in x puncto rectæ LK; adeoque 


puncta P, K, , L eſſe in eadem recta linea. Hine 
datis tribus punctis contactus A, B, et F, cum duabus 


tangentidus AK et FK, ſectio Lonen Meile deſcribitur, 


Revolvatur enim recta K circa tangentium occur- 


ſum K ut polum, quæ occurrat rectis AB et FB in 
punQtis Þ et , & junctæ Am, FP occurſo ſuo G 
defcribent ſectionem conicam quæ tranſibit per tria 


puncta data A, B, F & continget rectas AK et FK in 


A et F. 


„ 


8 37. 
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637. Cæteris manentibus, occurrant rectæ AF et BG Fig. 24. 


ſibi mutuo in puncto p, tangentes AK et BL in R, 


atque tangentes FK et GL in Q; & puncta R, , Q. 


et p erunt in eadem recta linea; ſimiliter oceurrant 
tangentes AK et G Qin m; tangentes BR et FK in n; 
& puncta P; m, u, p erunt in eadem recta linea. De- 
monſtratur ad modum Art. 35. 


5 38, Hine datis quatuor punctis contactus, A, B, F, 
G cum unica tangente AK, occurſus rectarum AB et 
FG, AF et BG, atque AG tt BF, dabunt puncta P, 
p, et 7; junctæ autem Pp, Pe, et pr ſecabunt tan- 
gentem datam AK in, tribus punctis n, K et R unde 


ductæ mG, FK, RB ſectionem conicam contingent 
in punctis datis G, F et B. 


$ 29. Datis quatuor tangentibus RK, KQ, QL, LR 


et unico puncto contactus A, occurſus tangentium RK 


et LQ; LR et Q dabunt puncta m et u. Jungantut 


LK et am; & occurſus rectarum LK et RQ, LK et 
nm, RQ et um, dabunt puncta , Pet p; junctæ vero 


PA, wA et pA ſecabunt tangentes RL, Q et QL in 
punRis contactus B, G et F. 


$ 40. Datis quinque punctis contactus A, B, F, G, 
et 7, junctæ GF et G rectæ AB occurrant in punctis 
Pet X; junctæ AF et AF occurrant red BG in þ 
et x; & juntz Pp, Xx occurſu ſuo dabunt puntum 
m; unde dute mA et MG ſectionem conicam tangent 
in A et G; & fimiliter determinantur rectæ que cur- 
vam contingent in punctis reliquis B, F et /. 


$ 41. Dentur quinque rectæ ſectionem conicam con- 
tingentes, VK, K Q, OL, La, et uV; occurſus tangen- 
tium VK et LQ dabit punctum m; oceurſus tangentium 


KQ 


— 


bug — —ä—-;ʒEF— — — — —ö õ — — — — © 
— _ — . — 
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KQ et La dabit punctum n; jungantur mn, LK, VI 
et mu; recta LK ſecabit rectam n in P; & recta Ly 
ſecabit ipſam mu in X; junta autem PX ſecabit tar. 
gentes VE et uL in punctis contactus A et B. Si milite 
reliqua puncta contactus determinantur. 


Fig. 25. § 42. Datis tribus tangentibus AK, BK, et RL, ein 
duobus punctis contactus A et B, facillime determinzur 
tertium, per Art. 35. Occurrat enim tangens RL. 
liquis tangentibus in R et L, atque junctæ AL et BR, 
ſe mutuo decuſſent in æ, juncta K ſecabit tangentem 
RL in tertio puncto contactus F; & ſectio conica de- 
ſeribi poteſt ut in Art. 36. 


Fig. 26. § 43. Dentur quatuor tangentes KQ, QL, LR. et 
RK cum unico puncto D ſectionis conicæ quod non fit 
in aliqua quatuor tangentium. Inveniantur puncta P, 
p et v ut in Art. 39. Jungantur PD, pD, et »D; & 
ducta PZ rectæ p D parallela occurrat rectæ RQ in Z; 
& bifariam ſecetur PZ in S; & ducta 58 ſecabit rectam 
PD in E puncto curvæ; vel occurrat PD rectæ RQ in 
x, et (per Art. 23.) ſecetur PD harmonice in z et E. 
Ducta autem Dæ ſecabit junctam p E in e, et Ex ſe- 
cabit ipſam p D in d, ita ut hæc quoque puncta d, e 
fint ad curvam. | 


Fig. 2y, § 44. Ex puncto K ducantur duz tangentes ad ſe- 
D. 1. Ctionem conicam in A et B; ex puncto A ducantur | 
| rectæ duæ AF et AG ſetioni occurrentes in F et G; 
juncta BG ſecet AF in P, et juncta BF ſecet rectam 
AG in -; eruntque puncta P, K, + in eadem recta 

linea, per Art. 36. | 
Verum propoſitio hzc generalior eſt. Si enim 4 
2. 2. puncto quovis K ducantur duæ rectæ K Aa, K Bb ſe- 

ctione 
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Aionem ſecantes in punctis A, @ et B, 5; et ex punQtis 
A et a ducantur reQtz ad ſectionem AF et aG; juncta 
autem BF ſecet aGin P, & ducta bG ſecet AF in , 
erunt puncta P, K, w in eadem recta linea; quod va- 
riis modis alias demonſtravimus, unde expeditam me- 
thodum olim de duximus ſectionem conicam deſcribendi 
per data quævis quingue puncta. Sint A, a, B, b, et F 
puncta quinque data; concurrant rectæ Aa et BbinK; 
jungantur AF et BF; revolvatur recta PK circa polum 
K, quæ occurrat his rectis in v et P; et ductæ aP, bn 
N ſuo G ſectionem deſcribent. 
0 


$45. Sit P punctum datum extra ſectionem coni- 
cam, a _ n ſeQtioni oecurrat in D et E; 


et ſi — pur 55 FT 55 57 I erit M ad lineam rectam AB 


quæ ſectioni occurrit in punctis A et B, ita ut ductæ PA 
et PB, erunt contingentes ſeCtionis. Si vero punctum p 
ſit in medio puncto rectæ AB intra ſectionem, ſitque 
—_= _ * 7 locus puncti merit recta ab per P 
ducta ipſi AB parallela. Tangentes ad puncta D et E. 
ſemper coneurrunt in recta AB, et tangentes ad punQa 


det e in recta ab. 


$ 46. Contingat redta DT ſectionem in D, unde du - Fig · 29. 
u. Is 


cantur duz quævis rectæ DE et DA, quæ ſectioni oc- 
currant in E et A. Occurrat DE rectæ AK ſectionem 
contingenti, in K; et ductæ EN, KM tangenti DT pa- 
rallelæ ſecent DA in Net M, ſumatur in redta DE, 
DR ad EN ut KM ad KE, & circulus ejuſdem cur- 
vaturæ cum ſectione in D tranſibit per R. Nam per 


QV? 33 3 KE 
Ant 15. eſt pr DR = PE DK © DE x DK © 


% 


- 


Fig. 28, 
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DE x DK V* 5 Yer 
DR = + TIN x BV (quoniam QV : Dy; 


KM : DK :: EN DE) = KM x EN Quod f 


KB 


fuerit tangens Ak parallela rectæ DE, (i. e. ff DE ft 


ordinata diametri per A tranſeuntis) erit DR = Dr 
vel DR ad DE ut EN“ ad DE“; ut alibi FAN war 


mus Art. 373- tractatus de fluxionibus. Si in hoc caſu 


DE fit diameter, erit = adeoque DR, æqualis pa- 


D. 1. 


Fig. 31. 


rametro diametri DE; ut ſatis notum eſt; 


8 47. Ducantur rede DT, DE, quarum prior ſectio. 
nem conicam contingat in D, poſterior eidem occurrat 


in E. Ducatur DA quæ biſecet angulum EDT et ſe. 


ctioni occurrat in A; jungatur AE, cui occurrat in V 
recta DV parallela reclæ quæ curvam contingit in A; et 


duQAa VR parallela rectæ DA, bæe ſecabit DE in R ubi 


circulus ofculatorius occurrit rectæ DE ; eritque DR 
diameter curvature ſi angulus EDT fit rectus. Erit 
enim VR ad AD ut ER ad DE, et ut DR 8 DR; unde 


DR ad DK ut DE ad EK, adeoque BR = = > > 


_ ut oportebat, per Art. 15. Si autem ne rangens 
AK parallela rectæ DE (quo in caſu tangentes AK et 


DT æquales conſtituunt angulos cum recta DA quæ 
proinde perpendicularis eſt axi figuræ) coincident puncta 
R et E, & circulus oſculatorius tranſibit per punctum 


E. Sequitur quoque ex dictis rectas EK, DE, et ER 
eſſe in progreſſione geomettica. 


$ 48. Occurrat rea quævis DE ſeRioni conicæ in D 
et E, concurrant rectæ curvam contingentes ad D et E 
| in 
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in puncto V. Sit DOA diameter per D curvæ, & ſi 
tonſtituatur angulus DVr ED O, eric DR (= 2D-) 
chorda circuli ofculatorii, Ducatur enim AK ſectio- 
nem contingens quæ rectæ DE occurrat in K, et tan- 
genti EV in Z] ducatur EN parallela tangenti DT 
'ectam DA ſecans in N; cumque fit DR ad KA ut EN 
ad EK; ſitque KZ ( AK) ad EK ut VD ad DE, 
eit VD ad DE ut 4 DR ad EN; adeoque triangula 
DV- et EDN fimilia et angulus DVr æqualis angulo 
EDO. Hanc methodum determinandi cireulum oſcu- 


latorium demonſtravimus in tractatu de fluxionibus, 


Art. 375. ſed non adeo breviter. 


549. Variatio curvaturz, five tangens anguli con- 
tactus ſectione conica & circulo oſculatorio compre- 
benſi, eſt directe ut tangens anguli contenti diametro 
quæ per contactum ducitur & normali ad curvam, & 
inverſe ut quadratum radii curvaturæ. Sit enim DR 
diameter curvaturæ, & hæc variatio ad punctum D erit 


I | 
ut Hy? per Art. 17. adeodue, cum ſit DV ad 
EN | 


Dr ut DE ad EN, ut pg =- 
dii curvaturæ eſt ut tangens anguli EDO. Quod fi 
recta DO circulo oſculatorio occurrat in 7, . parabola 
diametro & parametro Du deſcripta, quæque contingit 
rectam DT in D, ea erit cujus contactus cum ſeRione 
eſt intimu3, per Art. 19. 


5 o. Cætetis manentibus, ex puncto V ducatur recta 
VH circulum ofculatorium contingens in H; jangatur 
HD, cumque fit angulus RDH complementum an- 
guli Dr V ad rectum erit RDH = DVr = EDO 
adeoque variatio radii curvature erit ut tangens agel 


D d RDH ; 


Fig. 338. 


Variatio autem ra- 


| 
| 
| 
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RDH ; & coincidentibus rectis DR et DH vatiats 
evaneſcit 


bene e det 0dr 


TE CIFFOHM 
De Lincis ter tit Ordinis, 


§ 51. IX lineis tertii ordinis five curvis ſecundi 
3 generis, uberius nobis agendum eſt. Do- 
ctrinam conicam, variis modis uſque ad faſtidium fere, 
tractarunt permulti. Hanc autem geometriæ univer- 
ſalis partem, pauci adtigerunt; eam tamen nec ſteri- 
lem eſſe nec injucundam ex ſequentibus, ut ſpero, 
patebit, cum præter proprietates harum figurarum 2 
Newtono olim traditas, aliæ ſunt plures geometrarum 
attentione non indignæ. Oſtendimus ſupra, rectam ſe- 
care poſſe lineam tertii ordinis in tribus punctis, quo. 
niam æquationis cubicæ tres ſunt radices, quæ omnes 
reales eſſe poſſunt. Recta autem quæ lineam tertii 
ordinis in duobus punctis ſecat, eidem in tertio aliquo 
puncto neceſſario occurrit, vel parallela eſt aſymptoto 
curvæ, quo in caſu dicitur ei occurrere ad diſtantiam 
infinitam ; æquationis enim cubicæ fi duæ radices ſint 
realis, tertia neceſſario realis erit. Hine recta quæ li- 
neam tertii ordinis contingit, eam in aliquo puncto 
ſemper ſecat; cum contactus pro duabus interſectioni- 
bus coincidentibus habendus ſit. Recta autem quæ 
curvam in puncto flexus contrarii contingit, ſimul pro 
ſecante habenda eſt. Ubi duo arcus curve ſibi mutuo 
occurrent, punCtum duplex formatur, & recta quæ al- 
terum arcum ibi contingit in eodem puncto _ 

ecat. 


* — * 
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ſecat. Recta autem alia quævis ex puncto duplice 
dy4a in uno alio puncto curvam ſecat, ſed non in plu- 
ribus. 5 . 


6 52. Prop. I. Sint duæ parallelz, quarum 
utrague ſecet lineam tertii "ordinis in tribus 
punctis; recta quæ utramque parallelam ita ſe- 
cat ut ſumma duarum partium parallelæ ex uno 
ſecantis latere ad curvam terminatarum æqualis 
ſit tertiæ parti ejuſdem ex altero ſecantis latere ad 
curvam terminate ſimiliter ſecabit omnes rectas 


his parallelas quæ curvæ in tribus punctis oc- 
currunt; per Art. 4. 


6 53. Prov. II. Occurrat recta poſitione data 
linez tertii ordinis in tribus punctis; ducantur 
duæ quævis parallelæ quarum utraque curvam 
ſecet in totidem punctis; & ſolida contenta ſub 
ſegmentis parallelarum ad curvam & rectam po- 
ſitione datam terminatis erunt in eadem ratione 


ac ſolida ſub ſegmentis hujus rectæ ad curvam & 
parallelas terminatis, per Art. 3. 


Hz duz proprietates a Netotons olim expoſitæ fu- 
erunt. 


9 54+ Prop, III. Cæteris manentibus ut in 
propolitione præcedente, occurrat recta poſitione 
data lineæ tertii ordinis in unico puncto A, & 
ſolidum ſub ſegmentis PM, Pm, P 4 unius paral- 
el contentum erit ſemper ad ſolidum ſub ſeg- 
mentis pN, pz, py, alterius parallelæ ut ſolidum 
AP x bP* contentum ſub ſegmento AP & qua- 


Dd 2 drato 


Fig. 33. 
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drato diſtantiæ 2 P puncti Pa puncto quodan ; 
ad ſolidum Ap x bp* contentum ſub ſegmento 
Ap et quadrato diſtantiæ puncti p ab eodem 
puncto 5, per Art. 6. 


§ 55. Prop. IV. Ex dato quovis puncto p 
ducatur recta PD quæ linez tertii ordinis oc. 
currat in tribus punctis D, E, F, & alia quæiis 
recta PA quæ eandem ſecet in tribus punctis 4, 
B, C. Ducantur tangentes AK, BL, CM, quz 
rectæ PD occurrant in K, L, et M; et medium 
harmonicum inter tres rectas PK, PL, PM, co. 
incidet cum medio harmonico inter tres rectas 
PD, PE, et PF, per Art. 10. & 28. Si autem 
recta PD curvæ occurrat in unico puncto D, in- 
veniatur punctum d ut in Art. 6 & medium 
harmonicum inter tres rectas PK, PL, PM, erit 
ad medium harmonicum inter duas rectas PD et 
z Pd in ratione 3 ad 2, per Art. 12. 


8 56. PRor. V. Revolvatur recta PD circa 
polum P, ſumatur ſemper PM in recta PD 
æqualis medio harmonico inter tres rectas PD, 


PE, et PF, eritque locus puncti M linea recta, 


per Art. 28. ; 


Atque hec eſt proprietas harum linearum a Cottf# 
inventa. 


857. Prop. VI. Sint tria puncta lineæ ter- 
tii ordinis in eadem recta linea; ducantur rectæ 


curvam in his punctis contingentes, quæ eandem 
ſecent 
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cent in aliis tribus punctis; atque hæc tria 


puncta erunt etiam in recta linea. 


Occurrat recta FG H lineæ tertii ordinis in tribus 
punctis F, G, et H. Rectæ FA, GB, HC, curvam in 
is punctis contingentes eandem ſecent i in punis A, B, 
C; & hæc puncta erunt in recta linea. Jungatur enim 
AB, & hæc tranſibit per C; fi enim fieri poteſt, oc- 
currat curve in alio puncto M, e HC in N et 


fectæ FGH in P; Anm 2 N PE + _ 


N + pF 55 + 78 per Prop, IV. erit PN = PM; 


=== fieri nequit nifi coincidant puncta N, M, et C. 
Recta igitur AB tranſit per C. 


958. Corol. Hine ſi A, B, C, ſint tria puncta lineæ 


tertii ordinis in eadem recta linea, ductæ autem AF et 
BG curvam contingant in F et G, & juncta FG curvam 
denuo ſecet in H, juncta CH curvam continget in H. 
Si enim recta curvam contingeret in H quæ eandem ſe- 
caret non in C ſed in alio quovis puncto, foret hoc pun- 
dum cum tribus aliis A, B, C, in eadem recta que 
igitur ſecaret lineam tertii ordinis in quatuor punctis. 
Hoc autem heri non poteſt. Incidi autem primo in hanc 
propoſitionem via diverſa ſed minus expedita, eandem 
deducendo ex Prop. IT. Similiter fi recta A curvam 
quoque contingat in f, & ducta Gf cutvæ occurrat in h, 
junCta Ch erit tangens ad punctum h. Et ſi a punctis 
A, B, C, lineæ tertii ordinis in eadem recta ſitis, du- 
cantur tot rectæ curvam contingentes quot duci poſſunt, 
erunt ſemper tres contactus in eadem recta. 


6 59. Prop. VII. Ex puncto quovis lineæ Fig. 36. 


tert11-ordinis ducantur duæ rectæ curvam con- 
D dz tingentes, 


* a _ 
» 
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Fig. 37. 


Fig. 38. 


contingeret, quot fieri nequit. Manifeſtum autem eff 
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tingentes, & recta contactus conjungens deny, 
ſecet curvam in alio puncto, rectæ curvam in 
hoc puncto & in primo puncto contingentes | . 
mutuo ſecabunt in puncto aliquo curvæ. 


Ex puncto A ducantur rectæ curvam contingentes in 
F et G, jundta FG curvam ſecet in N, eandemque 
contingat in H recta HC que curve occurrat in C, & 
qucta AC erit curvz tangens ad pundtum A. Sequitur 
ex Corollario præcedente, coincidentibus enim A et B 
recta CA fit tangens ad pundtum A. LY 


$ 60. Corol. 1. Si ex puncto curve C ducantur duæ 
rectæ eandem contingentes in A et H, & ex pundo 
alterutro A contingentes AF et AG ad curvam, tecta 


per contaCtus F ct G dudda tranſibit per alterum pun- 
um H. 5 Ez | 


$ 61. Corol. 2. Contingat recta AC curvam in A, 
eamque ſecet in C, ductæ autem AF et CH curvam 
contingant in F et H, reQa per contactus dudda eam 
denuo ſecet in G, & juncta AG curvam continget in 
G. Quod ſi alia recta Ch ex puncto C ducatur ad 
eurvam eam contingens in þ; & jundtæ YF, Y, cur- 
ve occurrant in F et g, dudtæ Af et Ag erunt tan- 
gentes ad puncta V et g. | 


$6 62. Corel. 3. Sit A punQtum flexus contrarii unde 
ductæ AF et AG curvam contingant in F et G junta 
FG ſecet curvam in H, & ducta AH curvam continge! 
in H. Si enim tangens ad punctum H curvæ in alio 
quovis puncto ab A diverſo occurreret, recta ex hoc 0c- 
curſu ad punctum flexus contrarii A duQa curvam in & 


tres tantum duci poſſe rectas ex puncto flexus contrari 
| | cutvam 
ſ 
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curram contingentes præter eam quæ in hoc ipſo puncto 
Cmul tangit & ſecat, atque tres contactus cadere in ean- 
dem rectam lineam. Ex ſolo puncto flexus contrarii 
tres tectæ ductæ curvam ita contingunt ut tres contactus 
ant in eadem rea. Sint enim F, G, H, in eadem 
recta, unde tangentes ductæ conveniant in codem puncto 
curvz a, quod non fit punctum flexus contrarii; duca- 
tur 2e curvam contingens in a, quæque ei occurtat in 
2, & junta e H curvam tanget in H, per hanc propoſi- 
tionem; adeoque tectæ eH et aH curvam contingerent 


in eodem puncto H. ©, E. A. 


663. Prop. VIII. Ex puncto quovis lineæ 
tertii ordinis ducantur tres rectæ curvam con- 
tingentes in tribus punctis; recta duos quoſvis 
contactus conj ungens occurrat denuo curve, & 
ex occurſu ad tertium contactum ducta curvam 
denuo ſecabit in puncto ubi recta ad primum | 
punctum ducta curvam continget.. | 


Ex punQo A, linez tertii ordinis ducantur tres rectæ Fig. 37. 
AF, AG, et Af, curvam contingentes in tribus puntis 

F, G, et /; recta Gy quæ horum duo quævis con- Uh 
jungit ſecet curvam denuo in N, et recta ex hoc puncto | 
ad tertium contactum F ducta curvam ſecet in g, tum 
juncta Ag curvam continget in g. Ducatur enim recta 
AC curyam contingens in A quæ eandem ſecet in C; 
cumque puncta G, N, et /½ ſint in eadem recta, & 
tzngentes ad puncta G et F tranſeant per A, ſequitur 
(per Prop. VII.) tangentem ad punctum N ttanſire per C. 
Cumque puncta F, N, g, ſint in eadem reQia, tangentes 
zutem FA et NC curvz occurrant in A et C, ſitque 


AC tangens ad punctum A, tangens ad punctum g 
tranſibit per a. A 


« 
— 8 * — * 77 ir 
3 A, e ps = PR „ 8 
— — == — 2 
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8 64. Corel. Hinc fi curva deſcribatur, ex datis tri. 
bus punctis contactus ubi tres rectæ ex eodem puncto 
curve ductæ eam contingunt, invenitur quartum Pun. 
um contactus ubi recta ex eodem puncto curve duda 
eam contingit. Atque hinc colligitur ex eodem curyæ 
puncto quatuor tantum rectas duci poſſe lineam terti 
ordinis contingentes præter rectam quæ in hoc ipſo 
puncto curvam contingit. Si enim rectæ ex eodem 
curve puncto duci poſſent eam in quinque punctis 
contingentes, plures rectæ numero indefinitæ curyam 
contingentes ex eodem puncto duci poſſent; ut ex prez. 
miſſis facile colligitur. Hoc autem Corollarium poſtea 
facilius demonſtrabitur. Vide infra, Art. 77, 


§ 63. Prop. IX. Ex puncto flexus contrarii 
ducantur tres tangentes ad curvam, & rea 
contactus conjungens harmonice ſecabit rectam 
quamvis ex puncto flexus contrarii ductam & ad 
curvam terminatam. 


Sit A punctum flexus contrarii, AF, AG, et AH, 
rectæ curvam contingentes in punctis F, G, et H. Ex 


puncto A ducatur recta quævis curvam ſecans in B et C, 


& rectam FH in P; eritque PB ad PC ut BA ad AC. 
Cum enim tres tangentes ad puncta F, G, et H, in eo- 


dem puncto A conveniant, erit per Prop. IV. + — 


i = adeoque = — — = =, I. e. 1A 


eſt medium harmonicum inter duas rectas PB et PC ad 
curvam terminatas. Quæ linearum tertii ordinis pro- 
prietas eſt ſimplicitatis inſignis. | 


% 


$ 66. 
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8 66. Corol. 1. Recta quæ duas quaſyis rectas ex 
unto flexus contrarii ductas ad curvam ſecat harmo- 
nice, ſecabit quoque alias quaſvis rectas ex eodem puncto 
eductas & ad curvam terminatas. 


867. Corol. 2. Si recta aſymptoto parallela per pun- 
aum flexus contrarii ducta occurrat rectæ FH in R & 


Beg e e FR 
curvæ in O, erit ﬀ5 = Fa" adeoque RA = 2RO. 


— CC C— — — — 
- 


& 68. Prop. X. Recta duo puncta flexus con- Fig. 39. 
trarii conjungens vel tranſit per 3 punctum 
flexus contrari vel dirigitur in eandem plagam 
cum crure infinito curve. 


Sint A et à puncta flexus contrarii, juncta Aacurve 
oceurrat in a, eritque a quoque punctum flexus contrarii. 
Si enim tangens figure in puncto a curve occurreret in 
alio quovis puncto e, forent A, a, e, in eadem rea, 
Verum ex hypotheſi ſunt A, a, et a in eadem reAz, quæ | 
igitur lineæ tertii ordinis occurreret in punctis quatuor. i 
Sit A punctum flexus contrarii, & recta AO aſymptoto 
parallela curve occurrat in O ducatur OQ curyam con- 
tingens in O, & ſecans in Q, juncta AQ, tranſibit 
per D ubi curva aſymptoton ſecat. 


F$ 69. Por. XI. Ductis ex puncto flexus pig. 38. 
contrarii A tangentibus ad curvam AF, AG, 
AH ; & duabus ſecantibus quibuſcunque ABC, 
Abc, junctæ Bb et Ce vel Be et bC ſe mutuo ſe- 
cabunt in recta FH quæ contactus conjungit. 


N Occurrat enim recta Bb ipſi FH in Q, et BC eidem 
in P; jungantur QA et Q; cumque fit AB ad AC ut 
PB ad PC, per Prop. IX, erunt QA, QB, QPet QC, 

harmo- 
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punctis B, 5, Met C, c, N; tum junctæ CB, cb, MN, 
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harmonicales, adeoque Ab ſecabit rectam QC in e et 
ipſam FH in p, ita ut Ab lit ad Ac ut pb ad pc; & pre. 
inde erit c puntum curvæ, per Prop, IX. unde ſequitur 
converſe rectas Bb et Cc convenire in puncto Q rea 
FH; & ſimiliter oſtenditur rectas Bc et þC fibi mutuo 
occurrere in puncto q ejuſdem retz, - 


§ 70. Corel. 1. Ex puncto quovis Qrectæ FH du- 


cantur ad curvam rectæ QB, QC, eam ſecantes in 


convenient in puncto flexus contrarii A; junctæ Be et 
C, Meet Ns, Bb et Cc, NB et MC, conveuient in 
recta FH, 


871. Corol. 2. Tangentes ad puncta B et C conve. 
niunt in puncto aliquo T rectæ FH; & fi a pundo 
quovis T in recta FH fito ducantur tangentes ad cur. 
vam, rectæ contactus conjungentes vel tranſibunt per 
punctum flexus contrarii, vel convenient in recta FH, 


I 72. Corol. 3. Dato puncto flexus contrarii A, & 
punctis B, C, 5, c, ubi duæ rectæ ex eo ductæ curvam 
fecant, Jaber recta FH poſitione; junctæ enim Bb et Cc 
occurſu ſuo dabunt punctum Q, & junctarum Beet C 
occurſus dabit 9, ductaque Q ea eſt quz contactus F, 
G, et H, conjungit. His autem quinque punctis datis 
cum aliis duobus M et n, determinatur linea tertii or- 
dinis quz per hæc ſeptem puncta A, B, C, , c, M, n, 
tranſit & in puncto A habet flexum contrarium. Ex 
punctis enim M et m dantur N et u, ubi ductæ AM et 
Am curvam ſecant, & his novem conditionibus linea 
determinatur. Si autem dentur tria puncta M, m, et 8; 
heec dabunt tria alia N, n, et 3; unde darentur undecim 
sonditiones ad figuram determinandam, quæ nimiæ 

ſuat, 
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ſunt. Similiter dato puncto flexus contrarii A cum 
punctis F, G, (adeoque tangentibus AF et AG) et pun- 
Ais M et m quibuſcunque, datur recta FG, adeoque 
puncta N et u, et determinatur curya, 


973. Corol. 4. Contingant reQz HB, HC, curvam 
in Bet C, et juncta CB tranſibit per A, junctæ CG et 
TB concurrent in puncto curve V, et ducta VH curvam 
continget in V. Tangens autem ad punctum flex us 
contrarii A determinatur ducendo AV cui occurrat in L, 
recta PL ipfi AH parallela & biſecanda PL in X; juncta 
enim AX erit tangens ad punctum A. Occurra enim 

2 
75 ” PHH = 
I I 1 I 
a + 7 vp + = FC Fx 
(quoniam AC ſecatur harmonice in Pet B, A 


VA, VF, VP, et VG, harmonicales) = = Pe- Eft 


igitur PR medium harmonicum inter PS et PH; unde 
fi PL patallela rectæ AH occurrat rectis AV et AS i in 
X et L, erit PA = XL. 


tangens ad A rectæ FH in 8; 1 


„ adeoque —— 


$ 74. Prop. XII. Ex puncto linez tertii 
ordinis A ducantur duæ rectæ curvam contin- 
gentes in F & G, juncta FG curve occurrat in 
H, & tangens ad punctum A ſecet curvam in 
M; jungatur HM, cui occurrat FLK ipfi AH 
parallela in L, & ſumatur FK =2FL; tum 
junta HK, recta quævis AB ex A ducta har- 
monice ſecabitur a rectis HK et HF in N, P, et 


a curva in B, C; ; ita ut NB erit ad NC ut BP 
ad 3 | 


Occurrat 


Fig. 40. 


Fig. 41. 
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Occurrat enim recta AB tangenti HM in T, eritque 
1 9 1 2 


— Fx + PI- (per conſtructionem, & harmonic) 


= 21 Unde ſequitur rectam NC ſecari harmonice 
in punctis B et P, vel NB eſſe ad NC ut BP ad PC. 


$ 75. Corel. 1. Hinc fi duz quævis rectæ ex A dudæ 
ſecentur in N harmonice ita ut PC fit ad PB ut CN ad 


BN, omnes rectæ ex A eductæ a tectis HF et HK f. 
militer harmonice ſecabuntur. 


576. Corel. 2. Si curva punctum duplex non habeat, 
eamque ſecet recta HK in duobus punctis F et g, ductæ 
Ay et Ag erunt rectæ curvam contingentes in his pun- 
Qis. Coincidat enim punctum B cum puncto N, 
quando N pervenit 1 F occurſum rectæ HK cum 

I B 
curva ; adeoque cum 55 ＋ PH FN: tgp = 
FN et coincidit C cum B, & rea ex A ducta cur- 


vam tunc contingit, Ex altera parte, ſi recta A/ cur- 
vam contingat tranſibit recta HK per 7; ob zquales 


enim PB, PC, in hoc caſu, coincidunt puncta B et 
C cum N. n 


§ 77. Corel. 3. Si recta HK in ſolo puncto H curve 
occurrat, duæ tantum tangentes duci poterunt a puncto 
A ad curvam, viz. AF et AG. Quatuor tantum ad 
ſummum tangentes duci poſſunt a puncto quovis lineæ 
tertii ordinis ad curvam ut AF, AG, Af, Ag. Si enim 
alia quævis tangens duci poſſet a puncto A ad curvam 
ut Ag, recta HK tranſiret per punctum g, et quatuor 
ü punCta 
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puncta linez tertii ordinis forent in eadem reQta, viz: 
H, /, 85 + 2; E, A. 


$ 78. Pop. XIII. Si ex puncto lineæ tertii 
ordinis duci poſſunt quatuor rectæ curvam con- 
tingentes, rectæ contactus conjungentes conve- 
nient ſemper in puncto aliquo curve, & recta 
quævis a primo puncto dugta harmonice ſeca- 
bitur a curva & rectis binos contactus conjun- 
gentibus : | 


Sit a punQtum curve, AF, AG, Af, et Ag, rectæ 
curvam contingentes in punctis F, G, /, et g. Jun- 
gantur FG et fg, quibus occurrat recta quævis ABC 
(ex A ducta curvamque ſecans in B et C) in Pet N; & 
recta NC harmonice ſecabitur in B et P, ita ut ſemper 
fit NC ad NB ut CP ad PB: ſequitur ex Corol. 2. 
præcedentis. Rectæ autem FG et fg concurrunt in 
puncto curve H; & ſimiliter rectæ FF et Gg conve- 
niuntin E, atque Fg et G in R; et ER erunt puncta 
curvz, per idem corollarium. Atque hæc eſt poſterior 
duarum proptietatum linearum tertii ordinis quas de- 
ſeripſimus in tractatu de fluxionibus, Art. 402. Quod 
ſi recta AM curvam contingat in A, et ſecet in M, 
junctæ ME, MR, MH, curvam tangent in punctis E, 
R, H; & rectarum AE et HR, AR et HE, AH et RE 
occurſus erunt quoque in curva'ꝰ. 


$ 79. Corol. Cum igitur ſint rectæ HK, HB, HP, et 
HC, harmonicales; fi rectæ HB et HC curvæ occur- 
rant in bet c; erunt puncta A, 6, et c, in eadem recta 
linea, Occurrat enim juncta Ab curyz in b et c at- 


8 Supple quæ deſunt in Schemate. 
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que ipſi HF in p. et HK in u; cumque fit ac. ad #þ ut 
pc ad pb patet c eſſe in rea HC; & reciproce, ſi : 


fit in recta HC et & in reta HB, erunt A, 6b, c, in ea. 
dem recta. 


$ 80. Prop. XIV. Habeat linea tertii ordinis 
punctum duplex O. Ex puncto quovis cur- 
ve A ducantur duæ rectæ AF ct AG curvam 
contingentes in F et G; ducta FG curv am ſecet 
in H; jungatur OH. Recta quævis AB ex A 
ducta curvæ occurrat in punctis B et C, rectæ 
FG in P, & rectæ OH in N; & recta NP har- 
monice ſecabitur in punctis B et C, ita ut PB 
fit ad PC ut BN ad NC. 


Jungatur enim AO quæ rectæ FG occurrat in p et 
tangenti HL. in 7; cumque fit O punctum duplex, erit 
a+ = + = adeoque — = = 

F r 
catur igitur pA harmonice in t et O, ita ut pt fit ad pA 


' ut tO ad OA, et harmonicales ſunt Hp, Hz, HO, et 


HA. 8 recta PA — LH in * cumque 
I 2 
ito + TE N= N 


1 


Pr erit 1 + PE = 
Fr + r= N conſequenter PC eſt ad NC ut 


$ 81. Corel. Si tangens HL occurrat rectæ G ipſi 
AH parallelz in Z, & ſumatur GV = 2GZ, ductæ HV 
tranſibit per punctum duplex O, ft modo curva tale 
punctum habeat. Vel ſi recta Gra occurrat rectis AH 
et HR in a et r, junctæ rA et Ra, ſe decuſſent in m, 


juncta Hi tranſibit per punctum duplex O. 


982. 
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$ 82. Proe, XV. Ex puncto lineæ tertii 
ordinis ducantur duz tangentes, & ex alio 
quovis ejuſdem puncto ducantur rectæ ad con- 
tactus curvam in duobus aliis punctis ſecantes; 
tangentes ad hæc duo nova puncta in eodem 
puncto curvæ convenient. 


Ex puncto A ducantur rectæ AF et AG curvam con- 
tingentes in Fet G. Sumatur punctum quodvis curvæ 
P, jungantur PF et PG cutvam ſecantes in punctis K et 
L; atque tangentes ad puncta K et L concurrent in 
puncto aliquo curvæ B. Determinatur autem punctum 
B, ducendo rectam PC quæ curvam contingit in P, et 
ſecat in C; fi enim jungatur AC occurret denuo curvæ 


in puncto B. 


Cum enim puncta F, K, P, ſint in eadem rectà, & 
tangentes ad puncta F et P curvam ſecent in A et C; 


ſequitur tangentem ad punctum K tranſituram per B. 


Et ob rectam LG, tangens ad punctum L tranſibit 
quoque per B. ; 


$823. Corel. Sint igitur A et B duo quævis punQa in 
linea tertii ordinis; ex utroque ducantur quatuor rectæ 
curvam in aliis quatuor punctis contingentes, viz. AF, 
AG, Af, Ag; et BK, BL, B4, BI. Junctæ FK et GL, 
FL et GK, Flet G., Glet F,; ſibi mutuo occurrent 
in quatuor punctis curve, P, Q, , p; & fi ducantur 
tangentes ad hzc quatuor puncta, he occurrent curve 
& ſibi mutuo in puncto C ubi recta AB curvam ſecat. 
Unde fi ſint tria puncta lineæ tertii ordinis in eadem 
recta, & ex ſingulis ducantur quatuor rectæ curvam con- 
tingentes in quatuor aliis punctis, recta per duo quævis 
puncta contactus ducta curvam ' ſemper ſecabit in alio 
| aliquo 


F ig. 43 


Fig. 44. 


5 
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# 
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aliquo puncto contactus; & quatuor hujuſmodi req, 


per idem punctum contactus ſemper tranſibunt. 


6 84. Prop, XVI. Sint F et G puncta duo 
lineæ tertii ordinis, ita ſumpta ut rectæ FA et 


GA curvam in his punctis contingentes conye. 


niant in puncto aliquo curve A. Sumatur in 
curva aliud quodvis punctum P, unde ducantur 
ad puncta F et G 1 PF et PG quæ curvæ 
occurrunt in K et L; jungantur FL et GK, 
atque harum occurſus Q erit in curva. Tan- 
gentes autem ad puncta K et I fibi mutuo & 
curve occurrent in puncto aliquo curve B, at- 
que tangentes ad puncta P et Q convenient in 
puncto curvæ C, ita ut tria puncta A, B, C, ſint 
in eadem recta. 


Ducatur enim tangens ad punctum P quz curve oc- 
currat in C, & ducta AC ſecet eandem in B; & ductæ 
BK, BL, erunt tangentes ad puncta K et * per præ- 
cedentem. Occurrat recta LF curvæ in Q. & ſi recta 


GK non tranſeat per Q, occurrat curvæ in . Quo- 


niam igitur tria puncta L, F, Q, ſunt in eadem reQ, 
tangentes vero ad Let F curvam ſecent in B et A, ſe- 
quitur (per Prop. VII.) tangeatum ad punctum Qtranſ- 
ice per punctum C. Similiter, cum ſint puncta G, K, 
et 9, in eadem recta, tangentes autem ad puncta G & K 
tranſeant per A et B, tangens ad punctum q tranſibit quo- 
que per punctum C. Utraque igitur recta CQ, Cg, 
curvam contingit prior in Q, poſterior in g. Coincidunt 
igitur puncta Q et 4, fi enim diverſa eſſe ponamus, ſe · 
quitur per Prop. VIII. plures quam quatuor tangentes 
duci poſſe ad curyam ex eodem puncto C. Sint enim 


Af 


ws a wet ends 2 3X a ww 


1 —. mY Led — — dw _a—MAo & 


4 
( 
| 
( 
] 
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Af et Ag rectæ quæ curvam contingant in F & g, & 
guctæ Lf, Lg, curvam ſecent in m & nz & rectæ 
Cm, Cn, erunt tangentes ad puncta m et n. Quare 
haberemus quinque tangentes ex Cad curvam ductas, 
CP, CQ, Cn, Cn, & Cy; quod repugnat Coro], 3- 


Prop. XII. 


\ 


585. Corel. 1. Dato puncto P, ubicunque ſumantur 
puncta F & G, modo tangentes ad hæc puncta in curva 
conveniant, datur punctum Q, ubi junctæ FL & GK 
occurrunt ſibi mutuo & curyz, Et ſi a puncto P du- 
catur recta quævis PN M quæ curve occurrat in N et 
M, & junctæ QM, MN, eam ſecent in m & U; erunt 
puncta P, n, & m, in eadem recta linea. Oſtendimus 
enim tangentes ad puncta P & Q, ſe mutuo decuſſare 
in puncto curve “. | ag 


$86. Corel. 2. Si ſumantur quatuor punQa F, G, 
K, L, in linea tertii ordibis, ita ut tangentes ad pun- 
da F & G, conveniant in aliquo puncto curve, & 
tangentes, ad puncta K et L, conveniant quoque in ali- 
quo puncto curve, ductæ FK & GL concurrent in 


Fig. 433 


puncto curvæ, & ductæ FL & GK ſibi mutuo occur. 


rent in puncto curve. 


$87. Prop, XVII. Sint F et G duo quævis 
puncta lineæ tertii ordinis, ubi fi rectæ ducan- 
tur curvam contingentes, haz ſe mutuo ſeca- 
bunt in puncto aliquo curve. Sumantur alia 
quatuor puncta curve L, K, f, g, ita ut ductæ 
LF et GK conveniant in curva, atque rectæ E 
et Gg, in eà quoque conveniant; tunc ductæ LF 
et 2K, ſe mutuo ſecabunt in curva, ut & ductæ 
Lg et KF. FE 
_* Supple quod deeſt in Schemate, . 
Ee Tan- 


currat rea FG reQis IC, IH, et HC, in a, b, et þ, 


| Be 2. 


Fig. 46. 
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Tangentes enim ad punCta F et g ſe mutuo decuſſzny 
in curva, per Prop, XIV. ut & tangentes ad pung, K 
et L, per eandem. Adeoque per Corol. 2. præcedenti 
jundæ fL et Kg conveniunt in curva, ut et IK ,, 


2 L. 


I 88. Lemma. Dentur tres redæ IC, IH, et Ch, 
poſitione; & tria puncta F, G, 8, quz fint in eaden 
recta linea. Sumatur punctum quodvis Qin redta IC, 
jundta QF occurrat rectæ IH in L, & juncta OG red, 
HC in P; jungatur FP, ducta SL occurrat rectis Fp e 
QP in t et N; atque puncta ket N erunt ad req po. 
ſitione datas. Jungatur enim IN, quæ occurrat red 
GS in m, & ducatur per N parallela reQz FS quæ ce 
currat rectis IC, IH, et LQ, in punctis x, , et r; 0. 


Quoniam Nx eſt ad Nr ut Ga ad GF, et Nr ad N. 
ut SF ad Sb, erit Nx ad Nu (adeoque ma ad nb) i 
Ga Xx SF ad GE Sb, i. e. in data ratione. Datur ig. 
tur punctum m, adeoque recta INm poſitione; & {ini 
liter eſt punctum 4 ad poſitione datam. | 


$ 89. Corel. Coincidentibus punQis S et G, coincidit 
quoque punctum m cum puncto G. Jungatur igiturlG 
quæ rectæ HC occurrat in D, & ducta CF occumt 
rectæ HI in E, tum juncta DE erit locus pundi 
K ubi ductæ GL et FP ſe mutuo decuſſant. 


8 90. Pao. XVIII. Sit PGLFQK quadr: 

laterum inſcriptum figuræ, cujus ſex anguli tar 

gant lineam tertii ordinis ut in Prop. XVI. 

Ducantur rectæ curvam contingentes IC, CH, 

HI, in tribus punctis Q, P, L, que non fintu 

eadem rea ;z jungatur IG que tangent! 4 
f : OCCuIrs 
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occurrat in D, et HF quæ tangenti CI occur- 
rat in E; erunt puncta D, K, E, in eadem 


contingit. 

Supponamus enim rectas QFL et FKP moveri circa 
polum F, & rectas LGP et QKG circa polum G, 
puncta autem Q. L, et P, deferri in tangentibus QI, 
LI et PC; tum punctum K movebitur in recta DE, 
per Corol. præcedens. Unde fi puncta Q, L, P, fe- 
rantur in curva quæ has rectas QI, LI, et PC, in his 


recta DE contingit. Sed per Prop. XV. fi puncta Qs 
L, P, ferantur in linea tertii ordinis propoſita, pun— 
dum K movebitur in eadem, quam ijgitur reda DE 
contingit in K. | 


$91. Corol. 1. Similiter fi rectæ AF et AG (quæ cur- 
vam contingunt in Fet G) occurrant reaz IH (que 
curvam contingit in L) in punctis Met N; juncta MP 
ſecet tangentem AG in d, & junQa QMM tangentem AF 
in e; recta de tranſibit per K, & curvam in. hoc puncto 
continget; atque quatuor puncta D, d, e, E, erunt in 
| eadem rectà linea. 


992. Corel. 2. Ex duobus punctis curvæ quibuſcun- 
que C et B ducantur ad curvam quatuor contingentes 
bin ex ſingulis, CQ et CP ex puncto C, BL et BK ex 
puncto B, ſintque harum tangentium occurſus I, H, E, 
et D; tum ductæ LQ et EH ſe mutuo ſecabunt in pun- 
Qo curvæ F; atque junctarum LP et ID occurſus erit in 
puncto curve G; tangentes autem ad puncta F et G ſe 


recta cum punRis C et B. 


993. Corel. 3. Datis tribus punctis line tertii or- 
einis quæ fint in eadem rectã, & duabus tangentibus ex 
Ee 2 horum 


recta linea, quæ quidem curvam in puncto K 


punctis contingit, movebitur quoque in curva quam 


mutuo ſecabunt in puncto curvæ A quod eſt in eadem 
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borum fingulis ductis ad curvam poſitione datis, (4, 
puncta contactus determinantur per hane propoſitionen, 
Sint A, B, C, tria curvz puncta data in eadem reQz, All 
et AN tangentes ex A, BMI, et BDE, tangentes ex B 
quæ prioribus occurrant in M, N, e, et d; fintque Ch 
et CE tangentes ex tertio puncto C ductæ; atque o. 
currat CD ipſis BM, BD, AM, et AN, in N, D, /, « 
e, & CE iiſdem in I, E, n et m. His poſitis, juncla N. 
ſecabit tangentem Cl ia puncto contactus Q, MJ ſecabt 
tangentem CD in puncto contactus P, ID ſecabit tan. 
gentem AN in puncto contaQus G, EH tangentem AM 
in contactu F, mb ſecabit tangentem BH in L, & de 
nique nc tangentem BE in K. Quamvizs autem problema 
in hoc caſu determinatum fit, ſolutiones tamen plure 
admittit. Diverſæ enim linez tertii ordinis, ſed nu- 
mero definitæ, per tria puncta A, B, et C, duci poſſunt 
contingentes ſex tectas poſitione datas AM, AN, BM, 
BD, CD, et CE, Occurrat enim Ne tangenti CD in 
p, rea Ma tangenti CE in'q, TD tangenti AM inf, 
EH tangenti AN in g, nc tangenti BM in /, etmbtan- 
genti BD in #; atque linea tertii ordinis quæ conditio- 
nibus propoſitis ſatisfacit continget tectas CD et CE vi 
in Pet Q, vel in pet 9. Ea continget rectas AM« 
AN vel in punctis F et G vel in F et g; rectas autem 
BM er BD vel in Let K, vel in /et &. Conſtarigitut 
plures lineas tertii ordinis problematis conditionibus fa 
tisfacere poſſe, ſed numero determinatas, adeoque pic 
blema eſſe determinatum *. | 


$ 94. Corel. 4. Datis duobus punctis line terti 
ordinis A et B, tangentibus quoque AM, AN, BM, 
BD poſitione datis cum tribus punctis contactus F, G, 
et L, datur punctum K ubi recta BD curvam contingt. 


* Supple que deſunt in Schemate. 


d 


* 
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5 enim ducantur rectæ Ne et LF, harum occurſu da- 
bitur punctum Q, & ducta Q ſecabit contingentem 
BD in puncto contactus K. Datur quoque punctum P 
occurſus rectarum LG et Ma, vel rectarum Md et FK; 
nes enim rectæ LG, Mad, et FK, neceſſario conveniunt 
in puncto P. Sit Med N quadrilaterum quodvis, ſu— 
matur punctum quodvis Qin diagonali Ne et P in dia- 
gonali Mad, recta quævis QFL ex Q dud ſecet latera 
Me et MN in F et L, ducta PL ſecet latus Nd in G, 
jungatur Q quæ latus de ſecet in K; atque puncta 
F, K, P, erunt ſemper in eadem recta linea, per ſupe- 
rius oſtenſa. Unde conſtat problema non ideo ſieri im- 


poſſibile, quod oporteat tres rectas LG, MA, et FK, in 
eodem puncto convenire. 


695. Por. XIX. Sint D, E, F, puncta 
linez tertii ordinis in eadem recta, ſintque tres 
retz curvam in his punctis contingentes ſibi 
mutuo parallelæ. In recta DF ſumatur punctum 
Pita ut 2 PF fit medium harmonicum inter PD 
et PE; & ſi alia quzvis recta per P ducta curve 
occurrat in 7, d, et e, erit ſemper 2 Pf medium 
harmonicum inter Pd et Pe. Supponimus autem 
puncta 4 et e eſſe ad eaſdem partes puncti P, 
punctum autem VFeſſe ad contrarias. 


Fig. 47. 


— — — — — mo" 


Occurrant enim tangentes DR, EL, FM, rectæ df | 


in punctis K, L, et M; eritque per Art. 9. 1 


F Pa 

om I I 
7 I — PN —— TK — T7 0 recta Q tangentl- 
bus parallela harmonice ſecet rectam PD ita ut PE 


fit ad EQ ut PD ad DQ, & Qq occurrat redtæ #4 
| Ee 3 in 


. — — erm 
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in 70 = 711 — pp (quoniam Pg eſt ad PM ut PQ 44 
PF, & ex bypotheſi 2PF = PQ, adeoque 2PM—p,) 


wy : —Y d - e 2. . 
= >M F 9 pa + P;* adeoque 


_ 2PFeft medium harmonicum inter Pd et Pe. 


$ 96. Corol. 1. Jungantur Dad et Ee quæ conveniant 
in puncto V, junctæ VQ et FF erunt parallelz; & 
productà VQ donec occurrat rectæ fd in r, erit Pfæ 


Pr. Recta enim PD ſecatur harmonice in E et Q, 


Fig. 48. 


ex hypotheſi, adeoque etiam recta Pd ſecatur harmonice 
in e et 7, per Art. 21. unde Pf = Pr; cumque it 
PF —==PQ ; ſequitur rectam FF parallelam eſſe har. 
monicali V Ur. 


$ 97. Corel. 2, Similiter fi ſumatur in recta DF pun. 
Cum p ita ut 2pD fit æqualis medio harmonico inter 
p et pF, & recta quævis ex p ducta curvæ occurrat in 
tribus punctis, erit ſegmentum hujus rectæ ex una parte 
puncti þ ad curvam term inatum æquale dimidio medii 
harmonici inter duo ſegmenta eodem pundtop et curyi 
ad alteras partes terminata. 


598. Lemma. Ex centro gravitatis trianguli ducatut 
recta quevis quæ tribus Jateribus trianguli occurrat, & 
ſegmentum hujus rez centro gravitatis & uno trianguli 


latere terminatum erit dimidium medii harmonici inter 


ſegmenta ejuſdem rectæ centro gravitatis & duobus aliis 
trianguli lateribus terminata, Sit P centrum gravitatis 
trianguli VTZ, occurrat recta FDE per P duda late- 
ribus in F, D, E; ſintque puncta D et E ad eaſdem 


partes puncti P; eritque Pf = 75 + P- Ducatur 


enim per punctum P, recta MPL lateri VZ parallels, 
quæ 


% 
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quæ lateribus VT, ZT, occurrat in L et M et rectæ 
VN parallel lateri Z T in N; cumque fit MP g PL, 
et TL VL, ob fimilia triangula TLM, VLN, erit 
LM = 2LN, unde LN =LP, et PN = 2PM, pro- 


inde fi PD occurrat rectæ VN in K, erit (per Art. 21. 


1 
& 23·) B H PE © FK S P- 


$ 99. ProP. XX. Contingant tres rectæ VT, 
VZ, TZ, lineam tertii ordinis tranſeatque ea- 
dem recta linea per tres contactus & per P cen- 
trum gravitatis trianguli VITZ; recta quævis 
per hoc centrum ducta curvz occurrat in puncto 
c ex una parte & in punctis a et þ ex altera ejuſ- 
dem centri gravitatis parte, eritque 2Pc medium 
harmonicum inter ſegmenta Pa et PB. 


Occurrat enim recta Pc lateribus trianguli VT Z in 
/ d, et e; & rectæ VN lateri TZ parallelz in 4; erit- 


1 2 I I I 
5 HP ; C 4 
* Pe + PF . * Pe + * . 


pe eſt dimidium medii harmonici inter rectas Pa et PG. 


$ 100. Paor. XXI. Sit V punctum duplex 
in linea tertii ordinis, VT et VZ rectæ curvam 


Fig. 49s 


Fi g. 50. 


in hoc puncto contingentes, quibus in T et 2 


occurrat recta TZ curvam contingens in F ita ut 
FT FZ: jungatur FV, in qua ſumatur FP = 
FV; & fi recta quævis per P ductæ curvæ oc- 
currat in tribus punctis a, 5, c, quorum &@ et 5 


lint ad eaſdem partes puncti P, c ad partes con- 
E e 4 trarias, 


Fig. Cle 
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trarias; erit ſemper 2 Pr medium barmonicun 
K 2 | ; 1 =_ I I 
inter ſegmenta 10 et Pb, ſeu Fr PS tp 

Cum enim biſecetur TZ in F, ſitque FP =3Fy, 
manifeſtum eſt punctum P eſſe centrum gravitatis tri. 
anguli VTZ; cumque fit pundtum P in re&a F 
quæ per contactus tranſit, ſequitur propoſitio ex prx. 
cedente. 5 


F 101. Cra 1. Si jungatur rede Va, Vi, et F, 


erit P quoque centrum gravitatis trianguli hiſce rectis 
contenti, ut et trianguh tribus reCtis curvam in @, , 
c, contingentibus comprehenſi; & fi ductæ Va et VI 


occurrant rectæ Fc in m et u, erit ſemper Fm æquali 
Fa, 


$ 102. Corel. 2, Recta per punctum duplex dud 
parallela rectæ Fc harmonice ſecabit ipſam Pa in + ita 
ut Pa erit ad at ut Ph ad P&; que vero ducitur a puns 
cto & ad x occurſum rectarum curvam in a et b contin» 
gentium parallela eſt recta cy figuram contingenti in e. 


§ 103. Corel, 3. Datis duobus punctis a et c ubi reda 
quævis ex P ducta curve occurrit, datur tertium 6; jun- 
gantur enim Va et Fc quæ ſibi mutuo occurrant in n; 
ſumatur Fx ex altera parte puncti F æqualis ipſi Fm, et 
juncta Vn ſecabit rectam Pa in 5. 


§ 104. Prop. XXII. Ducatur per punctum 
quodvis P recta quæ dirigatur in plagam crurum 
infinitorum & occurrat curve in punctis a et c 
ducatur per idem punctum recta quævis curvam 
ſecans in punctis D, E, F, quæque rectis curvam 
in a et c contigentibus occurrat in & et m, atque 


© ww ” wa —- - a. 


aſy mptoto 
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aymptoto cruris. infiniti in ; & hi puncta D, E, 
k, 1, n, ſint ad eaſdem partes e P, 8 


vero F ad contrarias, erit Pr = 515 4 PE 


mY 4 1 — 17 „ubi termini cujuſvis . 
eſt 3 quoties ſegmentum ad oppoſitas 


partes puncti P protenditur. 


Sequitur ex Theor. I. Art. 9. eſt enim per hot theo- 


1 
R PF 


5 og. Corol. 1. Si rea PD hen per concurſum 
tangentium ak et cm; & ſumatur PM æqualis medio 
honey inter * PD, PE, PF, ſecundum Art. 28. 
ert / 1 P — => adeoque 3PM erit medium har- 
monicum inter Pl et 4 PE. Quod fi tangentes at et 
cm concurrant in ipſo puncto M, aſymptotos quoque 
per M tranſibit. 


{ 106. Corol. 2. In caſu Prop. XIX. ubi tres contactus 
ſunt in eadem recta linea & tres tangentes parallelz, 


ſumatur puntum Put in Propoſitione XIX. fitque ape 


_ aſymptoto parallela, occurrant , et em tangentes rectæ 


PD in 4 et m, eritque —- 5 7 = r + Pa- ſive Pl æqualis 


dq imidio medii harmonici inter P et Pn. Quod fi tan- 
gentes a# et m concurramt in eodem puncto rectæ PD, 


erit Plæ PH; quoniam vero in Prop. XIX. 22 


PF Be 
* 2 erit Pa Pe. 


9107. 


Fig. 49. 


Fig. 52. 


Fig. 53. 


j 
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$ 107. Corel. 3. Idem dicendum eſt de caſu Prop. XX, 
ubi tres contactus D, E, F, ſunt in eadem recta que 
tranſit per P centrum gravitatis trianguli VTZ tangen. 
tibus contenti. Si autem altera rectarum curvam in 4 
vel c contingentium (poſita aPc aſymptoto parallela) ſit 
rectæ DP parallela, abibit aſymptotos in infinitum, erit- 
que crus parabolicutn. 


$ 108. Coral. 4. Iiſdem TIN ac in Prop. XXI. Sit 
cPa aſymptoto parallela, e norm ak, en, 


rectæ VF in z et n, eritque — 5 7 = Pr + TER Unde f 


curva diametrum habet, cum hæc neceſſario tranſeat 
per punctum duplex V, & per punctum curvæ F ubi bi- 
fecatur tangens TF, ſumatur ab F verſus V, FP EV, 
ducatur Pa aſymptoto parallela, & tangens a# quæ dia- 
metro occurrat in 4, & ex altera parte puncti P ſuma- 
tur, ſuper rectam PV, P/=£Pk, & recta per / ducta 
ordinatim applicatis parallela erit aſymptotos curve. Si 
vero tangens ak ſit diametro parallela, erit crus curvz 
generis parabolici. Propoſitio Newtoni, de ſegmentis 
rectz cujuſvis tribus aſymptotis & curva terminatis facile 
ſequitur ex Art. 4. ut ab aliis olim oſtenſum eſt. 


8 109 . Proe. XXIII. Ex puncto quovis D 
lineæ tertii ordinis ducantur duæ quævis rectæ 
DEI, DAB, quæ curvæ occurrant in punctis, E, I, 
et A, B; ducantur tangentes AK, BL, quæ rectæ 
DE occurrant in K et L. Sit DG medium har- 
monicum inter ſegmenta DE, Dl, ad curvam ter- 
minata, atque DH medium harmonicum inter 
ſegmenta DK, DL, ejuſdem rectæ tangentibus 


- abſciſſa, Sit DV medium geometricum inter 


- DG 


— 
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DG et DH, ducatur VQ parallela tangenti DT, 
quæ occurrat rectæ DA in Q & fi circulus ejuſ- 
dem curvature cum linea tertii ordinus propo- 
ſità in puncto D occurrat rectæ DE in R, erunt 
HG, QV et 2D R continue proportionales. 
| | | V. 

Nam per Theor, II. (Art. 15.) eſt 5 FR 
WO 1 I 1338 2 _2DH—2DG 
ps © Dr © DE BI DG PH DG xDE 
_ 505 (quoniam DV*= DG x DH;) unde QV* = 
2HG x DR, adeoque HG ad QV ut QV ad 2DR. 


$110. Corel. 1. Sumatur igitur Dr in recta DE tertia 
proportionalis rectis HG et Q, & perpendicularis 
rectæ DE ad punctum 7 ſecabit normalem tangenti 
DT ad punctum D in centro circuli oſculatorii ſive 
circuli ejuſdem curvaturz cum linea propoſita, in pun- 
cto O. Si puncta E, I, K, L, ſint ad eaſdem partes 
ejuſdem punQi prout DH major eſt vel minor quam 
DG, i. e. prout medium harmonicum inter ſegmenta 
DK, DL tangentibus abſciſſa majus eſt vel minus me- 
dio harmonico inter ſegmenta DE, DI, ad curvam ter- 
minata. 


$ 111. Corol. 2. Si angulus EDT biſecetur recta DA, 
erit QV = DV, et 2HG x DR = DV*= DG x DH, 
adeoque HG ad DG ut DH ad 2DR. 


F112. Corol. 3. Revolvatur recta DA circa polum D, 
manente rectà DE, et HG, differentia mediorum har- 
monicorum DH et DG, augebitur vel minuetur in 
duplicata ratione reAz VQ. Quippe ob datam chordam 


2 


circuli oſculatorii DR, manet quantitas _ que æqua- 


Hu 
lis eſt 2DR, | 


9113 


i 
* 
4 
: 


Fig. 54: 
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$ 113. Coral. 4. Si tangentium AK et BL altera, 

ut BL, fit rectæ DE parallela, ducintur GX et K7 

parallelz rectæ DT curvam in D contingenti, quæ ipſi 
; GX x KZ 

AB occurrant in X, Z; eritque DG TBK TBN 


I * I 2 n _ 2zDK—DG 


DE BI BR = DG BR PND. e 


ue GX 12 = 2DK — DG, & proinde erit ut 


2DK—DG ad KZ ita GX ad DR. Si tangens AK 
evadat quoque parallela rectæ DE (quod in his figuris 


contingere poteſt) erit DG ad GX ut GX ad 2DR, 


8 


0 2 2 
nam in hoc caſu DOK DR P. adeoque Gx 


=DG x 2DR. 


$ 114. Corel. 5. Si recta DE fit aſymptoto parallela, 
adeoque curve occurrat in uno puncto E præter ipſum 
D, fitque ſimul tangens BL aſymptoto parallela, duca. 
tur EY parallela tangenti DT quz occurrat reQz DA 
in Y, eritque KE ad KZ ut EY ad DR“. 


$ 115. Corel. 6. Si fit D punctum flexus contrarii, 
coincidet pundtum H cum G, evaneſcente linea HG, 
adeoque evadit DR infinite magna, i. e. curvatura minor 
eſt ad punctum flexus contrarii quam in circulo quar- 


tumvis magno; ut alibi quoque oftendimus, tractatus de 
Auxionibus, Art. 378, 


$ 116. Corel. 5. Sit V punctum duplex, DA aſym- 
ptoto parallela, & occutrant rectæ VQ, KZ, tangent; 
DT parallelz rectæ DA in Q et Z, atque occurrat DV 
aſymptoto in L, ſitque DH medium harmonicum inter 


DE et DL, eriique 2DH—DG ad KZ ut DL ad DE, 


* Supple figuram, | 
atque 
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atque VH: HN: : VQ:: DR. Si recta DA biſecet 
angulum T DY, erit DR: DV: : DH: 2VH. 


$ 117. Prop. XXIV. Sit D punctum quod - Fig 56, 
vis lineæ tertii ordinis, occurrat tangens ad D 
curve in I, ſitque DS diameter circuli oſcula- 
torii, quæ Curve occurrat in A et B; unde rectæ 
ductæ curvam contingentes ſecent Dl in K et L; 
ſir DH medium barmonicum inter DK et DL, 
& ſumatur DV ad DI ut DH ad differentiam 
rectarum 2DI et DH; eritque variatio curva- 
turæ inverſe et rectangulum SD x DV; & junta 


VS, variatio radii curvature ut tangens anguli 


Nam per Theor. III. (Art. 17.) variatio corvaturz-eſt 

l nn? 1 E ee 
JT. bp Ä 
35 * . Variatio autem ra- 
DS - DHxDI DSx&x DV 


ut 


| pts Wen ge in . 
dii ofculatorii eſt ut REN adeoque ut tangens anguli 


DVS, per Art. 18. parabola autem quz eandem habebit 
curvaturam & eandem variationem Curvaturz cum linea 
propoſita, determinatur ut in Art. 19. 


$ 118. Corol. Si tangens BL fit tangenti ad D pa- Fig. 57. 
rallela, ecit DV ad DI ut DK ad IK; & fi utraque 
tangentium AK, BL, fiat parallela iph DT, erit DV, 

Sl, adeoque variatio curvaturæ inverſe ut DS x DI. 
Quod ſi in hoc caſu fit DT parallelz aſymptoto curve, Fig. 58. 
evaneſcet variatio curvatutæ. Quemadmodum igitur 
evaneſcit variatio curvature in verticibus axium ſectio- 
num conicarum; ea ſimiliter evaneſcit in verticibus 


diame- 


Fig. 59. 
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dlamatromm linearum tertii ordinis quæ ad rectos an- 
gulos ordinatim nn biſecant. 


Scbol. Sunt autem alia plurima theoremata de tangen- 
tibus & curvatura linearum tertii ordinis. Sint, ex, gr, 


F et G duo puncta lineæ tertii ordinis unde tangentes 


ductæ concurrunt in curva in A. Producatur FG donec 
curvz occurrat in H. Sit TAC tangens ad punQtum A, 
& conſtituatur angulus FAN = GAT ad contrarias 
partes rectarum FA, GA, ſecetque AN rectam FG in N. 
Et ſi circuli oſculatorii occurrunt retz FG in B et , 
erit GB ad Fb ut rectangulum NFH ad NGH. Sit 
enim puncta à ĩpſi A quamproximum, & puncta , g, þ, 
ipfis F, G, H, quamproxima, eritque AFa: FC /:: GF 
: FB. FGf(=HG5): HF: : FH: GH. HF) (S 
GFg) : AGs: : 8: GF; unde AFa: AG:: FH 
G: FBT GH:: GN : FN; unde FB: Gb; : NFH 
: NGH. Sed de his ſatis. 
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EZIKNXONCERNING the lines of the ſecond 
Norder, or the conic ſections, the ancient 

and modern geometers have written very 
NIN fully; concerning the figures which are re- 
ferred to the ſuperior orders of lines, little has been 
delivered before NRęWTON. That moſt illuſtrious man, 
in his tract concerning the Enumeration of Lines of the 
Thrd Order, has revived this ſubject, which had long 
lain neglected, and has ſhewn it to be worthry of the 
geometer's notice, For the general properties of theſe 
lines, which he has laid. down, are ſo conſonant to. the 
known properties of the conic ſections, that they ſeem 
to be conformable_to the ſame law, and from his ex- 
ample many others have been ſince induced to make 
this ſubje their ſtudy, and have clearly. comprehended 
and explained the analogy which there is between fi- 
gures of ſuch very different kinds. The pains which 
they have been at in the illuſtration and further inveſti- 
gation of theſe matters, have deſervedly met with ap- 
plauſe, ſince there is nothing in pure mathematics 
which can be called more beautiful, or that is more 
Ff a N apt 
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apt to delight a mind defirous of inveſtigating truth, 
than the agreement and harmony of different things 
and the admirable connection of the ſucceeding with 
the preceding, where the more ſimple always open the 
way to thoſe which are more difficult. 

Moſt of the general properties of lines of the third 
order, delivered by Newton, relate to ſegments of pa. 
rallels and aſymptotes. -Some other of their affeQions, 
of a different kind, I have briefly pointed out in my 
Treatiſe of Fluxions, lately publiſhed, Art. 324, and 
401. The famous Cotes formerly diſcovered a moſt 
beautiful property of geometrical lines, hitherto uns 
tubliſhed, which has been communicated to me by the 
Rev. Dr. Robert Smith, maſter of Trinity College, 
Cambridge, a gentleman not leſs remarkable for his 
learning and works, than for his fidelity and regard 
for his friends. Whilſt I had theſe under conſidera 
tion, ſome other general theorems offered themſelves; 
which, as they ſeem to conduce to the augmentation 
and illuſtration of this difficult part of geometry, I haye 
thought fit to throw together, and briefly to expound in 
order, and demonſtrate. 


THIS 4444594 


SECTI 0 N I. 
Of Geometrical Lines in general. 


$1. INES of the ſecond order are defined by the 


ſection of a geoemtrical ſolid, viz. a cone, 


whence their properties are beſt derived by common 


geometry, But the. nature of the figures which are 
referred 


—_—— = WJ a an om oo. / . y oa. . ur” nos 
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referred to the ſuperior orders of lines is different. To 


define and draw out their properties, general equations 
muſt be applied, exprefling the relation of the co- 
ordinates. Let x repreſent the abciſſa AP, y the or- 
dinate PM of the figure PMH, and let a, b, c, d, e, &c. 


' denote any invariable coefficients; and having the 
angle APM given, if the relation of the co-ordinates x 


and y be defined by an equation which, beſides the co- 
ordinates themſelves, involves only invariable coeffi - 
cients, the line FMH is called a geometrical one; 
which indeed by ſome authors is called an algebraical 
line, by others a rational line. But the order of the 
line depends upon the higheſt index of x or y in the 
terms of the equation freed from fractions and ſurds, 
or upon the ſum of the indices of both in a term where 


that ſum is the greateſt, For the terms x*, xy, y* are 


equally referred to the ſecond order; the terms x*, * Ys 
xy, to the third. Therefore the equation y =ax + b, 
or y- ax - go, is of the firſt order and denotes a 
line or the locus of the firſt order, which indeed is always 
a right line. For let there be taken in the ordinate 
PM the right line PN, fo that PN be to AP as -+ a to 
unity; let AD, parallel to PM, be made equal to + 5, 
and DM, drawn parallel to AN, will be the locus to 
which the propoſed equation will anſwer. For PM = PN 
+NM =(ax AP + AD)ax + b. But if the equa- 
tion be of the form y =ax — b, or y = — ax + b, the 
right line AD, or PN, is to be taken on the other fide 
of the abſciſſa AP; for the contrary ſituation of right 
lines anſwers to the contrary ſigns of the coefficients. 
If the affirmative values of x denote right lines drawn 
from A, the beginning of the abſciſſa, to the right hand, 
the negative values will denote right lines drawn from 
the ſame beginning to the left; and in like manner if 


Ff 3 the 


Fig. 1g 


— — 
— 
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the affirmative values of y repreſent the ordinates ch. 
ſtituted above the abſciſſa, the negative ones will . 
note the ordinates below the abſcifla, drawn the Op. 
poſite way. 
The general equation for a line of the ſecond oh 
Fo of this form, — | 
yy —axy Tc = © 
— by — dx V 
+ 
and the general equation for lines of the third order 
-a TNA ixx— dx + exy— fox +x# 
— bx +k=0. And by ſimilar equations geometi- 
cal lines of ſuperior orders are defined. | 


$ 2. A geometrical line may meet a right line in 

as many points as there are units in the number which 
denotes the order of the equation or line, and never in 
more, The number of times that any curve will mett 
its abſciſſa AP is determined by putting y S o, in 
which caſe there remains only the laſt term of the equ- 
tion into which y does not enter. For example, a line 
of the third order meets the abſciſſa AP when fx* - 
8£x* + bx — + = ©, of which equation if there be 
three real roots, in three points. In like manner in 
the general equation of any order the higheſt index 
of the abſciſſa x is equal to the number which denote 
the order of the line, but never greater, and of courſe 
expreſſes the number of times that the curve will mect 
the abſciſſa or any other right line. But fince one root 
of a cubic equation is always real, and that the ſame 
is true of an equation of the fifth or any odd ord 
(becauſe every imaginary root has neceſſarily its fel 
tow), it follows that a line of the third or any othe 
odd order cuts any right line, not parallel to the 

| | aſymptot 
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ptote drawn in the ſame plane, in one point at 
leaſt. But if the right line be parallel to the aſymptote, 
in this caſe it is commonly ſaid to meet the curve at 


an infinite diſtance. A line therefore of any odd order — 


has neceſſarily two branches which may be producet 
in infinitum. But of a quadratic, or any other equa- 
tion of an even number of, roots, all the number of 
roots may be ſometimes imaginary, therefore it may be 
that a right line drawn in the plane of a curve of an 
even order may never meet it. 


9. 3. An equation of the ſecond, or of any higher 
order is ſometimes compounded of ſo many ſimple ones, 
freed from ſurds and fractions, multiplied into each 
other as often the: propoſed dimenſions of that equation 
expreſs; in which caſe the figure FMH is not curvi- 
lineat, but is made up of ſo many right lines as are de- 
ſeribed by the ſimple equations thus determined, as in 
$1. In like manner if a cubic equation be compound- 
ed of two equations multiplied into each other, one of 
which is a quadratic and the other a ſimple one, the 
the locus will not be a line of the third order, properly 
ſo called, but a conic ſection joined with a right line. 
Now the properties which are generally demonſtrated 
of geometrical lines of higher orders are to be affirmed 
alſo of lines of inferior orders, if the numbers denoting 
their orders, taken together, make up the numbec 
which denotes the order of the ſaid ſoperior line. 
Thoſe which, for example, are generally demonſtrated 
of lines of the third order, are alſo to be affirmed of 
three right lines drawn in the ſame plane, or of a conic 
ſection together with one right line deſcribed in the 
ſame plane, On the other hand, there can ſcarce any 

property of a line of an inferior order be aſſigned ſuffi- 
| Ff 4 | ciently 
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ciently general to which ſome affection of lines of {,, 
perior orders does not correſpond. ' But to derive the, 
from thoſe, it is not every one that can take the pain, 
This doctrine in a great meaſure depends upon the 


properties of general equations, which it is here only 
proper to mention, . | 


nA vo 
8 * In every equation the coefficient of the ſecond 


term is equal to the exceſs of the ſum of the affirmative 
roots above the ſum of the negative ones; and if that 
term be wanting, it is an indication that the ſums of 
the affirmative and negative roots, or the fums of the 
- ordinates conſtituted on different ſides of the abſciſſa, 


are equal. Let the general equation be for a line of 
the order n, 5 —ax T NN c — d 
ax +b 


K y"—* &c. = o, ſuppoſe « = y — „ fory 


let be ſubſtituted its value « + — 5 + and in the 


transformed equation the ſecond term 2 1 will be 

wanting; as appears from the calculation, or from the 
_ doctrine of equations, every where delivered: and from 
hence it alſo appears, that by hypotheſis every value df 


. 


1 is Jeſs hap the correſponding value of y by 


from whence it follows that the ſum of the values of 1 
{whoſe number is 2) falls ſhort of the ſum of the values 


88 b 
of y (whoſe ſum is ax + ) by the difference 24 


n 
xXx 2 =ax T, ſo that the firſt ſum vaniſhes, and the 
fecond term is wanting in the equation by which « Is 
determined, or that the affirmative and negative values 


of make cqual ſums, If therefore PQ be taken 


— 
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yu 2 ſo that QM may = u, right lines on both 


ſides the point Q, terminated at the curve, will make 
the ſame ſum. Now the locus of the point Q is the 
right line BD which cuts the abſciſſa, produced beyond 


ES 1 
its beginning A, in B, ſo that AB = * and the or- 


dinate AD, parallel to PM, in D, ſo that AD = _ x ; 
for if this right line meets the ordinate PM in the point 


+ PQ. will be to PB (or = — + 2 as AD to AB, or 


n 
a to n; ſo that PQ =* _ „ as it ought to do. And 


Fig. 3. 


from hence it appears, that a right line may always be 


drawn which ſhall fo cut any number of parallel, 
meeting a geometrical line in as many points as the 
dimenſions of the figure expreſs, that the ſum of the 
ſegments of every parallel, terminated at the curve on 
one fide of the cutting line, may always be equal to 
the ſum of the ſegments of the ſame on the other fide 
the cutting line. Now it is manifeſt that a right line 
which cuts any two parallels in this manner is neceſſa- 
_ rily that which will cut all other parallels in the ſame 
manner. And from hence appears the truth of the 


Newtonian theorem, in which is contained the general 


property of geometrical lines, analogous to that well- 
known property of the conic ſections. For in theſe a 
right line which biſects any two parallels, terminated 
at the ſection, is a diameter, and biſects al} others pa- 
rallel to theſe, and terminated at the ſection. And, In 
like manner a right line, which cuts any two parellels, 
meeting a geometrical line in as many points es it has 
dimenſions, ſo that the ſum of the parts ſtanding on 


ne 


— —— — 4 
* 2 
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one ſide of the cutting line and terminated at the.cyy, 
may be equal tothe ſum of the parts of the ſame y,. 
rallel ſtanding on the other fide of the cutting line te. 
minated at the curve, will in the ſame manner cut al 
othe rright lines parallel to theſe. 


$ 5. In every Equation the 1aft term, or that ; into 
which the root y does not enter, is equal to the pro- 
duct of all the roots multiplied into each other; from 
whence we are led to another property of geometrical 
lines, not leſs general than that above. Let the right 
Fig. 1. line PM meet a line of the third order in M, » and 
u, and it will be PM x Pm x Pu FK — gi? + bs 
— K. Let the abſciſſa AP cut the curve in the three 
points I, K, L; and Al, AK, AL will be the values 
of the abſciſſa x, the ordinate being put o, in which 
caſe the general equation gives fx* — gx* + hx —k 
= © for determining theſe values, as we explained in 


8 , be _ 


# 
E = © the three roots are AI, AK, AL; and ſo this 


equation is compounded of the three x — Al, x — AK, 
gx 


Art. 2. Therefore of the equation x? — 


* - AL multiplied into each other; and x3 — A + 
2X _ZA=Z=AIxX5—AK xx - AL =AP=M 
3 


* 1 x A —AL = IP x KP x LP == 


* PM x Pm x Pu. Therefore the product of the or- 
dinetes PM, Pm, Py, terminated by the point P and 
the curve, is to the product of the ſegments IP, KP, 
LP, of the right line AP, terminated by the ſame 
point and the curve, in the invariable ratio of the co- 
efficient 


— 


— 
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efficient F to unity. In like manner it is demon- 
ſtrated, that having given the angle APM, if the right 
lines AP, PM, cut a geometrical line of any order in 
as many points as it has dimenſions, that the product 
of the ſegments of the firſt, terminated by P and the 
curve, will always be to the product of the ſegments of 
the latter, terminated by the ſame point and the curve, 
in an invariable ratio. | 


$ 6. In the preceding article we have ſuppoſed, 
with Newton, that the right line AP cuts a line of the 
third order in three points I, K, L; but that this fa- 
mous theorem may be rendered more general, let us 
ſuppoſe that the abſciſſa AP cuts the curve in only 
one point; and let that be A. Therefore becauſe y Fig. 4. 
vaniſhes let x vaniſh alſo, the laſt term of the equa- 


tion, in this caſe, will be Fx — ga* + bs Fx * 


3 . 
xx Ty fu xn 27 1 7 7 Aa be 


taken towards P equal = and at the point à be erect- 


ed 2 perpendicular ab 83 — 2 3 AP x 


aP* + ab* =f x AP x bP*; from whence, when 
PM x Pm X Py is equal. to the laſt term fx? — g 
+ hx, as in the preceding article, PM x Pm x Py 
will be to AP x bP* in the conſtant ratio of the coeffi- 
-cient F to unity. Now the value of the right line per- 
pendicular to ab is always real, as often as the right 
line AP cuts the curve in one point only; for .in this 
caſe the roots of the quadratic equation fx* — gx + + 
are neceſſarily imaginary, ſo that 4 fh is greater than, 


£2, and the quantity V 4/h — gg real, When there- 
{ore 


— * — 
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fore any right line cuts a line of the third order in one 


point A only, the ſolid under the ordinates PM, pa 
Pu will be to the ſolid under the abſciſſa AP and the 
ſquare of the diſtance of the point P from a given point 


b in a conſtant ratio. Ab, being joined is to Ag, 28 
radius to the coſine of the angle PAP, as V 4th to g, 


ad Ab =v 2. But the ſame point 6 always agrees 


to the ſame right line Ap, whatever be the angle 


which is contained by the abſciſſa and ordinate. 


$ 7. Let the figure be a conic ſection, whoſe general 


. equation is yy —ax— b X y + cxx dx Te =0 as 


above; and if the roots of the equation cxx — dx + e=0 

be imaginary, the right line AP will not meet the ſec- 

tion. Now, in this caſe the quantity 4ec always ex- 
| ; 4 


| | | : 
ceeds dd; whence, when cxx —dx +e=c RK X = 
| c 


+ e —_ (if Aa be taken 2 and ab be erected 


perpendicular to the abſciſſa at a, ſo that ab = 


V acc =. c * aÞP* x ab* = xbP?, and PM x Pm 


2C 
—=cxx—dx Ae, then PM x Pm is to bP* as e to unity. 
Therefore in any conic ſection, if the right line AP does 
not meet the ſection, the angle APM being given, the 
rectangle contained under right lines ſtanding at the 
point & and terminated at the curve is to the ſquare of 
the diſtance of the point P from the given point bin a 
confitant ratio, which in a circle is that of equality. 
Now it is manifeſt that the ſame method may be ap- 
plicd to a line of the fourth order which the abſciſſa 
cuts in two points only, or to a line of any order 

which 
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which the abſcifſa cuts in points leſs by two than the 
under, which denotes the order of the figure. 


$8. This being premiſed, I proceed to explain the 
[ef obvious properties of geometrical lines almoſt in the 
{ame order in which they occurred to me. Now I uſed 
the following lemma, derived from the doctrine of 
guxions, and which I have demonſtrated in my treatiſe 
on that ſubjeR, lately publiſhed Art. 717. yet I have 
ſince obſerved that ſome of them may be demonſtrated 


by common algebra. | 


Lemma. If the quantities x, Ys Z, u, &c. flowing to- 
gether, and alſo the quantities X, Y, Z, V, &. the. 
product of the former be to W pore of the latter in 


on conſtant ratio, then — = += 3 += . 57 &c. 


2 | 

= + F 12 + SaaS + 3+ e. Moreover, for brevity" 8 
hs I 4 thoſe . mutually reciprocal, when, 
w_ multiplied into-each other, 18 product is unn, 


ſo — 1 call the reciprocal of 5 and — of y. 
* 4 


4 


89. Theor. I. Let any right line, drawn through a 
given point, meet a geometrical line of any order in as many 
points as it has dimenſions ; ; and let right lines, touching the 
7 figure i in theſe points, cut off from another right Tine given 
in poſition and drawn through the ſame given point, as many 
ſegments terminated by this point; the reciprocals of theſe 
ſeements will always maze the ſame ſum, if the ſegments 
lying on the contrary ſide of the given pornt be affected with 
the contrary ſigns, 


Let 


£ 
| 
? 
1 
| 
65 
F 
#1 
2 


/ 


Fig. 6. 
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Let P be the given point, PA and Pa any two n gbt 
lines drawn from P, of which both meet the curye ; 
as many points A, B, C, and a, 6, c, &c. as it has 
dimenſions. Let the tangents AK, BL, CM, &c; and 
ak, blem &c. cut off from the right line EP, drawn 
through the point P, the Wh PK, T_T mg &e. 


and Pk, Pl, Pm + &c. TR OY = + . —_ + == 


NI 
&c. = = 57 +7 = + * = + &c. and that this ſum al: 


ways remains the Fe the point P remaining, and the 
right line PE being given in poſition. 


For let us ſuppoſe the right lines ABC, abc to be 
carried by motions parallel to themſelves, ſo that their 
concourſe P proceeds in the right line PE given in po- 
ſition; fince AP x PB x CP x &c. is always to aP x 


bP-x cÞ in a conſtant ratio by Art. 5, let AP repre· 
ſent the fluxion of AP, BP the fluxion of BP, and 
EP, Ep &c. the fluxions of the right lines CP, EP, &e, 
reſpectively, that an uſeleſs ene of ſymbols 


BP CP 
may be avoided, then (by Art. 9.) = IÞ * Ip * & 
n 


dw = + 7p + 7 Tue. But when the right 


line AP is carried by a ER paralle} to itſelf, it is 
well-known that AP, the fluxion of the right line AP, 
is to EP, the fluxion of the N line EP, as AP to 

E 
—_ PK 
BP EP CP EP Ab EP BP Ef p 


the ſubtangent PK, nad . I In like man- 


b 
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20 ** 3 whence BY Bb K 1 FI 
C 


Wi 


+ — 5 —_ F TIS: 

Things are ſo whenever the points K, L, M, &c. 
and I, I, m, &c. are all on the ſame ſide of the point P, 
and fo the fluxions of the right lines AP; BP, CP, &c. 
aP; VP, Dy e. have all the ſame ſign. But if, other 
things remaining the ſame, ſome points M arid 2 fall 
on the contrary ſide of P, then while the reſt of the 
ordinates AP, BP, &c. increaſe, the ordinates CP and 


EP Eb 
7 _ = FF 


Fig. 7. 


P are neceſſarily Aiminiſhed, and their fluxions are to 


W or —— and ſo in this 


ak NK + FI F- 56 ='p7 + fr r- a 

and in general, in collecting theſe fums, the terms are 
to de affected wick the ſame or contraty ſigns, as the 
ſegments fall on the fame or contrary ſide of — n 


poiat P. 


$ 10. If a right line PE meets a curve in as many 
points D, E, I, &c. as its dimenſions expreſs the ſum 


IK + > + bi &c. which we have ſhewn,to be 


conſtant or n een n be equal to the ſum or 


aggregate = FB + + PE + _ + &c. i. e. to the ſum of 


the reciprocals to the ſegments of the right line PE, 
given in the poſition, and determined by the given 
point P and the curve ; in which, if any ſegment be on. 


the other ſide of 'the point P, its reciprocal is to be 
ſubtracted. 


$ 11, 


: 
i 
: 
| 
| 
1 


* 
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$ x1. If the figure be a conic ſeQion, which ty, 
right line PE ins where meets, let the paint J be 
found as in Art. 7. and Ph joined, and at right angles 
to this e be dravens cutting the right line PE in 4 


I 2 
then will Z PR + N = Þ7* For PA Fa 2B is to bÞ: 


in conſtant ratio, and fo (by Art. 8. 33s 5p + Ba i 


whence (becauſe AP i is to EP as. AP to Pk, Bp to 


N to. PL, . r 10 EP, as, bÞ en 
ir PEA 


= 111 


89 Qs 


& 12. 1n re ner it ibe ngbt line EP meets a 


line of the third order in only one point D, let the 


point ö be found as in Art. 6. and let the right line 
bd, perpendienlar to P, meet the right line EP in 4, 
and becauſe AP x * * * is 1 De; *“ in a con- 


1 
er (ibid.) == FR + : Fr + PN = 7D. +a Fa B ut 


if Ph be perpendicular to the 13 line EP, 2 = 7 
vaniſh. 2163 1 £ SE re 0 


J 13. The aſymptotes of ical lines a are e deter- 
mined from the given direQion of their infinite branches 
or legs by this propoſition ; for they may be conſidered 
as tangents to the legs produced in infinitum. Let the 
right line PA, parallel to the aſymptote, meet the 
curve in the points A, B, &c. but the right line PE 
cut the curve in D, E, L &c, Let PM be taken 


in this ſo that 5 may be equal to the exceſs by 


which 
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1 the ſum 55 + FE + i + &c. exceeds the 


ſum 57 T FE — + &c. and the aſymptote will paſs 


3 M; but if theſe ſums be equal, the curve will 
be a parabola, the aſymptote going off i in infinitum. 


9 14. To determine the curvature of geometrical 
lines by one general theorem, let CDR be a circle 
which the right line PR meets in D. and R, and the right 
line PC in C and N; let the tangent CM cut the right 
line PD in M, and the right. line DR remaining 
fixed, let us ſuppoſe the right line PCN to be carried 
by a motion always parallel to itſelf till the points P, 
D, C, RN and let the laſt value of the difference 


* = 55 be required. In the right line PN take 
hg point 9, let v, parallel to the tangent CM, meet 


Fig. 11. 


the right line DR in v; let DQ be drawn parallel 


to PN, and let QV (parallel to a line TY the 


2 
circle in D) cut DR in V. Therefore P 7 
| _ CM* x PM 
Ne pi (becauſe DM MRS CM D PNF IIR 


9 x PM 
— Pa? * MR x PM + Po" x MR x MD (ſince MR 
x MD, or CM*, is to PM* as go“ to Po) = 
gv* x PM 5 qv? 
PX MR x PMT x PM* © P "x MR + 7 NI. 
whoſe laſt value, PM vaniſhing, and go and Po co- 


1 3 . 
inciding with QV and DV, is =—- 5 br. And this 


is alſo the laſt value of the difference 57 


of al 


a 
4 * 


G g and 


. —— — — — 


Fig. 12. 
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and C are in the arc of any line of the ſame Curvatur, 
with the circle CDR, 


§. 15. Theor, II. From any point D of a geometric] 
line let there be drawn any two right lines DE, DA, al 
both of them cut it in as many. points D, I, E, Sc. wy 
D, A, B, &c. as it has dimenſions ; let the tangents AK, 
BL, &c. cut off from the right line DE the ſegments Dk 
DL, Sc. let any right line QW, parallel to the tango 
DT, meet DA and DE in Q and V, and let QV* 
to DV* as m to 1; moreover lot there be taken in DE th 


right line DR cnt that NR Tr Hay be equal to the exceſs 


the fum g + 72 5¹ + Ke. above the ſum 5* + Pl! 


&c. and a circle deſeribed upon the chord DR, touching th 
right line DT will be the ofculatory cles. or of th 
fame curvature with the geometrical line propoſed, at il 
point D. 


| For we ho . in . 0 Art. 10. ber 0 


+ 57 + &c. and in the preceding Art. we have found 


the laſt value of the difference I — when the 


* | JE . 
points P, D and C coincide, to be 577 —D 


R BI 
if a circle of the ſame curvature with the geometrical 
line at the point D meets _ right line wo in 5 


F rom whence it follows that — JF will be = SE + = — 


+ &C. PR _— — Ke. or that the reciproci 
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n DR is equal to the exceſs by which the ſum 
m 


of the reciprocals of the ſegments terminated by the 
int D and the curve, ſurpaſſes the ſum of the reci- 
procals of the ſegments terminated by the ſame point 
and the tangents AK, BL, &c. But as often as this 
exceſs comes out negative, the chord DR is to be taken 
on the other ſide of the point D, and the rule above de- 
ſcribed is always to be applied for diſtinguiſhing the 
ſigns of the terms. If the right line DA biſects the 
angle EDT, made by the right line DE and the tan- 
gent DT, the theorem becomes a little more ſimple. 


For in this caſe QV = DV, m = 1, and — = the 


DR 
TOY. I 1 I 
exceſs by which — + gr + &c. exceeds BE + PT 


+ &c, 


5 16. From the ſame principle follows a general 
theorem by which the variation of curvature is deter- 
mined, or the meaſure of the angle of contact contained 
by the curve and the oſculatory circle, in any geome- 
trical line; yet a brief explication of the variation of 
curvature muſt be premiſed, ſince this is not clearly 
deſcribed by authors. Every curve is bent from its 
tangent by its curvature, of which the meaſure is the 
ſame as of the angle of contact contained by the curve 
and tangent ; and in like manner a curve is bent from 
its oſculatory circle by the variation of its curvature, 
of which variation the meaſure is the ſame as of the 

angle of contact contained by the curve and oſculatory 
circle, Let the right line TE perpendicular to the 
tangent DT meet the curve in E and the oſculatory 
circle in r, and the variation of curyature will be 


Gg 2 ultimately 


Pig. 13. 


r 
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ultimately as Er the ſubtenſe of the angle of contag 
EDr, if DT be given; and fince, when the angle of 
contact EDr is given, Er is ultimately as DT, ,, 
may be colledted from Art. 369. of the Treatiſe 9g 


Fluxions; in general the variation of curvature will he 
E 


DT. 
the curvature of other figures; but to meaſure the vn. 
riation of curvature, whichiis nothing in a circle, a pan. 
bola or ſome conic ſection is to be applied. Now as of 
the circles indefinite in number which may touch 
given curve in a given point, one only is called ofcu- 
latory, which ſo cloſely touches the curve that no 
other can be drawn between this and the curve ; in like 
manner of all parabolas which have the ſame curvatux 
with the line propoſed at a given point (for theſe are 
alſo infinite in number) that only has the ſame variz. 
tion of curvature, which not only touches the arc of 
the curve and kiſſes it, but preſſes ſo clofe that no 
other parabolic arc can be drawn between them, all 
other parabolic arcs paſſing either without or within 
both. By what method ti#s parabola is to be deter- 
mined may be eaſily underſtood from what I have elſe- 
where more fully explained. 


Let DE be the arc of a curve, DT a tangent, 'TEK 
a right line perpendicular to the tangent, ard let the 
rectangle ET x TK be always equal to the ſquare of 
the tangent DT, and the curve SKF the locus of the 
point K, which meets the line DS perpendicular to 
the curve in 8, and which touches the right line SV 
in S cutting the tangent TD in V. The right line DS. 
will be the diameter of the oſculatory circle, and DS be- 
ing biſected in / / will be the center of curvature; 

| now 


8 . TL 
ultimately as We ufe a circle for determining 
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now V/ being joined, if the angle SDN be made equal 
to the angle ſVD on the other fide of the right line 
DS, and the right line DN meet the ofculatory circle 
in N; then the parabola deſcribed with the diameter 
| and parameter DN, and which touches the right line 
DT in D, will be that whoſe contact with the line 
propoſed in D will be the. cloſeſt and moſt perſeQ or 
neareſt that can be deſcribed. But all other parabolas, 
deſcribed with any other chord of the ofculatory circle 
although deſcribed with the diameter and parameter, 
and touching the right line in D, have the ſame cutva— 
ture in D with the line propoſed. The quality of 
curvature explained by Newton in a poſthumous work 
lately publiſhed, is rather a variation of the radius of 
curvature ; for it is as the fluxion of the radius of cur— 
vature divided by the fluxion of the curve, or (if R de- 
notes the radius of the oſculatory circle and d the arc 


R | 3 
of the curve) as 7 Now the curvature is inverſely 
as the radius R, and the variation of curvature as 


= which is the meaſure of the angle of contact 


contained between the curve and the oſculatory circle. 
Now of theſe the one is eaſily derived from the other. 
The variation of the radius of curvature in any curve 
DE is as the tangent of the angle DVS or DV/, and 
in any parabola it is always as the tangent of the angle 
contained by a diameter paſſing through the point of 
contact and a right line perpendicular to the curve. 


Theſe things may be deduced fiom the following gene- 
ral theorem. | | 


Gg 3 4 17, 


wo. 
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Fig. 14. $17. Theor, III Let there be a point D given jy 
any geometrical line, and let DS, the diameter of the oſcula. 
tory circle, drawn through D, meet the curve in as many 
points D, A, B, Cc. as it bas dimenſions; let DT 5 
drawn touching the curve in D, and let it cut the curve in 
the points I, &c, fewer by 1wa, and meet the tangents AK, 
BL, Sc. in K, L., Oc. and the variation of curu. 
ture, or the meaſure of the angle of contact made by the cury 
and the ofculatory circle, will be direftly as the exceſs by 
which the ſum of the reciprocals to the ſegments of the tangent 
DI, terminated by the point of contac! D and the tangents 
AK, BL, Sc. exceeds the ſum of the reciprocals to the 


ſegments terminated by the ſame point and the curve, and 


inverſely as the radius of curvature, i. e. as 75 X 


— 


1 "WET I 
DE + BL 7 Io N — Ye 

For let there be drawn Dæ cutting the curve in e, i, 
&c. and the oſculatory circle in R; and let the angle 
D be very ſmall, let the ſupplement of this to two 
right angles be biſected by the right line Dab, which 
let meet the propoſed geometrical line jn the points D, 
a, b, &c. and let the tangents 44, bl, &c, when drawn, 
cut the right line D& in the points 4, /, &c. then by 


I 


: 3 I I I 
the preceding propoſition 5A = &- + 57 


Pr 
1 1 1 Ro ITS 

I I I 9 
| mor, TT, ke. Therefore the right * 
D# and DK coinciding, or the angle DK vaniſhing, 
— ill Itimate] 1 to = F 
ITS will be ultimately equa to 5Ii NK Bl 
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Ke. Let er T be perpendicular to the tangent at 
T, and meet the oſculatory circle in 7; and ſince re 


R #4 


is ultimately to Re as eT to De, ultimately PR. 


3 re x DS re x DS 
= FTE DESDE * Tr. Now the 
meaſure of the angle of contact De contained by the 
curve and oſculatory circle, or the variation of curvature, 


— — — 


De 


; re 7% 2. 
js 28 75579 and therefore as 55 * BI PK Dr 


&c. F 


5 18. Now the variation of the radius of curvature, 
or the quality of it deſcribed by Newton is moſt eaſily 
collected from the former, For SI, SK, SL, &c. being 
joined, this variation of the oſculatory radius will be 
as the exceſs by which the ſum of the tangents of the 
angles DK 8, DLS, &c. exceeds the ſum of the tan- 
gents of the angles DIS, &c. Now the curvature in- 
creaſes from the point D towards E, and the oſculatory 
radius is diminiſhed, as often as the arc DE touches the 


oſculatory circle DR internally, or when — + 51. 


DK 
+ &c, exceeds 151 + & and on the contrary the 


curvature from D towards e is diminiſhed, and the ra- 
dius of the oſculatory circle is increaſed, as often as 
the arc De of the curve touches the circular arc ex- 
ternally or paſſes between the circle and tangent, there- 
fore when DR is ultimately leſs than De, or when 


I 1 1 
5¹ T &c. exceeds PEK + DL + &c, 


Gg 4 | | C 19. 


Fig. 15. 
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$ 19. Let therefore the line DV be taken in the tangent 


| „ — 
DT 6 that gg = Be. pu + 4. — H 


let /V be joined, let the angle SPN be made equi 
DV/, and the line DN meet the oſculatory circle in 
N; and a parabola deſcribed with the diameter DN 
whoſe parameter is DN, and which touches the right 
line DT in D, will have the ſame variation of curyz. 
ture with the propoſed geometrical line in the point D. 
From the ſame principles other theorems are alſo de. 
duced, by which the variation of curvature in geome, 
trical lines is in general determined, 


S 20. That theſe theorems may be reduced into: 
more geometrical form, ſome lemmas are to be pre- 
miſed, by which the doctrine of the harmonical di- 


ſion of right lines is made more full and general. In 


any right line DI having taken equal ſegments DF and 
FG, let there be drawn from any point V, which is not 
in the right line DI, three right lines VD, VF, VG, 
and a fourth VL parallel to DI, and theſe four right 
lines are, by De la Hire, called Harmonicals. But 
any right line which meets four harmonicals is cut by 
the ſame harmonically, Let the right line DC meet 
the harmonials VD, VF, VG, and VL in the points 
D, A, B. C; and it will be DA to DC as ABt 
BC. For through the point A let there be drawn the 
line MAN parallel to DI, which meets the lines VD 
and VG in M and N; and becauſe of the equals DF 
and FG, MA and AN will be equal. Now DA is to 
DC as AM (or AN) to VC, and therefore as AB to 
BC. It is manifeſt that a right line, which is parallel 
to one of the harmonicals, is divided into equal ſeg 

ments 
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ments by the remaining three, Let the line BH parallel 
to VF meet the remaining lines VG, VC, VDinB, 
K; and H; and it will be as VK to KB, fo FG (or 
DF) to VF, and therefore as VK to KH, and conſe- 


quently BR KH. 


$ 21. Hence it follows, if any right line be cut har- 
monically by four right lines drawn from the ſame 

int, that any right line which meets theſe four lines 
will alſo be cut harmonically by the ſame; but that 
that which is parallel to one of the four is divided into 
equal ſegments by the remaining three, Let DA be 
to DC as AB to BC, let VA, VB, VC, and VD be 
joined; let the right lines MAN, DFG parallel to 
VC meet the lines VD, VA, and VB in M, A, N, 


and D, F, G; and it will be MA to VC as DA to 


DC or AB to BC, and therefore as AN to VC; hence 
MA=AN, and DF = FG; and, by the preceding, 
any right line which meets VD, VA, VB, VC will 
be harmonically cut by the ſame. 


$ 22. From the point D let there be drawn two right 
lines DAC, Dac cutting the lines VA and VC in the 
points A, C and a, c; let Ac and aC joined meet 
each in Q, and VQ drawn will cut the line DAC har. 
monically, or any other right line drawn from the point 
D to the ſame right lines. For let VQ cut the line 
AC in B, and through the point Q let there be drawn 
the line MON parallel to DC, which meets the lines 
Da, VA and VC in the points M, R, and N; and 
fince MR is to MQ as' DA to DC, and MQ to MN 


in the ſame ratio, RQ will be to ON as DA to DC. 
is to 


DC 


But RQ.is to QN as AB to BC. Wherefore DA 


Fig. 16, 
n. 1. 


B.2 & 3. 
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DC as AB to BC. This is the 20th ut. of D. 1 
A firſt Book of conic ſections. | 


$ 23. Let DA be to DC as AB to BC, wt 


will be the ſum or the difference of — 5 5 and 50 ac. 


cording as the points A and C are on the ſame or 
contrary ſides of the point D. Firſt let the points 4 


and C be on the ſame tide of the point. D, and ſince DA 


x BC = DC x AB, i. e. DA x DC — DB = De 


x BB DN or DA x BB DC = DC x DA-DF, 
it will be2DA bs DC=DA x DB + DC x DB, and ther. 


fore 5 = = on 5c Let now the points A and C 


be on the contrary ſlides of the point D, and it will 
be either DA x DB — DC = DC * DB + DA, or 
DA X DB + DC = DC:x DB — DA, and there- 


fore e BH DC © 55 when the points B and C are 


1 1 
on the ſame ſide of D, or 51 ie when the 


points A and B are on the ſame ſide of the point D. If 
therefore, having given the point D and the right lines 
VF and VC in poſition, any right line be drawn 
through the point D meeting them in the points A and 
C, and in the ſame right line DB be Oy taken 3 


that 55 82 = ET 1 where the terms Nya and 56 


are ſuppoſed to be affected with the ſame or contrary 
ſigns as the points A and C are on the ſame or con- 
trary ſides of the point D, the locus of the point B 
will be the harmonical VG which cuts the line DFG 

parallel 
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parallel toVC in G ſo that FG = DF; and which 
raſſes through the point Q_ where (Dac being drawn 
which meets the ſame right lines VF and VC in à and 
0 Ac and aC being joined, croſs each other. | 


$24. If in a right line DA Db be always taken fo 
that 5 = 5 ＋ 5 let DF be drawn parallel to 


the line VC which meets VF in F , and DH parallel 
to the line VF which meets the line VC in H, and the 
diagonal HF being drawn will be the locus of the 


point ö; for by hypotheſis —- = gp and DB = 


2Db; therefore ſince VG is the locus of the point B, 


the point ö will be in the right line HF, if the points 

A and C are on the ſame fide of the point D. But if 
I 1 

it be ſuppoſed that 5¹ = IT + 50 the ſame con- 

ſtruction will ſerve for determining the point 5, if in- 

ſtead of the right line VC be ſubſtituted another ve 


| parallel to VC at an equal diſtance from the point D, 
but on the contrary fide. 


925. If from a given point D be drawn any right 
line DM which meets three lines given in poſition in 


the points A, C, E; and DM be always taken ſo that 


= 5 + 5⁰ + = (where the terms are to be 


affected with the contrary ſigns as often as the lines 


DA, DC, or DE are on the contrary fide of the point 


D) ; let it be ſuppoſed that 52 + 112 = p- and L 


will be in a line given in poſition by the preceding; 


and therefore when 57 — 798 + B- the point will 


be 


\ 


Fig. 17. 
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be in a line given in poſition, by the ſame. No the 
compoſition of the problem is eaſily performed from 
what has been ſaid, Let VA, VC and vE be ths 
lines given in poſition, and let the parallelogram DFVH 
be completed, by drawing DF and DH reſpeCtively 
parallel to VC and VF, and let vE meet the diagonal 
in v; then let the parallelogram Dfvh be completed 
by drawing DF and D+ parallel to the lines vE and 
HF, which meet the lines HE and vE in the points 
F and þ; and the diagonal F will be the locus of the } 
point M; and it: will be, from what goes before, 
4.5 9 E I I 

DM = DL DE = PA T PC T pt Another 
conſtruction is deduced from Art. 22. 


$ 26. Let any right line drawn from the given point 
D meet right lines given in poſition in the points A, B, 


DM 
I I 
always = = = — F 5 J DE &c. the locus of 


C., E, &c. and in this right line let there be taken 


the point M will always be in a right line giyen 
in poſition. It is demonſtrated in the ſame manner as 
the preceding. 


$ 27. Theor, IV. About the given point P lit the 
right line PD revolve which meets a geometrical line of any 
order in as many points D, E, I, Cc. as it has dimenſions, 
and if in the ſame right line be always taken PM ſo that 


57 = 70 * PE _ I Nc. (where we ſuppoſe the 


figns of the terms to keep the rule repeatedly given) the locus 
sf the point, M will be @ right line. 


For 


GEoMETRICAL LiNgEs 461 


For let there be drawn from the pole P any right line 
given in poſition PA, which let meet the curve in as 
many points A, B, C, &c. as it has dimenſions. Let there 
be alſo drawn the right lines AK, BL, CN touching the 
curve in theſe points, which let meet PD in as many 


: I I 
points K, L, N, &c. and by Art. 10. 5B F pp * 


I ⁊ Kc. = pK F PL F ON X &c, Whence PM 


is equal to this ſum, and when the line PA is given 
in poſition, and the right lines AK, BL, CN, &c. re- 
main fixed, whilſt the right line PD revolves about the 
pole P, the point M will be in a right line, by the pre- 
ceding Article; which may be determined by what 
has been ſhewn above from the given tangents AK, 
BL, &c. | 


928. As the right line Pm is a mean harmonical 


between the two lines PD and PE, when = — 55 


+ = in like manger Pm may be called a mean har- 


monical between any right lines PD, PE, PI, &c. 
whoſe number is , when _ 2 15 _ 73 _ Fl = 
&c. And if any right line drawn from a given point 
P cut a geometrical line in as many points as it has 
dimenſions, in which. let Pm be always taken an har- 
monical mean between all the ſegments of the drawn 
line terminated by the point and the curve, the point 
m will be in a right line, For will = par- and 
therefore P is to PM as to unity; and ſince the 
point M is in a right line, by the preceding, the point 

| m will 


Fig. 19. 


E, I, &c, and d, e, i, &c. and let Pm be an harmo- 
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m will alſo be in a right line. And this is Cotes's they, 
rem, or nearly related to it. 


I 29. Let a, , c, d, &c. be the roots of an equa. 
tion of the order n, V its laſt term into which the 
ordinate or root y does not enter, P the coefficient g 
the laſt term but one, M the harmonical mean he. 


| E 
tween all the roots, or r = = 7 17 


&c. Therefore ſince V is the product of all the roch 
a, b, c, &c. multiplied into each other, and P js the 
ſum of the products when all the roots, one excepted, 


are multiplied into each other, P will = * + 7 + F 
g c 


V V V 
Ic. = ,: and therefore M = P. So, if 


the equation be a quadratic, whoſe two roots are à and 


; 246 
6, M will 22 


tion for conic ſections given in Art. 1.) = 


(having aſſumed the general equz- 


20Xx—=2dx + 26 


244 —6 
In a cubic equation, whoſe three roots are a, b, c, M will 


EN 3a be 8 | 
= Nr: (if there be aſſumed the general equa- 


tion for lines of the third order there given) = 


* 


— | 


$. 30. Let any two lines Pm and Py, drawn from 
the point P, meet a geometrical line in the points D, 


nical wean between the ſegments of the former termi- 
nated by the point P and the curve, and P an harmo- 
nical mean between the like ſegments of the latter 
line; 


W 
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line; ; 10 um, being joined, meet the abſciſſa AP in H, 
nV x 

then will PH = 12 or PH is to Pm as P to = For 


Jet the abſciſſa cut the curve in as many ih B, C, 
F, &c. as It has dimenſions ; and fince the laſt term 
of the equation (i. e. V) is to BP x CP x FP &c. 


in a conſtant ratio, as we have ſhewn above om 57 


V 4 6 
it will be (by Art. 8.) F = 55 * cr FT = _ I &c. 


5 4 
* therefore BT = ß op = 75 + &c. = Dre 


and PH = _ (becauſe the line PM = F) = Pm 


7 -. In conic ſections it is PH to Pm as ax — 5 
V 


to2cx— d; and in lines of the third order as cæx ww 
dx 4 e to 3fxx — 2gx + h. 


$ 31. If a demonſtration of the preceding propoſi- 
tion be defired from principles purely algebraical, it 
may be had by help of the following Lemma. Let the 
abſciſſa AP = x, the ordinate PD = y, V the laſt term 


of the equation defining the geometrical line = Ax 


TB“ CIT Cx“ + &c. P the coefficient of the 
laſt term but one ! + K . 403 + &c. 


and let Q be the quantity which ariſes from multiply- 
ing every term of the quantity V into the index of x 


in this term, and dividing by by x, i. e. let Q = AK 
i B“ +n— 2 x CX 2 + &c, (which 


V 
is the quantity which we call A) Let there be drawn 


the 
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the'ordinate Dp which makes any given angle ApD vi 
the abſciſſa, and let the right lines PD, p, and Py 
be as the given ones /, 1 and 4; letpD , Ap gz; 
and let the propoſed equation be transformed into an- 
other expreſſing the relation between the ordinate , 
and abſciſſa z ; and fince z = AP, the laſt term v of 
the new equation will be equal V, but p the ©. 


efficient of the laſt term but one, will be equal 0 
F. 


—. 
r 


For ſince PD (=) is topD () as I to r, y= 
25 but let Pp be to pD (= u) as & tor, then Pþ 


=> 


= — and AP =x=ApEPp=z== Now 


theſe values being ſubſtituted for y and x in the pro- 
poſed equation of the geometrical line, there will come 
out an equation determining the relation of the co- 
ordinates z and 2. To determine the laſt term of this 
and the laſt but one pu, it is ſufficient to ſubſtitute 
theſe values in the laſt V, and in the laſt but one Py, 
of the propoſed equation, and to collect the reſulting 
terms in which the ordinate x is either not found, or 
of one dimenſion only ; for the ſum of theſe gives 
pu, and of thoſe v. Let for x be ſubſtituted its value 


4 * = in the quantity Vor Ax” + Bx“ + Cx 


Ep —1 
4+ &c. and the reſulting terms Az" = Bans 2 


r 


"0 122 333 
+ Bz“ IR 1 X — a + Cz"*+n—2 


n—J;. a 
* 2 = + &c. will alone ſerve for the purpoſe 


r 


we 
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we are about. Then let be ſubſtituted for x the ſame - 


value, and for y its value 2 in the quantity 72 


ax + bat + 7 — +4 &c. *; and the reſult- 


ing terms alone a:: + 32 + cz 3 + &c. X 


2 to be retained, Let it be ſuppoſed now that 


T 


z=x, and the ſum of the firſt be equal V = = 


and of the latter the ſum == From whence it is 

manifeſt that the laſt term of the new equation v = V, 
* 

and the laſt but one pu = — * X 1. 


$ 32. Let now Pm be an harmonical mean between 
the ſegments PD, PE, PI, &c. and Py an harmonical 
mean between the ſegments: Pd, Pe, Pi, &c. as in 
Art, 30. let um, being joined, cut the abſciſſain H; 
and Jet us ſuppoſe Py to be parallel to the ordinate 9D. 
Let ys be drawn parallel to the abſciſſa, which let meet 
the right line Pm in s; and Ps will be to Px as PD to 
7 or winks r, and ys to Pu as # to r. "And ſince 


nVr 


Pu =— — (by the preceding Article) = =p7= aT 
eV, aof uV” + nVI 7 

* Ea 7 Le P 57 + Q+ 

. Now ms is to z as Px to PH, i. e. 


DO z? ms will 


nVk * 
Px 1 5 * D to p57 9 wes and ſo Q is to 


P as P to PH, or PH = Pm x 15 * Since 


_ 
H h there- 
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therefore the value of the right line PH does not de. 
pend upon the quantities I, 4 and r; but, theſe being 
changed, is always the ſame, the point will be a ; 
right line given in poſition, as we have otherwiſe ſheyn 
in Theor. 4. Moreover alfo the value of the line PH 
is that which. in Art. 29. we have determined by ac. 
other method; and the right line Hm cuts all right 
lines drawn through P harmonically, according to the 
definition of harmonical ſection given in general in 
Art. 28. | | 


444+$+$54544$55+ 95 $4445 


SECTION It 
Of Lines of the ſecond Order, or the Conic 


Sections. 


$ 33. ROM what has been demonſtrated in gene- 
ral concerning geometrical lines in the firſt 

ſection, the properties of lines of ſecond, third, and 
' ſuperior orders naturally low. What relate to the 
conic ſections are beſt derived from the properties of 
the circle, which figure is the baſe of the cone. But 
that the uſe of the preceding theorems may more clearly 
appear, and the analogy of the figures be illuſtrated, it 
will be worth while to deduce the properties of theſe 
alſo from what has been premiſed. Now the whole 
conic doctrine about diameters, and their ordinates (to 
which right lines touching the ſection at the vertices 
of the diameters are parallel) and about the ſegments 
of parallels which meet any right lines, and about 
LI — : aſymp- 
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aſymptotes, flows very eaſily from what has been ſhewn 
in Art. 4. and 5. 5 


634. Let the right lines AB and FG inſcribed in a 
conic ſection meet each other in the point P; let AK, 
BL, FM, GN drawn touching the ſection meet PE, 
drawn through P in the points K, L, M, N; and it 

1 WS 3 
will always be PR + FL FMH FN (if the right 

1 
PD 


= r. But to the ſegments which are on the ſame 


line PE meets the curve in points D and E) = 


ſide of the point P the ſame ſigns are to be prefixed, 
and to thoſe which are on oppoſite ſides of P contrary 
ſigns are to be prefixed, Hence if DE be biſeQed in P, 
and from the point P be drawn any right line cutting 
the ſection in the points A and B, from whence. let 
be drawn the right lines AK and BL touching the 
curve which cut DE in K and L; PK will always = 
PL. But if DE does not meet the ſection, and P be 
the point where the diameter which biſects right lines 
parallel to DE weets the ſame; in this caſe alſo PK 
will = PL. 


{ 35. Let the right lines AB and FG inſcribed in 
a conic ſection meet in the point P; let right lines 
touching the ſection in the point A and F being 
drawn meet each other in K, and PK being joined 
will paſs through the concourſe of right lines which 
touch the ſection in the points B and G. For if the 
line PK does not paſs through the concourſe of the 
lines touching the ſection in B and G, let it meet one 


of them in N, and the other in L; and ſince PR wry 
H h 2 = 


Fig. 29, 


Fig. 21. 
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p = FR TFN by the preceding, PL will Px; 


and the points L and N coincide contrary to the hy. 
_—_— : 


$ 36. For the ſame reaſon it appears that the right 
lines AG and BF meet each other in the point g gf 
the right line LK; and therefore the points P, K, „ 
L are in the ſame right line. Hence having three 
points of contact A, B, and F given, with two tan. 
gents AK and FK, the conic ſection is eaſily deſcribed, 
For let the right line K revolve about the con- 
courſe of the tangents K as a pole, which let meet the 
right lines AB and FB in the points P and ; and 
Am, FP being joined"will, by their concourſe G, de- 
ſcribe the conic ſection which will paſs through the 
three given points A, B, F, and touch the right lines 
AK and FK in the points A and F. 


37. The ſame things remaining, let the right 
Fig. 24. lines AF and BG meet each other in the point p, the 
tangents AK and BL in R, and tangents FK and GL 
in Q and the points R, , Q, and p will be in the ſame 
right line; in like manner let the tangents AK and GQ 
meet in m; the tangents BR and FK in ; and the 
points P, m, u, p will be in the ſame right line. This 
is demonſtrated in the ſame manner as in Art. 35. 


8 38. Hence having four points of contact A, B, F, 
G given with one tangent AK, the concourſe of the 
right lines AB and FG, 80 and BG, and of AG and 
BF will give the points P, 2 and ; and Pp, Pæ, ps 
being joined will cut the given tangent AK in three 
points m, K, and R, from whence mG, KF, RB being 
| drawn, 


— 
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drawn, will touch the conic ſection in the given points 


G, F and B. 
5 39. Having four tangents RK, KQ, QL, LR 


given and one point of contact A, the concourſe of 
the tangents RK and LQ, LR and OK will give the 
points m anden. Let LK and mn be joined, and the 
concourſe of the right lines LK and RQ, LK and mn, 
RQ and mn, will give the points , P, p; but PA, 
7A and pA being joined will cut the tangents RL, 
QK and QL in the points of contact B, G, and F. 


5 40, Having given five points of contact A, B, F, 
G and f, let GF and G being joined meet the line 
AB in the points P and X; let AF and Af being 
joined meet the line BG in p and x; and Pp, Xx be- 
ing joined will by their concourſe give the point m; 
from whence m A and mG being drawn will touch the 
conic ſection in A and G; and in like manner are de- 
termined the lines which will touch the curve in the 
remaining points B, F, and f. 


$ 41, Let there be five lines given touching a conic 


ſection, VK, KO. QL, La, and AV; the concourſe 
of the tangents VK and LQ will give the point m; the 
concourſe of the tangents KQ and Lu will give the 
point n; let be joined mn, LK, VL and mu; the line 
LK will cut the line un in P; and the line LV will 
cut mu in X; now PX being joined will cut the tan- 
gents VK and 2 L in the points of contact A and B. 


And in like manner the remaining points of contact 
are determined. 


9 42. Having three tangents AK, BK, and RL 
given, and two points of contat A and B, the third 
Hh 3 is 


Fig, 25. 


Fig, 26. 


Fig. 27. 
n, 1, 


n. 2» 
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is eaſily determined, by Art. 35. For let the tangent 
RL meet the others in R and L, and let AL and BR 
being joined croſs each &ther in , K being Joined 
will cut the tangent RL in the third point of contact 
F; and the conic ſection may be deſcribed as ig 
Art. _ 


LR, and RK with one point of contact D of the conic 
ſection which is not in any of the four tangents, Let be 
found the points P, p, and , as in Art, 39. Let there 
be joiged PD, pD, and 2D; and let PZ, being drawn 
parallel to pD,. meet the line Rin Z; and let PZ 
be biſected in 8; and pþS being drawn will cut the line 
PD in E a point of the curve ; or let PD meet the 
line Rin z, and (by Art. 23.) let PD be cut harmo- 


pE being joined in e, and E cutpD in d, ſo that alſo 


43 Let there be given four tangents KQ, W, 


nically in z and E. Now Der being drawn will cut 
theſe points 4, e may be alſo in _ curve. 


544. If from the point K be FOR two lines touch- 
ing a conic ſection in A and B; from the point A let 
be drawn alſo two lines AF, AG meeting the ſeQion 
in F and G; let BG being joined cut AF in P, and 
BF being joined cut AG iu ; then will the points 
P, K, mw be in the ſame right line, by Art. 36. 


But this propoſition is more general. For if from 
any point K be drawn two lines K Aa, K Bb cutting 
the ſection in the points A, , and B, %; and from the 
points A and à be drawn to the ſection the lines AF 
and aG ; now let BF being joined cut aG in P, and 
20 being drawn cut AF in +; the points P, K, 7 
will be in the ſame right line: which we haye in va · 

xious 
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rious ways otherwiſe demonſtrated, from whence 1 


conic ſeQion through any five given points. Let A, a, 
B, b and F be the five given points, let the lines Aa 
and Bb meet if K; let AF and BF be joined ; let the 
line PK revolve about the pole K, and let it meet 
theſe lines in; and P; and aP, b being drawn will, 
by their concourfe G, deſcribe the ſection. 


945. If P be à given point out of a conic ſection 
from whence any right line drawn to the ſection meets 


it in D and E; and if = pH T g- M will be at 


B, ſo that PA and PB being drawn, they will be tan- 
gents to the Circle, But if the point p be the middle 
point of AB within the ſection, and it be alſo 72 = 
7 7 7 the locus of the point m will be a right line 
4b, drawn through P parallel to AB. Tangents at 
the points D and E always meet in the right line AB, 
and tangents at the points d and # in the right line a6. 


$ 46. Let a right line DT touch a ſection in D, 
from whenee let be drawn any two right lines DE and 
DA, which meet the ſection in E and A. Let DE 
meet in K the line AK which touches the ſection; 
and let EN, KM drawn parallel to the tangent DT 
cut DA in N and M, let be taken in the line DE, 
DR to EN as KM to KE, and a circle of the ſame 
curvature with the ſection in D will paſs through R. 
LO QV? I I 
For by Art. 15. it is PV IPR PE PR 
Hh A | KE 


formerly deduced an expeditious method of defcribing a 


Fig. 2 8. 


a right line which meets the ſection in the points A and 


F 


ig. 30. 


1 
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| _ DE x DK Q 
DESDE and DR = . X DV* (becauſe Q 
: DV:: KM: DK:: EN: DE) = . But 
if the tangent AK was parallel to the line DE (i. e. ii 
DE was an ordinate to the diameter paſſing through 


the point A) then DR would = Br⸗ or DR would 


be to DE as EN* to DE*; as I have elſewhere de. 
monſtrated in Art. 373. of the Treatiſe of Fluxions, 


If in this caſe DE be a diameter, 5 and fo DR, 


will be equal to the parameter of the diameter DE; az 
is well known. 


| $47. Let be drawn the right lines DT, DE, of 
which let the firſt touch a conic ſection in D, and the 
Jatter meet itin E. Let DA be drawn which biſeQs the 
angle EDT and meets the ſection in A; let AE be 
Joined, which let meet in V the line DV parallel to 
the line which touches the curve in A; and VR being 
drawn parallel to DA, it will cut DE in R where the 
oſculatory circle meets the line DE; and DR will be 
the diameter of curvature, if the angle EDT be a right 
one, For VR will be to AD as ER to DE, and as 
DR to DK; whence DR is to DK as DE to EK, 

4 = == 
mores” | es ; 
Now if the tangent AK be paralle] to DE (in which 
caſe the tangents AK and DT make equal angles 
with the line DA which is therefore perpendicular to 
the axis of the figure) the points R and E will coy 
incide, and the ofculatory circle will paſs through the 
point E. It follows alſo from what has been ſaid that 


— =» as it ought, by Art. 15. 


W 


| 


TAB. IV 


Hyg. 27 2 
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the lines EK, DE, and ER are in geometrical pro- 


gr eſſion. | N 


$ 48. Let any right line DE meet a conic ſection 
in D and E, let tangents to the curve at D and E 
meet in the point V. Let DOA be a diameter of the 
curve through D, and if the angle DVr be conſtituted 
— EDO, DR (= 2D) will be a chord of the ofcu- 
latory circle. For let AK be drawn touching the ſec. 
tion which meets DE in K, and the tangent EV in 


Fig. 31. 


Z; let EN be drawn parallel to the tangent DT cut- 


ting DA in N; and ſinee DR is to KA as EN to 
EK; and KZ (= AK) to EK as VD to DE, it 
will be as VD to DE ſo EDR to EN; and fo the 
triangles DVr and EDN will be ſimilar, and the angle 
DVr equal to the angle EDO. This method of de- 
termining the oſculatory circle-I have demonſtrated in 


the Treatiſe of Fluxions, Art. 375. but not ſo ſhortly. 


$ 49. The variation of curvature, or tHe tangent of 
the angle of contact made by a conic ſection and the 
oſculatory circle, is directly as the tangent of the angle 
contained by the diameter which is drawn through the 


point of contact and perpendicular to the curve, and 


inverſely as the ſquare of the radius of curvature, For 
let DR be the diameter of curvature, and this varia- 


I | 
DE x Dy! * Art. 17. 


ſo that, ſince DV is to Dr as DE to EN, it will be 


EN 3 
as 5 B. But the variation of the radius of cur- 


vature is as the tangent of the angle EDO. But if 
the line DO meets the olculatory circle. in u, a para- 
bola deſcribed with the diameter and parameter Da, 


and 


tion at the point D will be as 


Fig · 32. 
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and which tooches the line DT in D, will be dh 


whoſe contact with the ſection is the cloſeſt, by Att. 10 


{ 50. The reſt remaining, let from the point V be 
drawn VII touching the ofculatory circle in H; le 
HD be joined, and finee the angle RDH is the com. 
plement of the angle DrV to a right one, RDH wil 
= DVr = EDQ; and fo the variation of the radiu; 
of curyature will be as the tangent of the angle RD, 
and the right lines DR and DH coinciding, that varia: 
tion vaniſhes. 


SECTION II. 
Concerning Lines of the third Order. 


q 51. E muſt treat more fully about lines cf 


| the third order or curves of the ſecond 
kind. Very many have handled the doctrine of conics, 


and in ſuch various methods as almoft to cloy. But 


few have touched upon this part of univerſal geometry; 
yet it will appear from what follows, as I hope, to be 
neither barren nor unpleaſant, ſince beſides the pro- 
perties of theſe figures formerly delivered by Newton, 
there are many others not unworthy the attention of 
geometers. I have ſhewn above, that a right line may 
cut a line of the third order in three points, becauſe 
there are three roots of a cubic equation, which may 
all be real. Now a right line which cuts a line of the 
third order in two points, neceſſarily meets the ſame 
ja forme third point, or is parallel to the aſymptote of 


the 


= Ü‚»»rnꝛ . r — i w- ̃üQ ern . — m;. mu I Pn a Py 


3 Sit. Mt —_—— — — n * W dt a A 
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the curve, in which caſe it is faid to meet it at an in- 


faite diſtance : for if two roots of a cubic equation 


are real, the third will neceflarily be real. Hence a 
right line which touches a line of the third order, al- 
ways cuts it in ſome point, ſince the contact is to be 
looked upon as two coincident interfetions. But a 
right line which touches the curve in the point of con- 
trary flexure, is at the ſame time to be eſteemed a ſe- 
cant, When two arcs of the curve meet each other, 
there is a double point formed, and a right line which 
touches either ate there, in the ſame point cuts the 
other. But any other right line drawn from the double 
point cuts the curve in one other point but not in 
more. 


6 52. Prop, I. Let there be two parallels, 
each of which let cut a line of the third order 
in three points; a right line which ſo cuts both 
of the parallels, that the ſum of the two parts 
of the parallel rerminated at the curve on one 
ſide of the cutting line may be equal to the 
third part of the ſame terminated at the curve 
on the other ſide of the cutting line, will in 
like manner cut all other right lines parallel 


to theſe which meet the curve in three points; 
by Art. 4. 


z. Prop. II. Let a right line given in 
poſition meet a line of the third order in three 


points; let any two parallels be drawn, both 
of which let cut the curve in as many points; 


and the ſolids contained under the ſegments of 


& the 


r r > vr. 
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the parallels terminated by the curve and the 

line given in poſition, will be in the ſame rato 

as the ſolids under the ſegments of this right 
line terminated by the parallels, by Art. 5, 


Theſe two properties were formerly exhibited by 
Newton. 


§ 54. Paor. III. The reſt remaining as in 
the preceding poſition, let the right line given 
in poſition meet a line of the third order in 
one only point A, and the folid contained under 
the ſegments PM, Pm, Pu of one parallel will 
always be to the ſolid under the ſegments pN, 
pn, pv, of the other parallel, as the ſolid AP 
* P. contained under the ſegment AP and 
the ' ſquare of the diſtance 2 of the point P 
from a certain point 5, to the ſolid Ap x b# 
contained under the ſegment Ap and the ſquare 

of the diſtance of the point 2 from the ſame 
point b, by Art. 8 


§ 55. Prop. IV. Fr rom any point P let be 
drawn a right line PD which may meet a line 
of the third order in three points D, E, F, and 
any other right line PA which may cut the 
ſame in three points A, B, C. Let be drawn 
the tangents AK, BL, CM, which let meet 
PD in K, L, and M; and the harmonical 
mean between the three lines PK, PL, PM, 
comeides with the harmonical mean * 
3 the 


GEroMETRICAL Lines 477 


| / 

the three lines PD, PE, PF, by Art. 10. and 
28. But if the right line PD meets the curve 
in one only point D, let be found the point 
1, as in Art. 6. and the harmonical mean be- 
teen the three lines PK, PL, PM, will be 
to the harmonical mean between the two right 
lines PD and 4Pd in the ratio of 3 to 2, by 
Art. 11. | | 


$ 5:6. Proy. V. Let the right line PD re- 
volve about the pole P, let PM be always 
taken in PD equal to the harmonical mean be- 
tween the three lines PD, PE, and PF, and 
the locus of the point M will 'be a right line, 
by Art. 28. 


And this is a property of theſe lines invented by 
Cates, ; NW. f 


$ 57. PRor. VI. Let there be three points 
of a line of the third order in the ſame right 
line; let right lines touching the curve in theſe 


points be drawn, which may cut the ſame in 


three other points; theſe three points will alſo 
be in a right line. 


Let the right line FGH meet a line of the third or- 
der in the points F, G, and H. Let the lines FA, 
GB, HC touching the curve in theſe points cut the 
ſame in the points A, B, C; and theſe points will be 
in a right line. For let AB be joined, and this will 
paſs through C; for if it be poſlible, let it meet the 


curve 


Fig. 35. 
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Fig. 36. 


coincide, Therefore the right line AB paſſes HroughC, 


in the ſme right line, be drawn as many right lines 


' tangents to the curve at this other point and 
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curve in any other point M. the e HC in N, 


end the right line Ton in P; and ſince — FR + 10 
1 


p = F 61 by Prop. IV. PN wile 
PM; which cannot be, unleſs the points N, M, ang 0 


5 58. Corel. Hence if A, B, C be three points of z 
line of the third order in the ſame right line, and AF 
and BG being drawn touch the curve in F and G, and 
FG, being joined, cut the curve again in H, CH be. 
ing joiffed, will touch the curve in H. For if a right 
line ſhould tcuch the curve in H, which ſhould not 
cut it in C but in ſome other point, this point would 
be with the three others A, B, C, in the ſame right 
line which would therefore cut a line of the third order 
in four points. But this cannot be. I firſt hit upon 
this propoſition in a different way, but leſs expeditious, © 
by deducing the ſame from Prop. II. In like manner if 
he right line Af alſo touches the curve in f, and Gf 
being drawn, meets the curve in. b, Ch, being joined, 
will be a tangent at the points h. And if from the 
points A, B, C, of a line of the third order fituxed 


touching the curve as can be drawn, there will always 
be three points of contact in the ſame right line. 


F$.59, Prop. VII, From any point of a line 
of the third order let be drawn two lines touch- 
ing the curve, and let the line joining the points 
of contact cut the curve in another point, the 


— 
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52 - a .. 
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at the firſt point will cut each in ſome point 
of the curve. 


From the point A let be drawn lines touching the 
curve in F and G, let FG, being joined, cut the curve 


in U, and let theſe touch the ſame in H, the line HC 


which meets the curve in C, and AC being drawn will 
be a tangent to the curve at A. It follows from the 
preceding Corollary, for- A and B coinciding the line 
CA is a tangent at the point A, 


4 60. Corol. 1. If from the point C of the curve be 
drawn two lines touching the ſame in A and H, and 
from either point A. tangents to the curve AF and AG 
be drawn, the line drawn through F and G the points 
ol contact will paſs through the other point H. 


§ 61. Corol. 2. Let the line AC touch the curve in 
A, and cut it in C, and let AF and CH touch the 
curve in F and H, and the line drawn through the 
points of contact cut it again in G, AG, being joined, 


will touch the curve in G. But if there be any other 


une drawn from C as Ch touching the curve in +; and 
þF, „G, being joined, meet the curve in f and g, AF 
and Ag being drawn will be tangents at the points 
fand g. | 


) 62. Corel, 3. Let A be a point of contrary flexure, 
from whence let AF and AG being drawn touch the 


curve in Fand G, and let FG, being joined, cut the 
curve in H, and AH being drawn will touch the curve 
ai H. For if the tangent at the point H ſhould meet 
we curve in any other point different from A, the right 
W line drawn from this point of meeting to the point of 

| contrary 


Fig. 37 


Fig. 38. 


Fig. 37. 
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which is not the point of contrary flexure ; let ae he 
_ drawn touching the curve in-a, and which meets it in 


contrary flexure A would touch the curve in A, Which 
cannot be, Now it is manifeſt that only three lines 
can be drawn from the point of contrary flexure touch. 
ing the curve beſides that which both touches and cu 
it in that ſame point, and that the three points g 
contact fall in the ſame right line. From the pin 
of contrary flexure alone three right lines can he 
drawn ſo touch the curve that the three points g 
contact can be in the ſame right line. For let F, G, 
H, be in the ſame right line, from which tangents be. 
ing drawn, may meet in the ſame point of the cutve 4 


e, and eH, being joined, will touch the curve in h, 
by this propoſition and ſo the lines eH and a H would 
touch the. curve in the ſame point H, which is abſurd, 


$63. Proe. VIII. From any point of a line 
of the third order let be drawn three lines 
touching the curve in three points; let a right 
line joining two of the points of contact meet 
the curve again, and a right line drawn from 
that point of meeting to the third point of 
contact will again cut the curve in a point 
where a right line to the firſt point will touch 
the curve. 


From the point A of a line of the third order Jet 
be drawn three lines AF, A, and Af, touching the 
curve in the three points F „G, and /; let the line 
Gf, which joins two of them, meet the curve again 
in N, and a line drawn from this point to the third 


point of contact F cut the curve in g, then Ag, being 
joined, 
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joined, will touch the curve in g. For let there be 
drawn AC touching the curve in A and cutting it in 
C; and ſince the points G, N, and Fare in the ſame 
right line, and the tangents at the points G and F paſs 
through A, it follows (by Prop. VII.) that the tan- 
gent at the point N paſſes through C. And fince the 
points P, N, g are in a right line, but the tangents 
Fa and NC meet the curve in A and C, and AC is a 
tangent at the point A, the tangent at the point g will 
\paſs through A. 


$ 64. Corol. Hence if a curve be deſcribed, from 
three given points of contact where three lines drawn 
from the ſame point of the curve touch it, a fourth 
point of contact is found where a line drawn from the 
ſame point of the curve touches it. And from hence 
it is collected that only four lines can be drawn from 
the ſan & point of the curve touching a line of the third 
order beſides that which touches it in that ſame point. 
For if lines might be drawn from the ſame point of the 
curve touching in five points, more lines indefinite in 
number might be drawn from the ſame point touching 
the curve; as is eaſily gathered from what goes before. 
Now this Corollary we ſhall afterwards demonſtrate 
more eaſily, See below, Art. 77. 


$ 65. Prop. IX. Let three tangents to Fig. 38. 


the curve be drawn from a point of contrary 
flexure, and a right line joining the points of 
contact will cut harmonically any right line 
drawn from the point of contrary flexure and 
terminared by the curve. 4 


Let A be the point of contrary flexure, AF, AG, 
AH tangents to the curve at the points F, G, and H. 


1 1 From 
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From the point A let be drawn any right line cutting 
the curve in B and C, and the right line FH in P; 
and it will be as PB to PC as BA to AC. For fince 
three tangents at the points F, G, and H meet in the - 


; | 2 I I 
ſame point A, by Prop. IV. PIN A PA 
1 


EX: 
therefore FF * PA i. e. PA is an harmonical 


mean between the two lines PB and PC terminated at 
the curve. Which is a property of lines of the third 
order of admirable ſimplicity. 


$ 66. Corel. 1. A line which cuts any two right 
lines drawn from a point of contrary flexure to ide 
curve harmonically, will alſo cut any ather two lines 
drawn from the point and terminated by the curve har- 
mONiCal:y, | 


F 67. Corel. 2. If a right line parallel to the aſymp- 
tote drawn through à point of eontrary flexure meeis 


the line FH in Raad the curve in O, then DR bs 


RO KA 
and fo RA 2RO. 
$ 68. Proe. X. A right line joining two 
points of contrary flexure either paſſes through 
a zd point of contrary flexure or is in the ſame 
direction with an infinite leg of the curve. 


Let A and @ be two points of contrary” flexure, let 
Aa joined meet the curve in a, a will.alſo be a point 
of contrary flexure, For if a tangent to the figure in 
the point a ſhould meet the curve in any other point , 
A, a, e, would be in the ſame right line, But by 


hypo- 


, „ 3 3 — 


TAB. VTI 


r 


IS n ; m Las at n 
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hypotheſis A, a, and a are in the ſame right line, which 
therefore would meet a line of the third order in fout 
points. Let A be a point of contrary flexure, and let 
the line AO parallel to the aſymptote meet the curve 
in O, let O be drawn touching the curve in O, 
and cutting it in Q: AQ, being joined, will paſs 
through D where the curve cuts the aſymptote. 


$ 6g. Prop. XI. Having drawn from a point 
of contrary flexure A the tangents to the curve 
AF, AG, AH; and any two cutting it ABC, 
Abc, then Bb and Cr or Be and bc will mu- 


tually cut each other in the right line FH 
which joins the points of contact. | 


For let the line Bb meet FH in Q, and B the ſame 
in P; let be joined QA and QC; and ſince it is as 
AB to AC fo PB to PC, by Prop. IX. QA, QB, 
QP and QC will be harmonicals, and ſo Ab will cut 
the line QC in c and FH in p, ſo that Ab is to Ar as 
pb to pc; and therefore c will be a point of the curve, 
by Prop. IX. from wiich it follows converſely that the 
lines Bb and Ce meet in the point Q of the line FH; 
and in like manner it is ſhewn that Bc and bC meet 
each in a point g of the ſame line. 


(70. Corol. 1. From any point Q of the line FH 
let de drawn to the eurve the lines QB, QC cutting 
it in the points B, b, M and C, c, N; then CB, cs, 
MN, will meet in the point of contrary flexure A; 
Be and bC, Mc and Nb, Bb and Ce, NB and MC 
will meet in the line FH. 


571. Corol. 2. Tangents at the points B and C 
meet in ſome point T of the line FH j and if from any 
11 3 point 


Fig. 40. 
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point T ſituated in FH be drawn tangents to the curve 


they will paſs through the point'of contrary flexure, 
or meet in the line FH. 


$ 72. Corel. 3. Having given the point of contrary 
flexure A, and the points B, C, 6, c, where two right 
lines drawn from it cut the curve, the right line FH 
is given in poſition; for Bb and Cc joined will by 
their concourſe give the point Q, and the concourſe of 
Bc and 5 C joined will give 9, and Q joined is that 
which joins the points of contact F, G, and H. Now 
theſe five points being given with other two M and n, 
a line of the third order is determined which paſſes 
through theſe ſeven points A, B, C, J, c, M, m, and 


has its contrary flexure in A. For from the peints M 


and m are given the points N and a, where AM and 

Am being drawn cut the curve, and from theſe nine 
conditions the line is determined. Now if three points 
M, , and 8 were given; theſe would give three 
others N, , and ; whence would be given eleven 
conditions to determine the figure, which are too many, 


In like manner having given the point of contrary 


flexv:e A with the points F, G, (and ſo the tangents 
AF and AG) and the points M and any whatever, 
the right line FG is given, and ſo the points N and n, 
and the curve is determined, 


$ 73. Corel. 4. Let the lines HB, HC touch the 
curve in the points B and C, and CB joined will paſs 
through A, CG and FB will meet in a point of the 
curve V, and VH drawn will touch the curve in V. 
Now the tangent at the point of contrary flexure A is 
determined by drawing AN, which let PL parallel to 
AH meet in L, and by biſecting PL in X; for AX, 
being joined, will be the tangent at the point A. fi 
a et 


. 
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tet the erb ge A _ the 1 55 FH in 8; and it 


I 
will be 55 3+ Fre pff + 50 = P- and ſo 


871 = 25 Pb —— (becauſe AC is harmonically cut in 


P and B, and therefore VA, VF, VP, and VG are 


harmonicals) = BR. Therefore PK is an harmonical 


mean between PS and PH; whence if PL parallel to 


AH. meets the lines AV and AS in X and L, PX 
will = XL. 


$ 74. Prop. XII. From a point of a line of 
the third order A let be drawn two hnes touch- 


ing the curve in F and G, and let FG joined 


meet the curve in H, and let a rangent at the 
point A cut the curve in M; let HM be 
Joined, which let meet in L the line ELK pa- 
rallel to AH, and let FK be taken = 2FL; 
then HK being joined, any right line AB 
drawn from A will be cut harmonically by the 
lines HK and HF in N, P, and by the curve 
in B. C; ſo that NB will be to NC as BP 
to PC. 

For let AB meet the tangent HM in T, and it will 
5 I 2 I 3 


PB fa TC A Fr. 8 


= FR 122 (by conltruAion, and —_— 2 


N. Whence it follows that the line NC is cut har- 


monically in the points B and P, or that NB is to NC 
as BP to PC. 


EEY $ 75. 


— 


Fig. 41. 


486 _ General Properties of 


$ 75. Corol. 1. Hence if any two lines drawn from 
A are cut in N harmonically ſo that PC be to PB a 
CN to BN; zIll lines drawn from A will in like man. 
ner be cut harmonically by the lines HF and HE. 


$ 76. Corel. 2. If the curve bas not a double point, 
- ard the right line HK cuts it in two points F and g, 

A aud Ag being drawn will be tangents to the curve 
zin theſe points. For let the point B coincide with N 
when N comes to F the concourſe of HK with the 
nbd, and therefore FTIR — 5 5 ws it will 

| Bo © PU PN. 

be Pe = pg and C coincides with B, and the line 


39 — from A then touches the curve. On the other 
ſide, if the, line Af touches the curve, the line HK 
will paſs through f; for becauſe of PB, PC being 


equal in this cafe, the points B and C will coincids 
with N. 


9877. Carol. 3. If the line HK meets the curve in 
only one point H, only two tangents can be drawn 
from the point A to the curve, viz. AF and AG. Four 
tavgents at moſt can be drawn from any point of a line 
of the third order to the curve as AF, AG, Ay, Ag. 
For if any other tangent could be drawn from A as 
Ag, the line HK would paſs through the point 9» and 
four points of a line of the third order would be in the 
| Pane right line, via. H, 72 2, 9, which is abſurd. 


$78. Prop. XIII. If from a point of a line of 
the third order four tangents to the curve may 
be drawn, the lines Joining the points of con- 
raft will always meet in ſome point of ihe 
curve, 
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curve, "nov any right line drawn JEW the firſt 
point will be cut harmonically by the curve 
and the lines joining two points of contact. 


Let A be 2 point of the curve, AF, AG, Af, Ap 
tangents in the points F, G, / g. Let be joined FG 


from A and-cutting the curve in B and C) in P and N; 

and the line NC will be harmonically cut in B and P, 

ſo that always NC is to NB as CP is PB: this fol- 
lows from Corol. 2. of the preceding. Now the lines 
FG and fg meet in the point of the curve H; and in 
Jike manner the lines Ef and Gg meet in E, and Fg 
and G in R; and E and R will be points of the curve, 
by the ſame corollary. And this is the latter of the 
two properties of lines of the third order which I de- 


ſcribed in the Treatiſe of Fluxions, Art. 492. But if 


the line AM touches the curve in A, and cuts it in M, 
ME, MR, MH, -being joined, will touch the curve 
in the points E, R, H; and the concourſe of the lines 
AE and HR, AR and HE, AH and RE will be alſo 


in the curve “*. 


$ 79. Coro. Therefore ſs the lines HK, HB, BP, 
and HC are harmonicals; if the lines HB and HC meet 
the curve in 6 and ci the points A, 6, c, will be in the 
ſame right line, For let AB joined meet the curve in 
. and c, and HF in p, and HK in ; and fince nc is 
to nb as pc to pb, it appears that c is in the line HC; 
and reciprocally if c be in the line HC and b in the 
line HB, A, 6, c, will be in the ſame right line. 


C 80. Proe. XIV. Let a line of the third 


order have a double point O. From any point 


* Supply what is wanting in the ſcheme. 


& by 17 


and fg, which let meet any right line ABC (drawn 


Fig. 42. 
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A of the curve let be drawn two lines AF, and 
AG touching the curve in F and G; let FG joined 
cut the curve in H; let OH be joined. Let 
any right line AB, drawn from A, meet the 
curve in the points B and C, the line F G in P, 
and the line OH in N; and the line NP will 
be cut harmonically in the points B and C, 
ſo that PB is to PC as BN to NC. 


For let AO joined meet FG in þ and, the tangent 
HL in 7; and fince 9 is a double point, it will 


| 2 
„W A date Tha. 
Therefore p A is cut ede e. in t and O, ſo that 
pt is to pA as tO to OA, and Hp, Hz, HO, and HA 


are harmonicals. Let the line PA meet the tangent LH 
2 


in T, ann FA Fo it | 


I I K 
will be mY + —= _ _ PA + P — PN conſequently 


PC is to NC as PB to BN. 


§ 81. Corel. If the tangent HL meets the line GZ 
parallel to AH in Z, and GV be taken = 2GZ, HV 
drawn will paſs through the double point O, if the 
curve has ſuch a point. Or if the line Gra meets 


the lines AH and HR in @ and er, let rA and Re croſs 
each other in n, then Hm joined will. paſs through 


the double point O. (5 
/ : 


$ 82. PRor. XV. From a point of a line of 
the third order let be drawn two tangents, 
and from any other point of the ſame let be 


drawn lines to the points of contact cutting the 
. | curve 


py wm, fd than dd hos ds ho wwe 
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curve in two other points; tangents to theſe 
new points will meet the curve in the ſame 


Oint. | | 
: From the point A let be drawn AF and FG, touch- 
ing the curve in F and G. Let any point of the curve 
P be taken, let PF and PG be joined cutting the curve 
in the points K and L; and the tangents at the points 
K and L will meet in ſome point of the curve B. 
Now the point B is determined, by drawing the line 
PC, which touches the curve in P, and cuts it in C; 
for if AC be joined, it will meet again the curve in the 
point B. 5 17 ; 
For ſince the points F. K, P, are in the ſame right 
line, and tangents at the points F and P cut the curve 
in A and C; it follows that the tangent at the point 
K will paſs through B. And becauſe LGP is a right 
line, the tangent at L will paſs alſo through B. 


4 83. Corol. Therefore let A and B be any two 
points in a line of the third order; from both of them 
let be drawn four lines touching the curve in four 


other points, viz. AF, AG, A/, Ag; and BK, BL, 


G1 and'Fk, meet each other in four points of the curve 
P, Q, 9, Pp; and if tangents be drawn to theſe four 
points, theſe will meet the curve and each other in the 
point C where the line AB cuts. the curve. Whence 
if there be three points of a line of the third order in 
the ſame right line, and. from each of them be drawn 
four lines touching the curve in four other points, a 


% 


right line drawn through any two poiuts of contact 


contact; and four of theſe lines will always paſs 
turough the ſame point of contact. 
4 $ 84, 


BA, BI. Let FK and GL, FL and GK, F/ and G4, 


will always cut the curve in ſome other point of 


Fig. 43. 


Fig. 44» | 
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Fig. 43» 


points of a line of the third order fo take 


Let be taken in the curve any other point 


and 9 (coincide, for if we put them different, it for 


For let Af and Ag be tangents at F and g, and let Lf, 
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$ 84. Prop. XVI. Let F and G be two 


that FA and GA touching the curve in' the, 
points may meet in any point A of the cura. 


from which let be drawn to the points F an 
G the lines PF and PG, which ,may meet the 
curve in K and L; let FL and GK be joined, 
and their concourſe Q will be in the cure. 
Now the tangents at the points K and L vil 
meet each other and the curve in ſome point 
of the curve B, and the tangents at the point 
P and Q will meet in a point of the cue 
C, ſo that the three points A, B, C, may he 
in the ſame right line, 


For let the tangent at the point P be drawn, which 
let meet the curve in C, and let AC cut the ſame in 
B; and BK, BL being drawn will be tangents at the 
points K and L, by the preceding, Let the line LF 
meet the curve in Q; and if the line GK. does not 
paſs through Q, let it meet the curve in 9. Thers 
fore, becauſe the three points L, F, Q, are in the 
ſame right line, but the tangents at L and F cutin 
B and A, it follows (by Prop. VII.) that the tangent 
at the point q will paſs alſo through the point C. 
Therefore both lines CQ, Cę touch the curve, the 
firſt in Q, the latter in 9. Therefore the points & 


lows from Prop. VIII. that more than ſour tangents 
might be drawn to the curve from the ſame point C. 


* 
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[,g drawn cut the cutve in m and ; and Cm, Cn 
will be tangents at m and n. Wherefore we ſhould 
have five tangents drawn flom C to the curve CP, CQ, 
Cm, Cn, and C; which is contrary to Corol, 3. 
Prop. XII. 


& 85. Corel. 1. The point P being given, and the 
points F and G taken any where, ſo that tangents at 
theſe points meet in the curve, the point Q is given, 
where FL and. GK joined meet each other and the 
curve. And if from the point ÞP any right line PMN 


ON joined cut it in m and = ; the points P, , and , 
will be in the ſame right line, For we have ſhewn 
that tangents at the points P and Q croſs each other 
in a point of the curve * | | 


86. Corel. 2. If four points F, G, K, L, be 
taken in a line of the thicd order, ſo that tangents at 
the points F and G meet in ſome point of the curve, 
and tangents at the points K and L meet alſo in ſome 
point of the curve, FK and GL drawn will meet in 


meet each other in a point of the curve. 


$ 87. Prop. XVII. Let F and G be two 
points of a line of the third order, where, if 
lines be drawn touching the curve, theſe ſhall 
cut each other in ſome point of the curve, 
Let be taken four other points of the curve L. 


in the curve, and Ff and Gg may meet in it 


Supply what is wanting in the Scheme. 3 
alſo; 


K, J, g, fo that LF and GK drawn may meet 


be drawn to meet the curve in N and M, and QM, 


a point of the curve, and FL and GK drawn will 
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alſo; 1 Fl and G4 drawn will cut ea 
other in the-curve, as alſo Lg and Kf when 
* 


For tangents at the points 7 and g croſs each other 
in the curve, by Prop. XIV. as alſo tangents at the 
points K and L, by the ſame. And therefore, by 
Corol. 2+ of the proceting, FL and Kg meet in the 
curve, as alſo fK and gL. 


§ 88. Lemma. Let there be three right lines given 
in poſition IC, IH, and CH; and three points F, G, 
'S, which are in the ſame right line, Let any point Q 
be taken in the line IC, and let QF joined meet the 
line TH in L, and QG joined meet HG in P; let Fb 
be joined, let SL — meet FP and QPi in þ and N; 
and + and N will be at right lines given in — 
For let IN be joined, which let meet GS in m, and 
"through N let be drawn a parallel to FS, which let 
meet the lines IC, IH, and LQ in the points x, 1, 
and r ; let the line FG meet the lines IC, IH, and HC 
in the points a, ö, and 5. Becauſe Nx is to Nr a 
Ga to GF, and Nr to Nu as SF to $5, it will be u 
N to Nu (and therefore ma. to mb) as Ga x SF t 
GF „ 86, i. e. in a given ratio. Therefore the point 
m is given, and fo the right line INm is given in poſi 
tion; z and in like manner the point & is at a line given 


* 7 ww 


in poſition. * 


89. Curd The Fed G and $ coinciding, the 
point m will alſo coincide with the point G. There- | 
fore let-IG be joined and meet HC in D, and CF 
drawn and meet the line HI in E; the line DE joined 


will be the locus of the point K, where GL and FP. 
croſs each other. 


8 90, 


TAB. VTI. 


DO o& Wah ww =ÞF®F 2 w— were >" 
— — — 
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quadrilateral inſcribed in a figure, whoſe fix 
angles touch a line of the third order, as in 
Prop. XVI. Let fines IC, CH, HI be drawn 
touching the curve in three points Q, P, L, 
which are not in the ſame right line; let 1G 
joined meet the tangent CH in D, and HF meet 
the tangent CI in E; the points D, K, E, will 
be in the ſame right line, which will touch the 
curve in the point K. | 


For let us ſuppoſe the lines QFL and FKP to be 
moved about the pole F, and the lines LGP and QGE 
about the pole G, but the points Q, L, and P, to be 
carried along in the tangents QI, LI, and PC; then 
the point K will be catried in the line DE, by the 
preceding Corol. Whence, if the points Q, L, P, be 
carried in a curve which touches theſe lines QI, LI, 
and PC, in theſe points, KI will alſo be carried in a 
curve which the line DE touches. _ But by Prop. XV. 
if the points Q, L, P, be carried in the propoſed line 
of the third order, the point K will be carried in the 
ſame, which therefore the line DE touches in K. 


$91. Corel. 1. In like manner if the lines AF and 
AG (which touch the curve in F and G) meet the 
line IH (ich touches the curve in L) in the points 
M and N; let MP joined cut the tangent AG in 4, 
and QN joined the tangent AF in e, de will paſs 
through K, and touch the curve in that point; and 


the four points D, d, e, E, will be in the ſame right 
ne. | 


$ 92. Corel, 2. Let be drawn from any two points 
of the curve C and B four tangents two from each, 


Cd 


5 go. Por. XVIII. Let PGLFQK be a Fig. 46. 
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CQ and CP from the point C, BL and BK from th 
point B, and let the interſections of. theſe tangents j, 
I, H, E, and D; then LQ and EH drawn wi! 
each other in a point of the curve F; and the cn. 
courſe of LP and ID joined will be in a point of d 
curve G; but the tangents at the points F and (G will 
cut each other in a point of the curve A, which will 
be in the ſame right line with the points C and B. 


| cut 


ow n= = tHeyg == _ os oa. 


98 93. Corol. 3. Having given three point: of a line a 
the third order which are in the fame right line, and ty 
tangents drawn from each of theſe to the, cutve deing 
given in poſition, the ſix points of contact are deter. 
mined by this propofition, Let A, B, C te thethe.. 
given points of the curve in one right line, AM ay 
AN tangents from A, BMI and BDE tangents from h, 
which meet the former in M, N, e, and 4; and le 
Cd and CE be tangents from the third point C; and 

let CD meet BM, BD, AM, and AN, in H, D, , 
and c, and CE the ſame in I, E, », and m. T bete 
things ſuppoſed, Ne joined will cut the tangent Cl in 
the point of contact Q Md will cut the tangent CD 
in the point of contact P, ID will cut the tangent 
AN in the point of contact G, EH the tangent AM 
in the point of contact F, mb will cut the tangent BH 
in L, and laſtly nc the tangent BE in K. Now though 
the problem in this caſe is determinate, yet it admits 
of ſeveral ſolutions. For different lines of the third 
order, but definite in number, may be drawn throvgh 
the three points A, B, C, touching the fx right lines 
given in poſition AM, AN, BM, BD, CD, and CE, 
For let Ne meet the tangent CD in p, Ma tne tangent 
CE in q, ID the tangent AM in /, EH the tangent 
AN in g, nc the tangent BM in /, and 1 the tangent 
BD in 4; and a line of the third order which fatishci 
the propoſed conditions will touch the lines CD pr 


5 * F EEE n — — 8 — | EE \ as 
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CE either in P and Q, or in p and 3. That will nch 
he lines AM and AN either in the points F and G, or 
infand g but the lines BM and BD either in L and 
K, or in {and 4. It appears therefore that ſeveral lines 
of the third order raay ſatisfy the conditions of the pro- 


blem, but determinate in number, and therefore the 


| problem is determinate *. 
\ i 


804. Corol. 4. Having given two points A and B of 
a line of the third order, alſo the tangents AM, AN, 
BM, BD given in poſition, with three points of contact 
F, G, and L. the point K is given where the line BD 
touches the curve. For to it let be drawn the lines 
Ne and LF, by their concourſe the point Q will be 
given, and QG drawn will cut the tangent BD in the 
point of contact K. P the point of concourſe of the 
lines LG and Ma, or the lines Md and FK, is alſo 
oiven ; for the three lines LG, Ma, and FK neceſſarily 
meet in the point P. Let Mead N be any quadrilateral, 
let any point Q be taken in the diagonal Ne and P in 
the diagonal Ma, let any right line drawn from Q cut 
the ſides Me and MN in F and L, let PL cut the fide 
Nd in G, let Q be joined, which let cut the fide de in 
K; and the points F, K, P, will be always in the ſame 
Tight line, by what is ſhewn above. Whence it ap- 
pears that the, problem does not become impoſſible, be- 
cauſe it is neceſſary that three right lines LG, Ma, and 
FK muſt meet in the ſame point. 


9 95. Prop. XIX. Let D, E, F, be points 
in a line of the third order in the ſame right 
line, and let there be three lines touching the 
curve in theſe points parallel to each other. In 


* Supply what is wanting in the scheme, 
| | | the 


Fig. 47- 


wil always be an harmonical mean between 
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the line DF let be taken the point P ſo that 
2PF may be an Harmonical mean between py 
and PE; and if any other right line dravn 
through P meets the curve in 7, d, and e, 2Þf 


Pd and Pe. But we ſuppoſe that the points 4 
and e are on the ſame fide the point P, but 
the point F on the contrary. 
For let the tangents DK, EL, FM, meet the line 4 
in the points K, L, and M; and it will be by Att. g. 
% 5 if the li 
P FY FEM PR FI. ne Qy 
parallel to the tangents harmonically cut_PD ſo that 
PE be to EQ as PD to D, and Qq meet the line fl 


ing) = 57¹ — F (becauſe Pg is to PM as PQ to PF, 
and by hypotheſis 2PF = PQ, and ſo 2PM =Py) = 


; — = 0; whence — = - 
F pH / p 


fore 25 / is an harmonical mean between Pd and P.. 


-— 
+ pe- and there- 


$ 96. Corel. 1. Let Dd and Ee joined meet in the | 
point V, VQ and FF joined will be parallel; and VG 
being produced to meet the line fd in r, Pf will = 
Pr. For PD is cut harmonically in E and Q, by 
hypotheſis, and therefore the line Pd is alſo cut har- 
monically in e and r, by Art. 21. whence Pf=F}Pr; 
and fince PE = £PQ; it follows that the line Ff is 
parallel to the harmonical VQx. | | 


$ 97. Corel. 2. In like manner if be taken the point 
p in the line DF fo that 2pD be equal to the harmo- 
nical mean between PE and pF, and any line drawn 
from p meet the curve in three points, the ſegment of 
this 


* 
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this line on one ſide the point p termĩnated at the curve 
will be equal to half the harmonical mean between the 


two ſegments on the other fide the ſame point p ter- 


minated by it and the curve. 

$ 98. Lemma. From the center of gravity of a tri- 
angle let be drawn any right line which meets the three 
fides of the triangle, and the ſegment of this line ter- 
minated by the center of gravity and one ſide of the 
triangle will be half an barmonical mean between the 
ſegments of the ſame line terminated by the center of 
gravity and the two other fides of the triangle. Let P 
be the center of gravity of the triangle VTZ, let the 
line FDE drawn through P meet the ſides in F, D, E; 
and let the points D and E be on the ſame fide of the 


point P; it will be Pr = 5 + Pg. For let be 


drawn through the point P the line MPL parallel to 
the fide VZ which may meet the ſides VT, ZT, in L 
and M and the line VN parallel to ZT in N; and fince 


MP = PL, and TL = 2VL, becauſe of the ſimilar 


triangles TLM, VLN, LM will = 2EN, whence LN 
=LP, and PN = 2PM, therefore if PD meet the line 


VN in K, it will be (by Art. 21. and 23.) 55 + FE 
open Yom | 
. 


* 


9 99. Proy. XX. Let three lines VT, VZ, Fi 
TZ, touch a line of the third order, and let the 


ſame right line paſs through the three points of 
contact and che center of gravity of the triangle 
VTZ, let any right line drawa through this 
center meet the curve in 8 on one ſide and in 4 
and þ on the other of the center of gravity, and 


2Pc will be an harmonical mean between the* 


ſegments Pa and PB. 


Pig. 48. 
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For let Pc meet the ſides of the triangle in 5, d, 251 
e, and the line VN parallel to TZ in &; and 2 P/ vil 

| 1 2 I 1 I 
= PR, and e pF = pr = pat Fe = + I 
17 Fo and therefore Fr = Fr + By whence Pri 
half the harmonical mean between Pa and PD. 

$ 100. Prop. XXI. Let V be a double point 
in a line of the third order, VT and V lines 
touching the curve in that point, to which let 
the line TZ touching the curve in F ſo meetin 
IT and Z that FT = FZ; let FV be joined, in 
which let be taken FP= FV; and if any right 
line drawn-through P meet the curve in three 
points a, b, c, of which @ and ô are on the ſame 
fide of the point P, c on the contrary, 2Þc will 
always be an harmonical mean between the ſeg- 


3 
ments Pa and Ps, pr. F + pp 


For ſince T is biſected in F, and FP = FV, it is 
manifeſt that the point P is the center of gravity of the 
Triangle VTZ; and ſince the point P is in the line 
FV which paſſes through the points of contact, the 
propoſition follows from the preceding. 95 


$ 101. Corol. 1. If the lines Va, Vb, and Fe be joined, 
P will alſo be the center of gravity of the triangle con- 
tained by them; as alſo of the triangle contained by 
three lines touching the curve in a, ö, c; and if Va and 
V4 meet the line Fc in m and u, Fm will be always equal 
n | > 

'$ x02. Corel. 2. A line drawn through the double 


point parallel to Fc will cut Pa harmonically in 45 ſo 
that Pa will be to al as Pb to PI; but the line which is 


drawn from to x the concourſe of the tangents at a and 
b is parallel to the line cy touching the figure in 4 8 
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§ 103. Corol. 3. Two points à and c being given 7 
where any line drawn from P meets the curve, the third 
+ is alſo given; for let be joined Va and Fc which meet 
each other in m; let be taken on the other fide F the 
line Fn equal to Fm, and Vn joined will cut the line 
Pa in b. | ; 


F104. Prop, XXII. Let be drawn through pig. 5. 

any point P in the direction of the infinite legs 
a line to meet the curve in a and c; and through 

the ſame point any line cutting the curve in the 
points D, E, F, and which may meet the lines 
touching the curving in a and c, in & and m, and 
the aſymptote of the infinite leg in J; and if the 
points D, E, k, m, I, are on the ſame fide of P, 

1 

* | 

I I 


x I I | 
7 + FE F- FT Fr where the ſign of 


Sr, ” — OE - 


but the point F on the contrary, it will be 


ment goes off to the oppoſite ſide of P. 
This follows from Theor. I. Art. 9. for by that 


SOOT TITEL. 1 23 .: 0 

1 pr T p7 t 5 = bp T PE P- 
$ Log. Corol, 1. If the line PD be drawn through 
the concourſe of the tangents a+ and cm; and PM 
be taken equal to an harmonical mean between the 

lines PD, PE, PF, according to Art. 28. it will be 
57 = 557 — pg and ſo 3PM will be the harmonical 
mean between Pl and 2 PE. But if the tangents a and 


em meet in the point M itſelf, the aſymptote will alſo 
paſs through M, 


every term is to be changed as often as the ſeg- | 
| 
| 


K k 2 5 § 106. 


| 
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Fig. 47. F106. Cerdl, 2. In the caſe of Prop. XIX. whe, 
three points of contact are in the ſame right line, and 
the three tangents parallel, let be taken the point * A 
in Prop. XIX. and let a Pc be parallel to the aſymptote, 
let the tangents 44 * << meet the! line PD in 4 and 


m, and it will be N = pr + P- 2 „or PI equal to half 


the harmonical mean . Pl and Pn. But if the | 
tangents a# and em meet in the ſame point of _ = 


PD, PI will PA; but becauſe in Prop. XIX. — 7 = 6 


+ 2 Pa will = Pe. 


Fig. 49+. pd 107. Carol. 3. The ſame i is to be ſaid of the caſe in 

Prop. XX. where three points of contact D, E, F, are 
in the ſame right line which paſſes through P the centet 
of gravity. of the triangle VTZ contained by the tan- 
gents. But if one of the lines touching the curve in a 
or c (ſuppoſing a Pe parallel to the aſymptote) be paral- 
lel to the line DP, the aſymptote will go ofl in infinitun, 
and the leg will be parabolical. 


Fig. 52. $108. Corel 4. The ſame things ſuppoſed as in Prop. 
XXI. let c Pa be parallel to the aſymptote, let the tan- 
gents at, cm _ the line VF in & and m, and it will 


be 5; = px + pe Whence if the curve has a dia- 


meter, ſince” this neceſſarily paſſes through the double 
point V, from the point of the curve F where the tan- 
gent TFE is biſected let be taken from F towards V, 
FP = 4FV, let Pa be drawn parallel to the aſymptote, 
and the tangent a which a ay meet the diameter in 4, 
and on the other fide the point P let be taken upon the 
line PV, PI £P4, and a line drawn through I parallel 
to the ordinates will be the aſymptote to the curve, But 
if the tangent g4 be parallel to the diameter, the leg on 
the 


= 
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the curve will be of the parabolic Kind. Newton's:pro- 
poſition about the ſegments of any right line terminated 
dy three aſymptotes and the curve eaſily follows from 
Art. 4. as has before been ſnewn by others. 
grog. Prop. XXIII. From any point D of a 
line of the third order let be drawn any two lines 
- DEI, DAB, which let meet the curve in E, I, 
and A, B; let the tangents AK, BL be drawn, 
which let meet the line DE in K and L. Let DG 
be an harmonical mean between the ſegments 
PDE, DI, terminated at the curve, and DH an 
harmonical mean between the ſegments DK, 
PL, of the ſame line cut off by the tangents. 
Let DV be a geometrical mean between DG 


Fig. 53. 


and DH, let be drawn VQ parallel to the tan- 


gent DT, which let meet the line DA in Q; and 


if a circle of the ſame curvature with the pro- 
poſed line of the third order in D meets the line 


DE in R, HG, Q, and 2D R will be continual 
ptoportionals. 


1 8 SETS 5 QV* 4 1 
For by Theor. II. (Art. 15.) PVR — DF + 
„cc Woo Wine 2 2DH —2DG 
— C — a — — woo oc wow — — — — 


e (becauſe DV = DG x DH;) whence QV* = 
2HG x DR, and ſo HG is te Q to 2DR. 


$ 110. Corol. 1. Let therefore be taken Dr in the line 
DE a third proportional to the lines HG and 4 Q. 


and a perpendicular to the line DE at the point r will 
cut a perpendicular to the tangent DT at the point D 
in the center of the oſculatory circle'or the circle of the 
fame curvature with the propoſed line, in the point O. 
If the points E, I, K, L be on the ſame ſide of the point 


3 


22 * 
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D, the . r is to be taken on the ſame or contra 


fide of the ſame point as DH is greater or leſs than DG, 


i. e. as an harmonical mean between the ſegments DX, 


DL cut off by the tangents, is greater or leſs than an 


Harmonical mean between the ſegments DE, DL, ter- 
minated by the curve. 


$ 111. Corol. 2. If the an gle EDT be biſeQed by the 


line DA, Q will = DV, and 2HG x DR = DV: 


DG Xx DH, and ſo HG is to DG as DH to 2DR. 


$ 112. Corol. 3. Let the line DA revolve about the 
pole D, the line DE remaining, and HG, the difference 


of the harmonica! means DH and DG, will be increaſed 


or diminiſhed in the duplicate ratio of the line VO, 


For ay much as, becauſe DR the chord of the oſculatory 


circle being given, there remains the quantity NC = * 


which is equal to 2D. ; 
Fig. 54. 


$ 113. Corol. 4. If of the tangents AK, BL. one of 
them as BL be parallel to the line DE, let be drawn 


GX and KZ parallel to DT touching the curve in 


D, which let meet AB in X and Z; and it will be 


GX x KZ 2 
DG* DK x DK © gr DE © DE PBR 
_ 2DK—DG | GX XKZ _ 


therefore it will be as HG to KZ ſo GX to 
DR. If the tangent AK alſo comes out parallel to the 
line DE (which in theſe figures may happen) it will 
be as DG to 9 as GX to 2DR: for in this caſe 


Der DR Bo and ſo GX* = DG x 2DR. 


$ 114. Corol. 5, If the line DE be parallel to the 
aſymptote, and ſo meets the curve in one point E be- 
ſides D, and at the ſame time the tangent BL be paral- 


lel to the aſymptote, let EY be drawn parallel to the 
tangent 


A 


\ 
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tangent DT, which let meet the line DA in Y, andit 
will be as KE to KZ ſo EY to DR. 


$ 115. Corol. 6. If D be a point of contrary flexure, 
the point H will coincide with G, and the line HG 
vaniſhing, and ſo DR comes out infinitely great, i. e. 
the curvature at a point of contrary flexure is leſs than 


ſhewn, in the Treatiſe of Fluxions, Art. 378. 


5 116. Corel. 7. Let V be a double point, DA pa- 
ralle] to the aſymptote, and let the lines VQ, KZ, pa- 
rallel to the tangent DT meet the line DA in Q and 
Z, and let DV meet the aſymptote in L, and let DH 
be an harmonical mean between DK and DL, and it 
will be as 2DH — DG to KZ fo DL to DK, and 
VH: HN:: VQ: DR. If the line DA biſects the 
angle TDV, it will be PR: DV :: DH: 2VH. 


§ 117. Prop, XXIV. Let D be any point of 
the third order, let the tangent at D meet the 
curve in J, and let DS be the diameter of the 


A and B; from whence let lines drawn touch- 
ing the curve cut DI in K and L; let DH be 
an harmonical mean between DK and DL, and 
let be taken DV to DI as DH to the difference 
of the lines 2DI and DH; the variation of 
curvature will be inverſely as the rectangle SD 
„DV; and VS being joined, the variation of the 
55 of curvature as the tangent of the angle 


F or by Theor. III. (art. 17.) the variation of curva- 


un r 
ture is 23 55 * BK I BL PI PS * DB JT 
* Supply the figure, 


in any circle however great; as I have elſewhere 


oſculatory circle, which let meet the curve in 


Fig. 5 5. 


Fig. 56. 
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I 2DI - DH 6 I Rr” TIDY 

” 08 * DHx Dr = DSX Dy: But the varlition 
| of the ofculatoty radius is as 5, and ſo as the tan 
gent of the angle DVS, by Art. 18. Now the para« 


bola which will have the ſame curvature and the ſame 


variation of curvature with the line propoſed, is deter · 
mined as in Art. 19. 


$ 118. Cerol. If the tangent BL be, parallel to the 
tangent at D, it will be as DV to DI ſo DK to IK; 
and if both the tangents AK, BL be parallel to DT, 
DV will = Dl, and the variation of curvature inverſe. 


Fig. 58. ly as DS'x Dl. But if-in+this caſe DT be parallel to 


the aſymptote of the curve, the variation of curvature - 
will vaniſh; Therefore as the variation of curvature 
will vaniſh in the vertices of the axes of conic ſections; 
ſo it will in like manner vaniſh in the vertices of the 
diameters of lines of the third order which biſect their 
ordinates at right angles. 


Fig. 59. Schul. Now: there are many other theorems about the 


tangents and curvature of lines of the third order. Let, 
for example, F and G be two points of a line of the 
third order, from whence tangents. drawn meet the 
curve in A. Let FG be produced till it meet the curve 
in H. Let TAC be a tangent at A, and let be conſti- 
tuted the angle FAN GAT on the contrary fide of 
FA, GA, and let AN cut FG in N. And if the oſcu- 
latory circles-meet the lines FG in B and b, GB will be 
to Fb as the rectangle NFH to NGH. For let the 
point. à be very near to A, and the points 7, g, b, very 
near to F, G, H, and it will be AFa: FG: : GF: FB. 
FGf (= HGb).: HFS: FH: CH. HF (= GFg) 
:AGa;:bG: GF; whence AFA: AG:: FH x bG 
;FB GH:: GN: FN; whence EB: 655 : NFB 
: NGH.. But enough on this ſubject. | 


